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| FUNGTIONS AND LIMITS 3 


If, to cach value of x, there correspond more than one value 
e J, then y is called a many or multiple valued function of x 5 


| Ç eg, IP=, o y-- L : 
| To each value of x, y has two values equal in magnitude and 
opposite in sign. "Therefore y is a two valued function of x. an 


| If j* — Gy? + lly = x, three values of y correspond to each 
| Salue of x and these values arc got by solving this equation of the 
| "third degree. For example, if x = 6, we have j»?—65*--11y —6—0. 
This gives y = 1, 2, or3. Therefore yis a three valued function 
xf x. l 
(b) Explicit and implicit functions. 
If thc functional relation between two variables x and y is 
expressed in the form y = f (x), y is called an explicit function of x; 
eg, JEB 2x —3, y = sin? x — cos x. 
In the case of explicit functions, the value of the dependent 
‘variable for any given value of the independent variable can be 
obtained by direct substitution in the functional relation. 
If the relation between two variables x and y is expressed in 
the form f (x,y) — 0, we may consider y as a function of x or 
- x as a function of y. In such cases, the dependent variable is an 
implicit function of the independent variable. In the case of an 
amplicit function, the value or values of the dependent variable 
. dor the given value or values of the independent variable cannot 
+ be obtained by direct substitution. 


eg, (1) 3 +P = 3ax). 
(2) cos x + ay = b tan y. 
. (3) y= AY. 
(c). Odd and even functions. 
When there is no change in the sign of f (x) when x is changed 
740 — X, that function is called an even function. 
1 : Bgy =008%3 9 = dat — 3086 5 pe ee, If f (x) 
“is an even function, then f (x) =f (— x). If thesign of f(x) is 
| « changed when x is changed to — x, then it is called an odd 
. -furction. So, if f (x) is odd, we get f (x) = —f(— 3) ; 
eg, )=sinx, J= x+ 6x, y= tanx. 
"There are certain functions which are neither sada nor even ; 
BE... C8 I= = 0% + bx ko 9 =3sinx +4 cosx. 
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4 CALCULUS 


(d) Inverse functions. 

From every function y = f(x), we may be able to deduce 
what is known as the inverse function by expressing the independent 
variable in terms of the dependent variable. 


For example, (1) if y =< ES l.c ean be expressed as a function of y; 
| 
EE: o3 
DIM | 


(2) Ify = sin x, x = sint y. | 

(3) If y = a5, x = loga y. | 

sin? x, cos! x, tan x are also called arc sin x, arc cos x, | 
arc tan x respectively. | 
(e) Algebraic and transcendental functions. | 

A polynomial in x is a function of the form | 
4A + anml +... + am, | 

where ao, 4;; ... Gm are constants and m is positive. Ifa fraction | 
has numerator and denominator both polynomials, it is said to be | 
a rational function of x. 


P E "ems d^ 
eg, R(x) = a where P (x) and Q (x) are polynomials. | 
{ 
| 


Ag #3(2x-7) — 
9" (x—1)9(3x-r4y 
If y can be expressed by an equation of the form 
PAO... — 0, E l 
where P and Q arc rational integral functions of x, then y is 
said to be an algebraic function of x. | 
For example, y* — (3)? + 3y --1) x =0 y 
J — 2y — x =0. í 
All functions of x which are not rational or algebraic are 
called transcendental functions : 
eg. sinx, logx, e, tanx. 
2 Circular funclions are thc sine and cosine functions of elementary 
Bigongmehy and their inverses and the functions derived ira 
em. : 


NG The other functions—hyperbolic functions, exponential func- 
tions, logarithmic functions will be defined later. 
Examples. 


TO), f2), f(0), f (— 1), E: 9). ; find the values of ! 


e 


E 
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PUNCTIONS AND LIMITS 5 


| F(t) 3 (1 —5 (1)? +6 (1) — 4 — 0. 
A JF (2) =3 (2)? — 5 (2)8 + 6 (2) — 4 = 12. 
| F (0) =3 (0)? — 5 (0)2 + 6 (0) — 4 = —4. 
| f(—1) =3 (—1)} — 5 (— 1)? +6 (— 1) — 4 = — 18, 
| f(—2) =3 (—2)} —5 (— 2)? +6 (— 2) —4 = — 60. 
i Ex. 2. Iff(x) = 4A cosx +B sinx, show that 
| fE +25) =f (9. 
ES f (x + 27) = A cos (x +27) + B sin (x + 27) 
t = Á cos x 4+ B sin x 
| =f (2). 
JF (x) is said to periodic with period 2r. 
| Ex. 3. If f(x) = log x, show that 
| J (abc) =f (a) +f (5) +F (6). 
| S (a) HS (0) +F (c) — log a + log b + log c 
i = log (abc) 
| = f (abc). 
| Ex. 4. If 333 — 7xy +Y --2x — y -- 3 —0, find y when 
I Ts 
Io If x = 3 is substituted in thc equation, wc get 
om 27 — 217 42% +6 —7 +3=0 
4d Le, Dy? — 22y + 36 = 0 
| i.e. 2(7 —2) (y — 9) =0. 
| S. y=2or 9. 
1: Exercises I. 
. 1. IEF (x) 2(2x — 1) G — 3), find the values of f(0), 
FMI). 
E 2. h F(x) 228 + 2x +1, find f(a). 
; If f (x) = tan x, show that 
LF) =F O) 
E FED = FOTO 
i. If f (x) =x? + x — 1, simplify 
E SEED —366) 2/6 — 0. 
Iff (x) =x + ga show that f (x) =f (E) 
If f (x) = Asin‘ x + B cos? x + G, show that 
Fx) =f (t ++) =f (v —x). 
7 7. Yf f (x y) =0 + 2hxy + b3, find f (y, x), f (x, x) 
,and f (3, A. at 


8. Ify f) A han thata =f (y) 


s 
ve 
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6 CALCULUS 


9. In the following functions, which are odd functions and | 
which are even functions ?— OUT i 
(1) ax? + 6x5 + 033 + dx. | 

(2) ax® + bx* + cx? + d. i i 

(3) (a) sin x, (b) cosx, (c) tanx, (d) cosec x, (e) secx, | 

(f) cot x. | 

eE — o ex — e7X i | 

(4) @ SS, 0 S | 
LIMITS | 

$5. Variable tending to a limit. 
Consider the geometrical progression 


157151 
15 tga bga be 
If S denotes the sum to n terms of the series, 
l l 
s=2(1 — 7) =2—5h,. 
As n becomes very large, za approaches the value zero and cam 


be made as small as we please by taking n sufficiently large 5” 
hence the sum of n terms of the series can be made as near 2 as 
we please. Therefore we say that the limit of S as n tends to 
infinity is 2. : 

Let x be a real variable which assumes an infinity of values 
successively according to some definite rule. If the successive 
values of x approach a definite number a in such a way that 
the difference | x — a | becomes ultimately less than any positive 
quantity e, however small, we say that ‘x tends to limit a”- 
We express this by writing x — a or limit x — a. 

$6. Limit of a function. : 

In the function y =f (x), we can calculate the values of J 
corresponding to the values of x. As the values of # approach the 
value a, the corresponding values of y may approach another 
valuc. If that is the case, we say that f(x) approaches a “Smit 
We can define this as follows : 

; The necessary and sufficient condition for f (x) tending to 
a limit l is that given any positive number e, however small, 
we can always find a corresponding positive number 8 such that. 
3 | f£) —1| <ewhen |x —a | — à. CI 
fWe express this as limit f (x) = I. 


a EAS 
2 


> 
` 
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FUNCTIONS AND. LIMITS 7 
Example. 
Lt = — 4 
“Find 50 a 
ps —4 
Let y be TD 


Any value other than 2 can be given to x. When x takes the 
value 2, y is of the indeterminate form 0/0. When x is given the 
values tending to 2, the corresponding values of y arc given in 
the table below : 


| 
£ | 1 | (s n 1:7 | 1:8 | 19) 99 1:999 | 3 


3:6 | 3:7 | 3:8 | 3:9 [59] 2 5 
| 


4:5 | 44 | 43|42 | 41 L | 4:04 E 4-01 | 2009 


As the values of x approach 2, the values of y approach 4. 
To make the differencc between y. and 4 as little as possible, it is 


enough to make the difference between x and 2 correspondingly 
very little. . 
: Lt AR — 4 


xix pum 


Hence 


Another method. From the definition of limits, it is not easy to 
determine the limits of functions. In practice, the following 
method is adopted :— 


a . 22-4 
«Put x = 2 + hin the function z—3 
3-4 (2--8*—4 


sc) aT pea bala 

As x tends to 2, h tends to zero. 
seme t miar ea sete NAA 
Que gene: EGRE EES 


"^ 
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8 CALCULUS 


57. Limit and value of a function. 


The value of x? + 3x —2 when x = 1 is 2 and is obtained by 
directly substituting 1 for x in the function. In this case the value 
of the function when x — 1 happens to be the same as the limit 
when x tends to one. It must however be noted that the value 
and the limit arc obtained by entirely different processes. In 
finding the limit, note that x is not allowed to take the value 1... 


$8. Rules for finding the limit of a function. 


1. If we require limit f (x) (when it is a rational function) 
when x > a, wc put x =a + hk. Expanding the numerator. and 
the denominator of the function, we will find that A or some power | 
of k is common factor of the numerator and the denominator. 
Cancelling this common factor, we make h > 0 and get the limit. | 


— gi 
A when x-s a. 


2 
Consider the limit of y =~ 


Put x =a +h. When x-5 a, h — 0. 
x —a8 (a+ ha 2ah--h* _ 
a” (@+a—a A dt 


Lt #—a* Lt 
E An x0 (2a +h) = 2a. 


| 
| 
| 
| 
| 
i 
| 
| 
2. “If wc require limit f(x) when x-5 0, the substitution as, | 
in the previous case reduces to x = A which is evidently unnecessary. | 
In such cases, expanding the numerator and the denominator and 
cancelling x or any power of x which may occur as a common 
factor, then make x — 0 and get the required result. | 
| 


Consider the limit of y = MEE AOL when x > 0. 
x A 


(lt 39—1—3x 3x? 4x3 
"Wo LP = 


- It ULAR L — 3x 
NRCS) Sr Sarr paler a 8. 


3. If we require Lt f (x) when x > co, we put x = $ and 
proceed to find the limit as y — 0. 7 


E 


. 
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Lt ax tbs +6 
Kano x ax* bx L 6 


e Putting x zd wc get 
t J 
E | a b 
i| Le ato It Pipi! 
| E x9 axi + bx + ETE b te 
| = Lt atoto cO 
) | JI a thy tar a 
1 | 59. Some general theorems on limits. 
3 i The reader will havc no difficulty in verifying the following 
* | results :— 


3 


e 


If f (x) > a and ¢ (x) > B as x — a, then 


L sa LS +é Ha tp. 


| 

| 2. Lt Lt (S) 6) 3 = af. 
| T SG) a on 

| 3. xa d (4) — $ provided B 0. 
| 4. Lt f (6 (x)} =f{¢ (2) ). 

| x-pa 

| $10. Certain special limits. 


(1) Lt MZT = na?-kfor all rational values of n. 


Gase (i).. Let n be a positive integer. 
Substitute a + h for x and we get 
x2— a"  (a--h)! —an ae (a + h) —a* 
¿a (a+h)—a h 3 
Expanding the numerator by Binomial Theorem, we get 


e gn an tnath pen ait) qnc k 4... H ha —an 
zoe b S 


E 
L 


anag eS qu hueso kat, 


All the other terms except the first term contain k. - 
As x-5 a, h-» 0. 


v 
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10 CALCULUS 


ju; m c e fn ani 


n (n 


+ NY ah... + ma) 


of terms). | 
Case (ii). Letn = A where f and q are positive integers: 


Let x — 31 anda = b4, 

Then, as x > a, 31 — ba. 

So, as x — a, y — b. z 
an — aa ab — arla — (yarla — (bapa — yp — pp. 
x—a x—a Ja — b» JA 

Ti ARO y? — bn 


9557756 ^y) 3 —b 
=p. bP = g. ba~ by case (i) 


i a A nn i CE eit 


2 . bP-4 
q 
a! a3) 
q 
=n. a, 
Case (iii). n = — mwheremis a positive integer or fraction, 
i A am — xm 
x —a za amgm(x—a) | 
BINA xm — qm 
‘xm qm *—@ 
n — go . 
A AA ==) ~s 
xc 1-0 a am gm *—a 
1 1 xm — qm 


I 
| 
L 
z 
| 

E 


= —u cuu M. am- by cases (i) and (i) 


= —m.am-! — n, aa, 


c 
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Area of AAOP < area of sector AOP < arca of NOAT 
ie, Y OA. PN  4.0P*.0— $104.AT 
ie, jr.rsnO-cir. 0 — jr.rtan 0. 
Dividing throughout by 3 r* sin 0 (which is --ve), we get 
1 


2: l| < gin 0 < cos 0 


TERT 
So 1H Ly > cos l. 


| FUNCTIONS AND LIMITS Ik 
Hence Lt x — an cin. ani for all rational values of n. 
| xa NT 
| | Example. F 
| 3 ABIR — aB 
er! Find Id ils — aif 
5): | RIR — g5[8 xus — gsm xi — gls 
Lt Tn = —— + Lt 
Ear BM ,,,; x—a xa *—4 
I = § , gs Li. gil 
| = qum 
| =3 e. 
| a Lt 30? = 1 (0 is measured in radians). 
| 650 9 E E ; 
| Describe a circle with O as centre and 7 as radius. In this- 
| circle let AOP be 0 radians. Draw the perpendicular PN from 
| Pto OAand thetangent at the point A meeting OP produced at T- 
| 
| 
| 
| 
1 | In the figure, we sce that 
1 


Cere sin Ens between 1 and cos 0. 


Lt BN? hies between land the limit of cos 8 as H >0- 
eo 0 LES 


"n 
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1 
| 
As 8-5 0, cos 0 — 1. | 
i 
| 


Lt SUNO, ze]. 
650 9 i 
Examples. | 
Ex Pagi ei 
630 9 
tan 6 sin 0 1 
L va 
650 0 Dt 0 ' cos 0 
sin 0 l 


j Ex. 2. Find Lt 10957 
x-30 x 
l - cos x 2 sin'5 
Lt — m 
x—0 x x30 x 


x-30 
(| sin?) 
sings 
“(ar Lt? 
x0 * #902 
2 . 
=] x0=0. 
Ex. 3. Find Lt 1170037 
x30 xt 
T 2 sin?< 
E era elt 
x0 x 
sin "ue 
= LAT Xi-ixi-i 
L3 


(3) Lt U ES a) 
mo N 2 
Case (i). Let n bea positive Integer. 
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FUNCTIONS AND LIMITS ` 13 


It + a) 214 n tye) at vt 


| RE Ic» ¢ 4 dc LU ==) 


There are (n -+ 1) terms in the expansion. As the value of 
in increases, the number of terms in the expansion and the valuc 
ef each term after the second is increasing. Therefore as m 


gers the valuc of { 1 + 21 also increases. 


n 
o Since each term of the expansion in (| 1 na 1) is positive and 


since the value of L + i) increases with 7, ( T 2r tends to 
infinity or to a finite number as z tends to infinity. Each term 


n 
m the second term in the expansion of ( 1 + 5) is less than 
4 
| the corresponding term in the series 


LU 


1 l 1 
I+1+31+37+ e... ct xd 
Sassy gei e E | 
RER sit rE e E | 
| «LL ER ed ga | 
4 ie <1 +2 (12) 


< 3. 
.. The limit of U ta) cannot be infinity. 


-— Lt (1 ds IN a finite number. 
rn 


This finite Fo is usually denoted by the letter Napaka qu 


L CC- 0. Bhagavad. Ramanuja National Research Insti 
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Case (ii). Letn be a positive fraction. 
n lies between two consecutive integers. 
Let those numbers be m and m+ 1. 
m<n<m+l. 


1 Leal 
uA 


Sincem Dy ER 


(ah) «Cer Got)" 


As n tends to infinity, m and m + 1 also tend to infinity. 


E rs (E) 
= (ery) (or) 


=e.1 [v “mis a +ve nd 


= el. 
: mel 
(+ Sm = 045 i SE d 


iere 


| 
i 
| 
| 
| 
| 
| 


= l. 
.. Lt ( e z0. 
n—>00 a 
Case (iii). Let n be a negative index. 
Let n = — m where m is --ve. 


o | 
(a 
"rey eee) 
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FUNCTIONS AND LIMITS 19 


812. Theorems on continuous functions. 
The following theorems are of constant application :-- 
"THEOREM l. If f (x) is continuous at a and if f (a) is not 
zero, then for values of x near a, f (x) has the same sign as f(a). 
THEOREM 2. If f(x) be continuous in the interval (a, b) 
and if f(a) =A and f(b) = B, then f (x) will assume once at 
least cvery value lying between A and B as x varies continuously 
from a to b; ; in particular if and B have opposite signs, f (x) 
will become zero for at least one value of x between a and b. 


(The proofs of the abové theorems are given in any book 
of Algebra.) 


y CC-0. Bhagavad dem National Res 
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CHAPTER II | 
DIFFERENTIATION | 
$13. Definition. | 
Let y be a continuous function of x; then an increasc ial 
the value of x will produce an increase or a decrease in the value | 
of y. These increments are generally denoted by the symbols Ax, | 
A respectively ; Ay is positive or negative according as y | 
increases or decreases and similarly for Ax. If Ax, the increment : 
in x is indefinitely small, A y the corresponding increment in J, | 
will also be indefinitely small since y is a continuous function | 
of x ; usually the average ratc of change of y with respect to 


Er | 
i.e., the ratio A tends to a definite limit as Ax tends to zero. | 
This limit, when it exists, is called the differential coefficient of yi 
with respect to x and is denoted by the symbol 2 ^ l 
So, ify =f (4), then y + Ay =f (s + Ax) 
Lt AI 
de x50 Ax 
nt LGE As) - f0) | 
Ax—>0 Ax à : 


The differential coefficient is also called the derivative and is. 
sometimes denoted by the symbol Dy y or to read as Dy when there | 


1 


is no doubt about thc independent variable. The differential | 


coefficient of f (x) is written generally as Z Fx) or D f (x) orf (a)! 


STANDARD FORMS b 


$141. Differential coefficient of xn, 
Let y be equal to x7. When x receives 
let A y denote the corresponding increment in 
Then y + Ay = (x + Ax). 
“- AJ = (x + Ax) — xn, 
, AI GF Aao an 
es Ax = Pas 


[s 


an increment A? 
J. 
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DIFFERENTIATION 21 


. 9_ Lt AI 
"de. Ax>0 Ax 
_ ou GHAD 
Ax>0 Ax 
= Te CHAN Sa 
xtAx—x (x F Ax) N 
E =n . XHA for values of 2 by $ 10 (1). 


52 A (#2) = nxn-1. 


$1432. Differential coefficient of ex. 
Let y be es. Corresponding to an increment Ax in a, let the 
increment in y be A y. 
Then y + Ay =eXtax, 
OA = extax — 6x, 


Ax-70 Ax 
= Lte GeO) 
= Ax—0 Ax 
ka Lt (4* —1 
e Ax>0 Ax 
= x by Ex. 2, page 15. 


d 
PP, (ex) = cx. 


$143. Differential coefficient of log, x. 


Let y be loge x. Let the increment in y corresponding to an 
increment Ax in x be Ay. 


Then y + Ay = loge (x + Ax). 
ed. 1 AJ 
dx — Ax Ax SPEI 
- Lt loge (* + Ax) — loge x 
. Ax0 Ax 


Joge € + =) 
mo NA 
Acn Ax 
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Substitute l for = ri 


ESOO: | 


Y Le loge ULU na | 
` dx xh i 


=} Lt loge (1 + A) 


X EN 
E ien 


$144. Differential coefficient of sin x. 
If y = sin x, 


y+ Ay — sin (x + Na). 
dy_ alt sin (x + Ax) - sin in x 
deme NSO A AT 


x 
OS (++ >) 
x 


A^ 


Ax—0 A 


sas - ; Ax 
O aro E UE 4) 
2 
= 1. cos x (as x is measured in radians). 


Z (sin x) = COS x. 


; $145. Differential coefficient of cos + : 
If y — cos x, then y + Ay = cos (x + Ax). 
dy — Aue Deos (x + Ax) — cos x 
dx Ax 


E 2 sin -sin (24 8) 
=— Lt 
Ax—>0 . Ax 


f 
nal Research Institute, Melukote Collection. *.. 


^ 
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DIFFERENTIATION 28 
. Ax 
sin ^ 
2 KE As 
=— Lt —— Lt sin {x = 
Ax—>0 2j Ax-0 ( T 2 


— l xsinx, ng being in circular measure). 
d. - 
: z (cos X) — — sin x. 


§ 146. Differential coefficient of tan x. 


If y = tan x, then y + Ay = tan (x + Ax). 
dy Seay tan (x + Ax) - tan x 
x NETONG Ax 


Ax>0 cos (x + Ax) cos x . Ax 
pp She LE 

ax>0 Ax cos (x + Ax) ` cosx 

ite sin Ax 1 E 
asso Ar gxs000s (eF Ax) ` cosa 
S 

COS X ' cos x 

= scc? x, (as x is measured in radians). 


zl. 


i: a (tan x) = sec? x. 


§15:1. General theorems on differential coefficients. 
The differential coefficient of a constant is zero. 
If y =e, then y + Ay =c, since an increase in the value 
of x produces no change in the value of a constant. 
Ay = 0. 
dy ° 0 
a ge 
*$15:2. Differential coefficient of the product of : 
a constant and a function. go 
Let y = cu, where cis a constant and u a function of x. —  '“ 
* Let Ay and Au be the increments in y and t respectively 
corresponding to an increment Ax in x. 
Then y + Ay =c (u t Au). 
~ Ay F6 Au. 


^ 
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24 CALCULUS 
dy Au Au du 
Z- L . = = Lt  =6 >. 
dx. Ara As S ax>0 Ar dx 


Hence the differential coefficient of the product of a constant | 
and a function is cqual to the product of the constant and the | 
differential coefficient of the function. | 
$153. Differential coefficient of a sum (or difference). | 
Let y = u + v — w, where u, v, w are functions of x. cd 


Let Ay, Au, Av, Aw be the increments in J, u, V, W respect- | 
ively corresponding to an increment Ax in x. i 
Then y+ Ay su + Au+uv+ Av — (w + Au). 
AJ = Aut Av — Au. 
AJ _ Au, Av_ Aw 
Ax Ax" Ax Ax 
When Ax — 0, we have 
dy du, do do 
de ETE dx ' | 
Hence the differential coefficient of the sum of a finitc 
number of functions is equal to the sum of the differential 
coefficients of those functions. 


For example, 


ps der 
Similarly, d; Gin x +k cos x) = E (sin x) + E (k cos x) 


= cosx- kE (cos s) 


| 

l 

1 

| 

| 

1 

1 

| 

i 

1 

the differential coefficient of ax? + 25x + c is 2ax + 26. | 
= cos x — k sin x. | 


d 
TC — bx)? =È (at — Daba + Bal — —9a5 + 26%, 


d d ; 
di MY — 7 (x — Art 4 4) 51 4 y pra = 
Exercises III. 


Differentiate the following functions with respect to x :— 
Y. l. 33 —3x 49. 


2. 43 9x 9, Hr. ar ee 
3. DA L mat tony k. 6. paro 
4. 4x9 94 6x, l yap 


23 
1 CO 
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DIFFERENTIATION 25 
8 BA 408 +3 16. eX + sin x. 
oM PN 17. 5sinx + log x. 
. Ya 18. 3 log x — ex — 7 cos x. 
a — 
10. E 19. 5e — log x + Va?. 
5 3 20. iex — AM + 2. 
IL gud an VE 21. log (5) 
* 12. (2-3) (2x +1). & 
13. E = 3v 22. 4 log x? J- sin x. 
23. 4/2 sin x + 45 — 1 
14. (==) 
S 24. (ax)n + bR log x. 
15. (s^ NP ( pa 3! 25. 4 —3cosx He 
x + 2 sin x. 


$ 15:4. Product Rule. 


Let y = uv where u and y arc functions of x. Let Ay, Al; 
Av be the increments in y, u, v respectively corresponding to 
an increment Ax in x. 

Then y + AJ = (u + Au) (v + Av). 

: = (u + Au) (v + Av) — w 
=g Av 4v E AN. 
AJ Av, Au, du 
= IE Sahi Ax +ê Ax B No. 

When Ax and diede Au, Av, Ay all tend to zero, 
Ay Au Av p da du “dy : 
ID NE NR tend to e de dx respectively. 

Au 


x Au will tend e X 0, i.e., to zero. 


Hence the differential coefficient of the product of two functions _ 
= first function X differential coefficient of the second function +- 
the second function x differential coefficient of the first function. 


Examples. 
mtd 4 eted] = WING gura e 


Hita 


"ALA 
‘ts due 
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26 CALCULUS 
d 
Ex. 2. dx {vs (x? + 2| 


= v4 (x? + 2) + (x? + 2) E (Vx) 


= yx . 2x + (x3 + 2). $. 27-142 
= 2482 4% +2 5x42 


l 

1 

| 

| 

| 

“2x12 ~ Gani” | 

(eae d. | 

Ex. 3. em (& sin x) = ex xm (sin x) + sin x E (ex) | 
= é* cos x + sin x . eX = ex (cos x + sin x). | 

d d | 

Ex. 4. TE (8105 x} = 3. fas dx (log x) + | 


log x. Z e») 


l 
= 35. + 3 log x. 5x4 = 3x4 + 15x1 log x. 


dw 


$15:5. Ify = uw, where u, v, w are functions of x, we get 
Dm d Az. 
d: "dw s (uv) considering uv as a single functisn 


: (Note : To get the derivative of the 
derivative of cach by the rest and add.) 


Dividing by ww, we get [ 
ldy ldu, ldo 1 dw | 


| 

dx dx | 
dv . du à | 
Product of 3 functions, multiply the | 

1 


Jk uk ydg uw dx” 
Similarly, if y = Wy Us, US . 
functions of x, 


lo 1 day, Ldn 1 du 


Jdx uds "ud cU dx" 
Examples. iy 7 ^ 


d 
Ex. 1. T fei) 624). 


Let y = x (33 — 1) (x3 + 4). 


ed 
By 8 15:5. ds = (3$ — 1) (4 + 4) + 25 (22 44) 


+ 248 (x2 — 1). 


* Un, where uy, la, Ug... Un are. 
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d - 
Ex. 2. Pe (e sin x log x). 


Let y = e*sin x log x. 
By $ 15:5. 2 = ex sin x log x He cos x log x + = sin x 


$15:6. Quotient Rule. 


| 
| 
| 
| 
j 
| Let y — > where u and v are functions of x. When x 
l becomes x + Ax, let y, u, v become y + Ay, u + Au, v+ Ar 
| 
| 


respectively. A 
u u 
. PADI A 
| _u + Au u 
| A) Fae No 
LUAu—uAv 
v(v+ Av)" 
| „Ât A 
1 5 E DI. Ha. Ax: u Ax 
UAE vv AU 


In the limit, when Ax —0 and therefore Au, Av and Ay 
tend to zero, we get 


= —— 
. 


denominator X derivative of numerator — numerator 
X derivative of denominator 


= 


(denominator)? 
Examples. . 


. d x3 
Ex. |. ss) 


(3x —2) 7 (x*) af (3x — 2) S l 


(3x — s 
(3x —2)9:33 — 23 x 3 
RUNE TEE) EN E 
_ 6x2 (x — 1) ie 

= 2%" E 


i 

| 

| 

| 

1 

| et 

| Hence the derivative of a quotient 
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28 CALCULUS 


Ex 2. 7. ed ess +3 


| 
| 
| 
Qx +9) (vs) — vis Lee +3) | 
| 


(2x 4- 3)? 
(2x 4-3) $ x13 — 413.2 


N 
= 
ba 
rj 
— 
Ni 
X 
ES 
Le 
w 


Ex. 3. ne 


dx\sin x 


end d... 
sin x y, (log x) — log x (sin x) 


sin? x 


— log x . cos x 


| 
| 
| 
sin x | 
UR | 
_sinnx—xlogx. „Cos x | 
. — T = 1 


x sin? x 


$157. Differential coefficients of tan X, cot x, sec X 
<osec x. 


d fsin x 
Z (tana) ma (ses) 


COS x = E (sin x) — sinx Z ig (cos x) 


= — 


Bay apan 


cos? x 
= 008 * cos x — sin x (— sin x) 
cos? x 
"COS x + sin? x 
~~ cos? x Yi 
= sec? x 


d 
Z (cot x) E =) 


_ sin x (cosa) — cos s (sin x) 
ee ——.. 


sin? x 


~ 
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| 

i 

| DIFFERENTIATION 29 
| 

| _ sin x x (— sin x) — cos x X cos x 
| sin? x 

| sin? x + cos? x 

J 

| 

i 

| 

| 

i 


~ sin? x 
= — Cot x cpscc x. 
(Note; The student is advised to obtain the last three derivatives from 
first principles.) 
Exercises IV. 


Differentiate the following functions :— | 


sin? x 
= — cosec? 
d 
es 9) dx (s D 
E d 
Ba d ES S ds (cos x) 
| cos! x 
| _ cos x X 0 — 1 (— sin x) 
i cos? x 
| . siny 
j ~ cos? x ` 
| = tanx sec x. 
| 
| dx j;(cosec Hm = dx di ;) 
| ` sin x 5- 21) E Z (sin x) 
| -—— wu WR 
soe SIU RE GL T Xico 
| sin? x 
| - cos x 


1. (x— 1) (9x — 1). T sin x 

2. (1 +2?) (1 — 2x9). RI Io 

9. x*sinx. 19, 95 

4. * (7x — 3) (9:3 + 4). 7 oe S 
5. cos x log x. 13 1+ 

6. . 2x cos x — x* sin x. | pam ; 
7." 84/x log x. 14 3 coscc x + 2 zc 
8. (2x—1) (3x47) (4x1—3). 7 +3 cotx ' Aap MESE 
9. x e*sin x. 15. Snr EUN 
10. x (x +3) (7-9). TH tanx 
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30 CALCULUS | 
m | 
3+2tanx a — 6-3 | 

oe ao ME eT bet | 
17. CE39 (6-2) "ELIT | 
3 (x GT 3) (x + 2) Ñ sec x — x9 j 
ig, &—1) (« —2) 91. lgs-2& | 
^ @+1)@ +42) pn TE | 

| 

$158. Function of function rule. e| 


We shall explain first what is meant by a function of! 
a function. When y is a function of u, say, y =f (u) and u i) 
a function of x, say, u =4 (x), then y is said to be a function: 


ofa function. Functions of functions are of constant occurrence; 
in calculus. 


For example, | 
(1) consider the function y = u/3 where u = x2 — 4x + 8. 
*. Jis a function of a function of x indirectly through nd 
(2) consider y = sin u where u = 3x2 + 4. | 
*. J is a function of a function of x. 
(3) consider y = sin? (4% — 3). 
Put 4x — 3 — u, sinu — v. 


- J =v where v = sin u and u = 4x — 3. 


Similar examples of functions of a function are log (sin x); 
sin (eX)... . | 


once from thc first principles but 
by denoting a? by u and by writin 
Generally let J be a function of u where u is a function of x i 

Le, 9 =f (u) where u = $ (x). E 3 


When x takes the increment Ax, let the corresponding 


increment in u be Au 5 when u takes the increment Au, let y'tak 
the consequent increment AJ. : 


to zero, d 
simultaneously. Ay and Au also tend to 
Now A?. Aj Au 
x Au Ax 
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AI. 1 (A2. AN 
"asso AS ao NAG Ax 


| 
Ing 


u 
= s KAL h x-0 
Au>0 AU ` A0 AX T E NG 


- du' de 
For instance, in the example mentioned above, 
J =sinu and u = xt, 


dy dy du 

dx du dx 
-cosu.2x 
= cos (x?) . 2x. 


This result may be extended to any number of functions. 
If y= f (u), u =F (0) and v =¢ (2), 
dy dy du dv 
Ma ADE dei 
Examples. 

Ex. 1. y = (2x? + 4)3. 

Put 2x* + 4 =u. 

Then y = u? where u = 2x3 +4, 


= 3 (2x3 + 4)? . 4x = 48x (x? + 2)2, 
Ex. 2. y =sin (ax + b). 


Put ax + b = u. 
Then y = sin u where u = ax +b. 
dy dy du 


de ~ du ` dg (089 a = 4 cos (ax + D). 


eax. 3. y = cos? x. 
Put cos x =u. 
Then y = u where u = cos x. 
dy dy du 
dx du" dx 
= Su? (— sin x) 
= —- 3 cos? x sin x. 
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32 CALCULUS 


Ex. 4 = 1 
$ TS ox 


Put 3--2x = u. 
Then y= a su? where u 53: 2x. 
1 


RRR 
Ex. 5. y = sin? 2x, 
Put 2x =u and sinu =v. 
oy = 0° where y — sin u and u = 2x. 


dy dy du du. 
E PNG d; T 22 - cos u.2 


= 2 sin 2x . cos 2x. 2 

= 4 sin 2x . cos 2x = 2 sin 4x. 
Ex. 6. y —log (tan e«). 
Put eX =u and tanu =v. 


SS y = log v. 
dy _ dy do du 1 
Ar dide P0. u ex 
1 
Tan (&) eos (&) ^. 
Exercises V. 
Differentiate with respect to x the functions : 
l. sin 8x. ll. sin (6 + axn). 
| 2. taniz. 12. (ax? 4- bx He) 
E y l3 A/(a T bx)? 
| S 3 14: cos (log x). 
| T sec 5 15, VI-+ sina. 
2 T x. 16. tan (ex). 
U U 174 i 

a E E 
| 3 3 AG -3). 19. (ax? -+ 2bx + c)n. 
EM o x. 20. (x + a)m (x + 5)n. 
| d Vian x. 21. (2x 4-1)? (xt — 1) 


T CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. 
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d. ^ 
ai 


$15:9. Inverse functions. 


If y is a continuous function ef x, then x is generally 
a continuous function of y. 

Let Ax and Aj be the cerresponding increments of x and y, 
then evidently, 

Ax AJ. 

i : Ay TRE 

| and therefore when Ay and Ax tend to zero, 


| : DIFFERENTIATION 33 
| CHE 

i 22; (1 —x) Vita. 35. cot® 7x . cos x. 

23. x (a — x)n. 36. cosec 2x . sec? 4x. 

| 94. x E 1 + sin x 

| . V2x —1 SE vlog ¡ -sinx 

| 

l 25.” x 2) A 1 + cosx 

| ^ XI S 38. logj—— > EDU 

| * 96, LT —x 39. ex=3. sin 2x. 

| bta 

b acl SIVE 

| ven Ec 41. Frase E EET 
| 28. sin" 3x. 42. log (2x + 3) . ex sin (4x). 
| 29. (3x +5) Vx3 — l. 43. sin (log x). 

l 30. cos? 3x . sec 5x. 44. cos (log x . cot x). 

| l^ (a — x)a/a 45. log (e4 sin 4x). 

| (6 + x) 46. cot (e%x cosec x). 

| 39v 1 — cos 2x 47.7 log (log x). 

i 1 + cos 2x 48. x log (cosec x) . e?x. * 
| .:e 33. sinm x cos x. 49. exx sin 3x cos 4x. 

| . 34. sin mx cos nx. 50. x3 e%X sin 8x. 

| 

| 

! 


«his result may be deduced from the differential coefficient 

4 of a function of a function. 

F If y = f (u) when u =¢ (x), we get 
dy dy d 


dx du dx 
dx dx du 
Fury de dut dx 


, CC-0. Bhagavad Ramanuja National Research Institute, Melukote Ci 
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34 CALCULUS | 
| dx du. | 
| du * dx | 
l dx. 1 | 

du du | 
dx H 


Definition. If sin x =y, then that angle x lying between) 

+ 7/2 such that sin x = y is called the principal value of sin” y! | 
Similarly the principal value of cos-! y lies between 0 and, | 
and that of tan~? y lies between + 7/2. | 
$1530. (i) Differential coefficient of sin? x. | 

Let sin"! x — y 5 then x = sin y. 3 
Differentiating both sides with respect to J, i 

de | 

| 

j 


= cosy = + V1 — +? (taking into considera: 
d 2 tion the principal value! 


i l of sin” x). 
dy 
dy L 


(ii) Differential coefficient of cos? x. 
Let cos Tx = y ; then x = cos y. 
Differentiating with respect to y, we get 
z E: =—siny = — 24 1 — x (taking into account 


the principal "m 
of cos? x). 


(iii) Differential coefficient of tan” x. 

Let tan! x = y ; then x = tan y. 
dx ^ 

3 dy = SCC^ y. T 

b T E : 3 
Th sey 1p E 
- (io) Differential coefficient of sec x 
$ Let sec x — y ; then x = sec y. 
Differentiating both sides with respect to y, we get 


dx 
z g *cJ tan y. 


| 
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0 ENNA 
“dx secy.tany «vxi1] 
We can similarly prove that 


i 

| 

j d 1 

| £i -1 pap rat AY 

| di (cot-x) = D 
1 d 3 1 

N — (cosec x) = — Lr 
«4 e dx ( ) E Vx8 —1 


Examples. 
Ex. 1. Differentiate sin-! (4/x). 
Let y = sin- (yx). 


dy 1 d 
e VI apa & QU 
1 
$ = — ] l: 
e Vi eee 
1 


72 Vx (l—x) 

ə Ex. 2. Differentiate (1 ud tan— x. 

~ Let y = (1 +2) tan” x. 

2 = (l ad (tan! x) + tan? x . —- fü + RU 
=(1 +a) + 3 
=] + 2x tan? x - 

Ex. 3. ‘Differentiate log sec (x4). 

Let y = log scc (x4. 


T tan” 1rz.9x 


E Rae 
M x Vx — I sec! (at) 


Se 
Ex. 4. Differentiate tan”! ERU (B.Sc. 52 M) | — 


i AO A SERE 
` 4, CC-0. Bhagavad Ramanuja National Research Institute, Melukote | 
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N 
E 
5 
em 
| 
hols 
PING 
8 
a 
^d 
| 
NIR 
=> 


= tan”? 
2 cos G-3 
T aw x 
= tan”? tan (1-3) d mo; | 
dol E 
dx 2 


$ 15-11. Hyperbolic functions. | 
The expressions 4 (ex + e) and $ (ex. — ex) are spoken ol 
as hyperbolic cosine and sine E of the “ argument ” | 
and symbolically, 
sinh x = 3 (e — ex) 
cosh x — à (e= + e5) 
sinh æ @-ex 
cohx  e-rex. 
From these definitions we can easily find thc following 
relations :— 


tanh x — 


(1) cosh? x — sinh? x = 4 ( (eX + e-x)* — (e-x — ec)? L | 
=} {e 424 es — ok 49 AETA al. 

(2) 2 sinh x cosh x =2. e > xvm SU | 

= i 2 ( X — ex) | 

= sinh 2x. | 


(3) odia L diec = $ 1 (65 4 e) L (e —03)1] 
=4{ (8% + 24 ex + efx — 2165) 
= $ . (ex +e) 


= cosh 2x. 
2 $ 15:12. Inverse hyperbolic functions. 
| l. Ify =sinh x, then x = sinh y. 
: Then Z (Y — eY) = x 
| ie, EY —2xey —1207 > 3 
| Le, EY Ax e¥ + x2 — x24 ] : 
$ (Y —3)9 2333.1 
i i.e., O —:=3V(4+ 1) 
i Since ay is always tve, we can discard the negative sign- 
a! l SO 0 =x} Vic. 


j S03 = logo (x + vi +1). 


t 
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2. If y = cosh! x, then cosh y = x. 
CS $(% +e) sx 

ie, Y +1 52x 

ie, EY —Qxe¥ + x2 = x* — |] 

ie, Y —x — +t Vel 

| le, O x VAI 


| US arida 1 
| eo 0 =r L VAR —1or Es] 
| y = + loge (x + Va? — 1). 


Ü 3. If y = tanh- x, then x = tanh y. 
| n Maren 
r| O ”* 


Le, Y —e7¥ —xe -Exey 
ic, Y (1 — x) = eY (1 +x) 
LE 


2.6.5 ae 


de span (Es stat 


| 
| 
| 
j 
| § 15-13. Differentiation of hyperbolic functions. 
: dy d fe —ex 
| 1. Ify =sinh x, we have $ AE 
| = i (ex + ex) 
| = cosh x. 
| - 40 d (Fe 
Í 2. Ify— posti NE S mA 
| = } (eX — ex) 
= sinh x. 
3. If y = tanh x, 
dy d fsinh x 
dx * dx \ cosh ms) 


cosh x. = (sinh x) — sinh x . 3 (cosh x) 
TE RUE OA AS E 
. cosh x . cosh « — sinh x . sinh « : 
cosh? x 
cosh? x — sinh? x 
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| 58 CALCULUS 
| 4. Similarly, if y = coth x, A = — coscch? x. 
| a dy sinh x 
i E if y = sech x, mmc: 
eR if y =cosech =Z =— a 


$1514. Differentiation of the Inverse Hyperbol 
functions. 

1. Ify = sinh a, wc have sinh y = x. 

Differentiating both sides with respect to J, 


cosh dx 
J dy 
L 5- V1 - sinh? y 
= J.T. 
. d l 


2. If y= cosh x, wc have x = cosh y. 


dx. V3 
Tener sinh y = Ve — 1. 
dy 1 


S ETIE | 
3. If y = tanh x, we have tanh y — x. 


no papi trap c1-22 


| 
| 
| 
| 
| 
j 
| 
| 
| 
| 
| 
| 
i 
E: | 
| 
| 
| 


dy 

| OA 
j "dx 1—x* 
D Si 2 d l 
| Similarly, if y = coth- x, we find A Sa 
Exercises VI. 
b) Differentiate with respect to x the following functions :— 
Br l. tan” (yx). 6. xtan- x. 
f n 2. cos”! (2x — 3). 7. x sec x. 
^ ] 2. (3% —1 8. log sin-t (ex). 
? 3. sin dy ) 5 
up E 4 9. VI — zi cos-!x. 
di a cot (a) 10. 4/tan7 (ex). 

11. sin! (cos a). 


5. (sin x)?, 12. tan”! (eax) 


1 .CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. 
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13. cos? (1 + ##)-¥2, 24. coscch 
14. cot! (x9). 
x 1 25. logsinh (3x). 
15. cos (s 3I . 96. log tanh 5x. 
16. tan” (log x). 27. tan” (‘anh 5): 
17. sec” (log x). 3 
e 18. cosec™ (2x8), 28. sinh-: (z) 


A b --asinx 
=) [Lv eer 
]9. sin ( WT ) (57) 


5 
20. sinc aa) 
A 7 tHacosx) so. mnh E 3) 
+a cos x 
T fl 
o ES e) oa 1% 
31. sinh 1 5 
22. cot-! (cosec 3x). nre 
23. sinh 2x. 32. tanh- V4 (1 +2). 


33. Find the value of duka G)- 


” 34. Show that sech (3) = log (2 + VI. 
35. Prove that tanh! Gar F i) =log|x|,* 0. 


Differentiate with respect to x : 


96. sinx (tani x). (B.A. 37 M) 
37. sin” [(2x + 2 V2 + x]. (B.A. 40 M) 
38. tan-i Ca . (Hint. Putz =tan0.) (BSc. 44M) 
39. tan (14 Me xm. — (B.A. 44 M) 
40. sin? [(2x +1) V2 — xi]. (B.Sc. 54 S) 


$161. Logarithmic Differentiation. 
In the case of a function consisting of a number of factors, it is 
convenient to take the logarithm before differentiating. 


Examples. 
Up — x) 
Ex. 1. Find the differential coefficient of Ce IE 8 
=e =P a "abi 
Let y — 939 
Taking kana on both sides, we have 
log y =2 log (a — x) + 3 log (b — x) — E BO 
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| 


Differentiating both sides with respect to x, we have 
1 dy 2 3 6 | 


-—— Se n m 


(a — x)? (b — xy 2 3 6 
(e—939 * (-— Ub—x'c a 
Ex. 2. What is the differential coefficient of 
J 204x cos? x. sin? x ? 
Taking logarithms on both sides, we get 
log y = ax + 3 log cos x + 2 log sin x. 
Differentiating with respect to x, we get 


1d: 
Ea — Stan x 42 cot X. 


d 
2 232 cos? x sin? x (a — 3 tan x + 2 cot x). 


Let y — u* where u and v are functions of x. 
log » — vlog u. 


; Differentiating both sides with respect to x, # Pi 
. ldy _vdu i do Ed 
Jd uae TORR c yv 
Examples. , PEN 


_, Ex l. Differentiate (sin x)=. Taking logarithms of boti 
sides; we get : n" 
; log y = x log (sin x). 
Differentiating both sides, we get 
1 dy 5 


ds T 198 (sin x) + x cot x. 
EM 3 
S fe = (sin x)* (log (sin x) + * cot x ). 
Ex. 2. Ify — ax, log y = x loge a. 


ld 
jag” logea. 


d; 
ae 2 = a* loge a. 
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Ex. 3. If y = 7x^tx, log y = (x? + 2x) loge 7. 
Ni IR (2x + 2) . loge 7. 


dy 
de = 2 (x + 1). 78x logo 7. 


| Exercises Vil. : 
.| Differentiate the following functions :— 
| 1 MEER Fx 9, ¿Stein x, 
| NG I= 10. sinx.logx. e .(a?—x2)***". 
| 4, sin ae 2x.sin 3x.sin4x. m 33 V2 4 3x ; 
| 3 gaye @ +4) (=a) 
| 4. xe*sin x. 12. (log 3) 
| v5. sx 19. e-*sin? x cos™ x. 
| xt V3 +4 14. (tan x)IoE x, 
LOS ay 15. 10-1, 
a D 2 “I6. (loga)stax, 
d o ( xs — ys 7. $ /#@=)), 
NG tania (2 — 3x)5 
| 8. K A 
VI +2 AB. (ax + b)oxta, 
| 1 
19. MEDIR 
20 cos™ x . sin? x 
; coshtx ` D 
721. [tan (x? + 1)]008 x. (B.A. 40 M) 
99. log log x, (B.Sc. 53 M) 
423. x logg cla x, (B.Sc. 53 M) 


$ 16:3. Transformations. 
Algebraig or trigonometrical transformations are useful to 
shorten the work of differentiation. 


| Examples. 
E pa 2x 
Ex. 1. Diffcrentiate y = tan l—x 
» und 

Putx=tan@. =. y = tan“ [EE fs 

= tan” (tan 20) = AG = 2 tan” x. ^ 
2 = Dni» 
a ve 
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a—x 


l + ax 


| 
| Ex. 2. Differentiate y = tan”? 


Put a — tan a and x — tan 6. 
A Deia ( tane — tan 0 
1 + tan a tan Ü 
= tan” tan (a — 0) 
=a — l 
=a — tan” x. 
Here a is a constant since a is a constant. 


ey eee el Ek 
dx 1542 
Ex. 3. Differentiate y = 2 T = can > sin-15, 
Put x = asin 0. : 
ETT ERI e na (asin 
E 2 2 a 
Ge aa 
mg sin 6. cos H + 5.0 
a 2 
Sg -sin20 +5 0 
_ Ba d0 at do 
t al 
— - ¿¿ + cos 20) 
a9 Pang i 
= qa? 2 kara à 
| a? cos 0.7 
x = asin 0. 


Cordi. ap Ite cour x 
| dx acoÓ Yg. a" 
dy 2 
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| Exercises VIII. 
Differentiate thc following functions :— 


| 
| 
| 1. cost (4x8 — Sa), aa 
| 2. sin (Br — 429). ET EE 
| 0$ cot yp LIT VA ana Y! Ha =l 
| a (i= 9. tan (VI Pa? — x) 
A cos) L ) L K 
pa S : meg. 10. sini (2x VI — x2). 
S 1 
cl m re 
> tan Zo ll. sec (roa : 


XÍ3. tan” (===) 


JA ta E = TER 
s15. VIA+5 3 log Y 
— l6. mo A8.. sin (=). 
17. sin” (vrza)- “19. tan- Tae : 
20. (x—1) V2x — + sin” (x — 1). 
21. teni > (B.Sc. 53 M) 


$17. 5 erentiation of Implicit functions. 

We have considered so far only functions in which the 
dependent variable is expressed explicitly in terms of the indepen- 
dent variable. If the two variables x and y are connected by 
a relation of the form f (x, y) = 0, it is often difficult or impossible 
to find y explicitly in terms of x and then obtain its derivative. 
In such cases, we differentiate the given cquation term by term: 


and solve the resulting equation for the differential coefficient. pe 
Examples. | 
Ex. l. Find 2 when x and y arc connected by the relation. Ha E 


ax? + 2hxy + by? = c. 
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Differentiating term by term, we get 
Maa) + 2 Quo) +4 (y) = (o) 1 
dx dx dx dx | 

; dy dy — 
i.e., 2ax + 2h (:2 ts) + 2by = =0 


ie, (hx + ng + (ax + hy) — 0. 


Ex. 2. lfsin y — x sin (a + y), prove that 
dy _ sin? (a +9) 
de sina ^ 
a 
sin (a 4- ») 
Differentiating both sides with respect to y, 
dx. sin (a 4- y) cos y — sin y cos (a + y). 
A TE 
by $ 15:6. 
- sina 
sin? (a Ey) 
Inverting, the result follows. 


Bx. 3. Ix (1 4 9) +7 (1 +a) — 0, prove that 
d, 
à TP Ca (B.Sc. Sub. 38) 
x (1 45)! = — y (1 + x). : | 


Squaring both sides, we get x? (1 +y) —5*(1-r x) 
Le, x2 — y2 + x4y — xy =0 
ie, («—) EFI +x9)=0. © 
S X=JO0O 2 HYE AO. 
If we take x = y, we get 2x (1 + x) — 0, i.e., 
So we get only trivial values of x and y. 
"Taking the other relation and differentiating, 


| LE y 0. 


x =0or — L 


we get 


dx 
ED IE 
` dx la 
As x xy =0, a uti. 
+) + xy J lE 
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i ene Aa dy 
4 Substituting this value of y in pwe get 
| dy 1 
| 47 TE 
| Ex. 4. If y =N (sin x + Vsin x + V'sin x ...... to infinity), 
| dy 
| find dx 
We have y = Vsinx +). 
J = sinx +. 


Deere the above equation, we get 


2,2 = cosa + Y, 


dy. cosx 
=. 
Ex, 5. ly D DEN find Z. (B.Sc. Sub. 45) 


... to co 
J= = =x. 
Taking logarithms, log y = y log x. 
Differentiating both sides with respect to x, 
1 dy _ Dog J 
Ju Eats 


a 


2 E 
l dx  l—ylogx 
| Exercises IX. 


Find a when x and y are connected by the following 
| relations :— ? 

ib AE Sa 

w2. HI H Dx + Of +c — 0. 


x? 
vg arp?! 
m J? = 40x 
^ xy =, 
T wok ky LUNAR LEON GAN 


5 

6. 

7. 2343 = Saxy. 

8. (3-5) = a? (x? — 

9. (ax)? + (by)? = ES = pn. 
10. 27ay? =4 (x — 2a). 
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AE If xY = y*, prove that d ae 
(BSc. Sub. 51 Tr.U] 
12. If ¿Y = =, prove that A (1 Ti x)" 
13. If sin x cos x sin x cos x 


pU ULT oux , prove that 


— 0-9) cos x + sin x 
2- 1+2+cosxsinx 


14. If VI—=x + VI — 95? VITA — J), prove that 


d VL 
dx I =i 
15. Ify = 6 tant CG + tan-i 2) find Ñ. (B.Sc. 51 MJ 
Ju If y = sin xsin LA find 2. i 
Y 17. If (sin x)eosy = (sin y)eosx, find 2 $ A 
{ 


§18. Somctimes both xand J arc expressed in terms of a third 
variable called a parameter. We can always find = dd in such casé 
without eliminating the variable. 

Let x =f (t) andy = 4 (t). 


dy dd dy. de 
di di de” di "dU 


Examples. 


Ex. 1. If x = a2, J = 2at, find 


i Ex. 2. 


If = — cq ] 
x =a (0 — sin 6) and y = a (1 — cos 6), MELA 
1 : 
H 
i 
FT C-0 0. Bhagavad Famanua National Research Institute, Melukote Collection. 


dx 
Sn eos 0), B maana, 


YR. a 2 


| 
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P Y asin = a (l — cos 0) 
A _ sinó 
| l-—cos0 
= cot 6/2. 
Exercises X. 
a 
Find 2 when 
Al. x =acos 0, y = b sin 0. 


v 2. x= ch y =; 


3. x=asec 0, y = b tan 0. 
4. x =acosh 0, y = b sinh 0. 
5. x =a cos b, y = b sin? 0. 
6. x =2sint, y = cos 2t. 

7 


x-—a (cos 6+ log tan 3)? = asin 0. 


8. x =a (0 + sin 0), y =a (1 — cos 0). 
i Q9. x =3 cos 0 — cos 0, y — 3 sin 0 — sin? 0. 
a) 10. x = a (2 cos 0 + cos 20), y =a (2 sin 0 + sin 28). 


Sat 3ai* 
“ill. x =F B’? “IT 


12. x =a sin 20 (1 + cos 20), y = a cos 20 (1 — cos 20). 


| $19. Differentiation of one function with respect to E 
another. j : $ 


sx 
Suppose wc have to find differential coefficient of f (x) with 
respect to ¢ (x). 2 
SEAIN) 
.. BR) d 


where z = 4 (x) 
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Examples. 


Ex. 1. Differentiate esin”* x with respect to sin! x. | 


pray 


desi x d SY dE" | 
Ta Tg TIE G Gin a) i 
i 
TEA l L | 
VERTU Apu apr | 

= ein”! x. ; (1 


c : 2 a : 2x lc 
Ex. 2. Different zi n 
x Hierentiate tan^* 1-5 with respect to sin ti x) 
If we pul x = tan 0, b 
2x 2x | 
-1 — ine 
tan ire US ree acl I 
Hence the required derivative is Tan = | 
Exercises XI. | 
1. Differentiate el with regard to yr. (B.A. 37 We 
binaha h 
9. m Vx +1 with respect to x?. (B.A. 35 np 
A pe— 
3. T. tan-! t i with respect to tan” d 
(B.A. 52 ME 
4. 53 logio x with regard to x2. (B.A. 51 My 
E 5. 5 asin X with respect to cos x. (B.Sc. 33 Mp 


ia Miscellaneous Exercises XII. 
i Find the differential coefficients of 


Na 1 +x ; y 9 cox v 
lem ` sinx + cos xt 
2! sin- (cos 2x). 10. : sec”! 2x 
; 3. sin*z cos 3x. 
/ log (secx + tan x). „11. log tan » 


€*X log (sin ax 
log cot (1 Eu +) coa, 
log sec? (ax + b). 
13. log (1 + VI Kain x) 
8. log tan g (1 + vi + sin d 
y G +3). Y 14. sin V 3:3. +3). 


pasa 
nos 
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i DIFFERENTIATION 
| 15. sec? (3x +4). 
| - Z w ) 4 37. 
®© GT PAPER 
i 38: 
i . 108 sina. 
| 18. 1 x + x + 1 f 39. 
| 05:3 xl 
pU a 3TH L 
SVIF. 
go loga (tan 2x). x 4l. 
2j. tan a +b cos x Y 42 
b--acosx Y x 
2, (sin x)log x, ~ “Y 
o3, LULE) Y ki 
| VI —x2 45 
94) tani eal + 46. 
| DES x 47. 
EI "mo 4 
^ Gs — 1) (+ 3) 48. 
pa xtan y. 49 
37. log £ T 5 cos x Ñ = 
; MODE paa po 
By um 59. 
J^ x Vid e 
a 5 (x42) 531 
(x T 3)2— 
X ePX sec x E 54. 
WE] 
aem, 55. 
+ 45 + sin (log x). ct 56, 
«tan (a L 
e \l +32 va 57 
san f V2ax — ai 
> .a+x 
(13m 
MR 59. 
log E 2x + 1 pu 


U loge tan (x? + 


tan-1 


49: 


GI 


L Tan (x3 5 E sinx, | 


(ax EIET 


xf(*— 213/4 
ST 
(x +2)? sinx | 
V3x —] ` | 
* log x . log log x. 
tan (sin-! x). 
tan-! Vita. , 
Sin E L 
RR 
+a). 
* log; x. A 
COS x Za i 
1 + cos 3; LAE 
«flog xJ3, 7 
xcosx, 
(sin x)cos x, 
#3 (x3 + 4)x, 
1 1 + sina sin x 
I= cosx Ca 


tan“ f a tan? ^A 

a - d We e 
ge vix 
ELE 
U ab log x). 


ido m " 
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DITS Jp -- 

61. m 63. tan” NEL A 

a JIA € (B.A. Sub y 

x 62. tan i [v | 
64. cosi VI —:&. (B.A. Sub. 39) | 

65. log (x + Vita). 66. (a+ x3)*. N 


67. x Vii or d + dog (x + Wata. (B.Sc. Anc. 


| 

68. TEE Vai — xi. | 

69. logio (a2 5x). (B-A. 39 S) | 

af xem. | 

; 70. tan” (I ExsnoJ CY | 

E 0a 72. 4x log (sec a). | 
ipi! " sin (x2) 

E 73. 10108 (sin x), 74. (ax? + bx + 0)008% 

7 ; E 
v . a l +x i 
m 75. sin? [oot 1 i E 713 | 

7; M 1 Vi Taal 
Y. — 76. Differcntiate sec-! ia = With respect to V1 


| Y 
U 77. Differentiate tan”! Vi with regard to C tyi: 
, s —X 


K E 
7 sec? as 
| yy 2x1 — 1 
: » 78. Find the differential coefficient with respect to 
a UEM. and find the ratio of a to b if this differential 
1 F vanishes when x = 5. 
, 1-33 s 
79. tan”? Sg S : 
PA MIT) E 


“80. Show that if y = axt, where a and n are co 
` 2 =wy0 + log x). 


l È dy x-rsinx a 
1. Ify =xtan kx, prove mem +cosx > 


Differentiate, with respect to x, cosec”! (142) 


manuja National Research Institute, Melukote Collection. - 
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E 
d) 83. Ilu = YY, find da where y is a function of x. 
d 84. Ify-x M IEA , find the value of Din terms of x. 
! 1—# dx 
85. Find the derivative with respect to x of the function n: 
x$ + 2233 -- 9 


Vac gru and show that the derivative vanishes when x1 — 1 ` 


and for two other values of x. 


dx 
87. xmyn = (x + 5*2, prove that x RTI 
88. Differentiate with respect to x, 


1A z 
log ( E D tan” x, : . 
89. Ify =ext8x%, prove that Y = (1 + 6x) y. 


l pa? 
-l = " 
90. If y — tan (7 ng NG "L = ) prove that 


| 
| 
| 
| 
1 86. Ify =log So find the value of x for which pu 0. 
| 
| 
| 
| 
1 
| 
| 


D 

| de 

| 91. Given that 

| sin 0 sin (2a + 0) sin (ta + 0) ...... sin { 2 (n —1) a +0) 

5 . sin 28 
~ 9n-1 


where 2na = ; 


prove that ES 
01" (i) cot @ + cot (2a + 8) + cot (4a +0) + ...... + E. 
f cot (2 (n U « + 0) = n. cot n0. Ka 
(ii) E 0 + cosec? (2a + 0) + cosec* (4a + 0) ...... 4- 
cosec? 1 2 (n — 1) a +0) = n? cosec? nd. 


E Given that cos; . cos Sa» cos Sa re sie 00 SHES, 


prove ta 
x 1 x 1 x 1 2 yc 
(i) ztn% t tan 53 + gatan ga + ere.. CO S — Cota. — 
El lapag 
(ii) gis, + asco, + gases at seee 0 


ERA 
G CC-0. Bhagavad —— Re 
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93. Prove that ifx < 1 | 

| 


| 

| rot 2x 423 8x! E 
| (i) e rl res Sul era DU PI "- rd 
" 1 — 2x 2x — 4x3 4x3 — 8x? l 
QUE pe A | 
. E ZZZ 
BETET 
94. Differentiate . j 
A XN CA { 
(i) L + log?) G) o | 

(ii) lo b + acos x + Vb? asin x 

EG DU Y CERE | 
| 
fii) alos tanx, (B.Sc. 52 Tr. U) 
95. Find 2 when (i) y — xsinx + (sin x)*. : | 
4 
00 (22)? = 4a (999), | 
j 


(iii) (sin +) =x +. (An. U. 45 Eng) 
(iv) ST LHX = yx — yy. í 
(B.Sc. Anc. 6) 


96. Ix =e — find Z, (B.Sc. 50M 


x d 
98. Ily = xx, find Y 9 Nj 
, find 7. (B.A. 49 M) 


97. Ify =b tan f + ani » find A 


99. If (cos x)Y = (sin y)x, find Es (B.A. 49 M] 
“ KI J d Al 
100. Ify =x log TEO find 2. E _ (B.Sc. 53 M) 
E d E 4 
101 Ify —sin (x495, find 2 (BA. 54M 
E 102. sin? (sin-! x). 1 
Differentiate w.r. to x (103 to 110) 
ad vx 
tan 1 = xA. (Tr. U. a 9 
(1 log x)=". . (Tr. U.S 
[log (sec x + tan x)] cot x, (Tr. U. 5: | 
d e sine ean 1 58 
Em 25 os 1 gan SIN gp. (Tr. U. £ 


avad Ramanuja National Research Institute, Melukote Collection. xi 
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| 107. log (B + Vee fe). (Tr. U. 55) 
| 108. log (cos aY), (B.A. 55 M) 
y Vx +a+ V. p) 
| 109. 1 (Gat . B.A. 56 M. 
E oo Vx —6b — yYx—=c ( ) 
d. 110. x-pads, (B.Sc. 55 M) 
. 11 Ies 1 48 andy e 14 shoW that 
t; 5 2 4 
E: ng / (2) isa constant. 
112. Diflercntiate log (vi coscc x + 1 — Vcosec x — 1 } wr. 
to x. 
: 3 < ANT Vs 
P Differentiate tan Dae Wn tox. (B.Sc. 66) 
a 
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CHAPTER III 


SUCCESSIVE DIFFERENTIATION, | 


pcd CIIM 


§ 2031. We have scen that the derivative of a function of xis 
(in general) also a function of x. The new functions may kx * 
differentiable, in which casc, the derivative of the first derivativ| 
is called the second derivative of the original function. Similarly) 
the derivative of the second derivative is called the third derivative; | 
and so on up to the nth derivativc. { 


Thus if y = 4x5, 
DENTS 
ah 20x 


dfa _ 
alz = 9028 


d (d (GN) ona 
dx 1 (2) = 24033, etc. 


The symbols of the successive derivatives are usual 
abbreviated as follows :— 


| 
| 
| 
| 
| 
a | 
| 
| 


d (dy d? 
dx (2) => = = D*y. 
dry day 
dx V dyni = det = Dy. 
Ify=f (x), the successive derivatives are also denoted bY 
F (3), f" (2) ...... f” (3); l 
Da Janena J0, : 


1 


Js Ja; sen... Jn: 


$ 20:2. The nth derivative. 


For certain functions a general expression involving 2 may K 
found for the nth derivative. The usual plan is to find a numb 
of successive derivatives, as many as may be necessary to disco 


their law of formation and then by induction write down the # 
derivative. 1 


| CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. 
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i For example, if y = e®*, 


| E =qex; 
| 2. 
| E gx, 
E . Then we can write 2 = gne, 


el < 5203. Standard results. 
lj l. If y = (ax + b)2, then 
H Ji =m. a (ax + b)n. 

| Ja = m (m — 1) a? (ax + b)m-2, 
| Js =m (m — 1) (m — 2) a? (ax + b)m-3. 
Hence jn = m (m — 1) ... (m — n + 1) ar (ax + b)u-2, 
| In particular, D" (ax + 5) = (— 1)2 n 1 an (ax + bj, 
| 2.. If y — log (ax + b), then 

Ji =a (ax + 0)3. 

| dna 
| Jn = aya (ax + 5) 
| ° „= a (— 1)27 (n — 1) ! an (ax + b) 
| = (= 1)23 (n — 1) ! an (ax + b). — 
| 3. Ify — sin (ax + b), then 
| EN OUS 
| Thus the effect of a differentiation is to multiply by a and 
| increase the angle by 7/2. — - 
| 
| 


Ja = a" cos G + ax + t) = asin (2 x5 tarts) 
Ja = a? sin (35 +e+0). 
In general, Da sin (ax + b) = a2 sin G + ax + b): 
e4. ‘Similarly D" cos (ax +- 6) = an cos G Trax + 2 
Corollaries : Putting a = 1 and b =0, 
D2 (sin x) — sin G+ x); Dn (cos x) = cos (7 + s): 


5. Ify z eX sin (bx + c), then 
urge GAGO) sepes (bx +0): 


CC-0. Bhagavad Ramanuja National BA Institute, Melukote Colle 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. | 
56 CALCULUS 


Putting a = rcos¢ and b = r sin d: we have 

Jı — re sin (bx +c +4). 
'Thus the effect of a differentiation is to multiply by r sol 
increase the angle by 4. | 
Similarly y, = 12 e?x sin (bx + c + 2d) ...... j 
In gencral, | 
Dn ( ex sin (bx + 6)) = rn eX sin (bx +c + nd) | 


where 7 = (ad + b3)1/2 and $ = tan”! ( <) 


| 
| 
6. Similarly | 
D2 ( ex cos (bx + c) ) = r2 e cos (bx + e + nd) fe 
where 7 and $ have the same meanings as before. | | 
| 
| 


$ 20-4. Fractional expressions of the form T 7 ) both fungi 
tions being algebraic and rational, can bc ECC d n tima 
by splitting them into partial fractions. 


| 
Examples. | 
Ex. 1. Find y ee 
X ind yn where y (+1) Qe D | 
Resolving into partial fractions, wc obtain 
2 1 
MAE = erg | 
E gan, n! (—1)22! | 


(2x —1)8 (FIPA 


ET Qn+1 1 
(— Den! | TINT &- rm 3 


Ex. 2. Find ya when y = 


x? 
LY DRS (m 2) 
x 


Joost 
EDICE T itge =i toe 
Then we AY ma that A zm B = 1/3 and C z4 
1 
"irte Decr 


5n! (—1)a , (n+1)!(—1)n EU 

Hence ya =) («Iph Gurt K vas 1) $c a : 
=(—] 4 1 
CARI cm =m t KA - pm + oe pam, 
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I 


Tata (B.Sc. Sub. 54) 


AG AE Neal 
J= ape 3|x—a x+a 
T |». (—1)n! 1 1 
“A= ta | Gap” Grap [| 
e $20:5. Trigonometrical transformation. 
It is possible to break up products of powers of sines and 
cosines into a sum by Trigonometrical methods. 


Examples. 
Ex. l. Find the nth differential coefficient of 
cos x . cos 2x . cos 3x. 
cos x cos 2x cos 3x = ] cos 2x (cos 4x + cos 2x) 
= $ cos 2x cos 4x + $ cos? 2x 
= 1 (cos 2x + cos 6x) + 1 (1 + cos 4x) 
= } + H(cos 2x + cos 4x -+ cos 6x). 


o... Dn abel ar sa 


= 3 f2 vaU 7 Z +22) Le (5 +4) 


+ 62 cos (T tall . 


Ex. 9. Find the nth differential coefficient of 
cos? 0 sin? 0. 


Let x = cos 0 + i sin 0; then? = cos 6 — i sin 8. 
x 4 1o2c50; x — 1 = disin 0. 
Also by Dc Moivre's Theorem, we have 


xn = cos nh --isin n0 5 I = cos n0 — isin nd 


^j so that La - = a = 21 sin n0. 


We have 25 cosë 0 = (+ + 3) and 
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xy | 
= (#0 — 5 105 —: -9+3 — x) (+ -2+5 : 
E POE 4 
+10(#— 3) +5 (6-2)- (A 


| 

| 

| 

| 

1X5 1Y | 

Hence 2! i7 cos? 0 sin? 0 = L + 3) (s = 3) | 
| 

| 

| 

| 


Hence we have 
— 211 cos5 0 sin? 0 — 
sin 120 — 2 sin 100 — 4 sin 80 + 10 sin 60 + 5 sin 40 — 20 sin 2% 


| 
DR (cos? 0 sin? 8) = — 1/21 (m sin G + 120) | 


— 102 . 2 sin G4 100) — 8%. 4 sin $8), 


+ 62, 10 sin (2-50) + 42.5 sin (7 +4) 


— 22.20 sin Te) 
Exercises XIII. 
(1) Find the nth differential coefficient of | 


l. sin? x 1 9 
2. cost x. (a+ Na m +2) 
3. sin? x cos® x. (B.A. 49 M 
4. sin?xcos*x, (B.A. 50 M) 13. $ 
; z —1)(«—2y E 
5. sin x.sin 2x. sin 3x 14 © j 
. "SI primas 1 
6. e*sin x. SOME 3n, j 
7. eX sin? x. I5: x2 — gt $ 
8. eXsin xsin 2x 1 lll. 
: 16. ———— y 
g cb gir | Se 8 
"cx td 17. PENA ee 
10. sin? ax (s —a) (x-5) («—4) 
Il. gs NGAY Ka ENGE a Nada 
+ 8% +3 Os. 55 N 
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:| 
| 
| 


(2) Prove that if y? — 3ax* + x? = 0, 
d 


| #2 2 0. (B.Sc. 51 M) 
| RU i 
| (3) If x = a (t — sin £), y =a (1 + cos £), find 73 asa 
function of t. (B.A. 41 M) 
i E 
d e(4) Ify e V? cos v show that 
E 
| da te LR B.A. 46 M) 
) (FE): ( ) 
| , py #2 
| (5) If ax? + 2hxy + by? = 1, show that D?y = (TENDS 
la 2a? xy 


(7) Prove that if y = a then 2y, Ja = 3y and that if 


di. (y —*) Ja -2A(-2)- (B.A. 38 M) 
Ta (8) If 5$ = (x — a) (x — b), show that 


BEAN] Lo 
zal (z gar 


| 
| 
| | (9) Find ya when (i) y = tan™ 9 
i 
| 


| 

| 

| E 

| (6) If x3 + 39 — 3axy = 0, prove that D®y = Cea 
| 


T. 1 
I= Grae 


A i 1 
Mo A 


(iv) JE Go GFA (B.Sc. 62 M) 


$20-6. Formation of equations involving derivatives, 


When a relation between x and y is given, we can in many 
Í cases deduce from it a relation between the variables x, y and the 
2 derivatives of y with respect to x as the following examples will 


show : 


i Examples. 
Ex. l. If xy = ae* + be-*, prove that 
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dn mp AN 


Herc xy = ae* + bes. E | 

Now pas sanang both sides with respect to x, we have | 
3452 = ač — bes, : : 

Differentiating both sides of the equation once again, we d 


dy, 4 
XT G 


bi 


2 da 
ie, XS + 22 


2428 oe = 0. 


i.e. 


Ex. 2. Prove that if y = sin. (m sint x), 
(1 — 4?) y — xy AMP = 0. 
J = sin (m sin- x). 
“e sint y =m sin x. 
Differentiating both sides with respect to x, we get 
nen dy m 
VR Vim 


Squaring and simplifying, wc have 


dy\2 
(=a) (Z) =a — 39, 
Differentiating the above equation with respect to x, we 


d d? 
0—22. @ (E = —2my Y. 


d 
Cancelling the common facto: 2 7 throughout, wc get 


2 
U —2929 VI my <0, 


If x = sin 0, y = cos p0, prove that 


(1 — x) ye — xy, + py — 0. 
Paan icon pO. 


Ex. 3. 


| 
| 
| 
| 
| 


: dy 
ar dj 05 6 = — p sin 0. 


F 2- p sin po _ VI 
Pecos § PCI 
: (y "m 


T= 
0-29 PS --. 
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| Differentiating the above equation and cancelling the common 
| 
| d 
factor 2 2 , wc get 
| y D4 py 
gi (1-x de tae 74-0 


| 
¡Exercises XIV. 


J If xy = ax* + A prove that 


"E 
2% y +2 (:2 ve >) =0. (B.A. Sub. 40) 
2. Ify = ax cos mx, prove that 


Pin n) =2 (« = D (B.A. Sub. 42) 
A Ify = € cos x, prove that 


| 
| 
| 
| 
j 
| 
| 
j 
| 


4 
A + 4y — 0. (B.A. Sub. 38) 
M4. If y = x? cos x, prove that 
> s387 dy n j 
x? Ta — 4x7 Mas («* + 6) y — 0. (B.A. Sub. 37) 
«5. If y —(x + yix + x2), prove that 
N n rei +22 mg =0. (B.A. 39 M) 
| 6. If y= wei —1) S show that 
d y»,d - 
| 27 9 tde 
7. Tf y yx -sin-! yx, show iba. 
(4x — 4x3) E + (6 — 83) 2 Z=. (B.Sc. 39 M) 
#8. If y z (A + Bx) ekx, show that 
D k? By =0. (B.Sc. 35 M) 
v^9. 1f = (sin x)%, show that | 
(1-2 —29-2=0. 3 
(B.Sc. 33 M ; B.A. 51 M) E 
- 10. E y = a cos (log x) + b sin (log x), show that 
di d AAN 
atar =0. . QA. Sub. 50) 
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11. Ifx =sin 4 y = sin pl, prove that | 


d dy. | 
(1 +41 =0. (B.Sc. 39 N 
12. If y = Att cos (pt + e), show that 
dy 


dii + 2,9 + ay = 0, where n? = p? + ER. 


| 

| 

13. Ify = & tan” x, prove that | 

(1 x)» — 2 (1 — x +°) y + (l a)y = 0.“ 

14. If y = Ae + Beñ, show that | 

(Qe —1) 2 4249212 (28 x4) y =l 

dx? dx 273 

15. Ify 2 A(x + VIP EB (x — Vo TIR, proi 

that (2 — 1) $2 + xB ny — 0. (B.Sc. 38 M 

16. If y =e-** cos 3x, find constants a and b such that, fo: 

all values of x, 2 +a 2 4 by =0 | 
dx? dx A 


atbt S show that (1 — x) Js = 3ya. 


Y J Al. Ty = 
$21. Leibnitz formula for the nth derivative d 
a product. | 


This formula expresses the nth derivative of the product 


two variables in terms of the variables themselves and thei 
successive derivatives. 


If u and v are functions of x, we have 

ET) = ot +u q 

ie, D (w) =v Du + u Dv. 

Differentiating again with respect to x, We get 

D? (uv) =D (v. Du) +D (u . Do) 

=v D*u + 2Du.Do +u. Dir. 
Similarly D? (uv) = v.D?u + 3D*u.Dv + 3Du.D% + u.Du. 
However far this process may be continued, it will be see 
that the numerical coefficients follow the same law as that of thi 


Binomial Theorem and the indices of the derivatives correspon 
to the exponents of the Binomial Theorem. ; 


Hence 
da ‘= duy diu dy dn-y s 
da Q S dat rua + NG nt dà 
da-ty dry du dn 
ap + ner duree ue uu. 
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$212. A complete formal proof by induction may be 
given as follows. 

Assume the theorem to be truc for some onc value of n, 
i.e., suppose DR (uv) = unu -+ nê, n-1 V1 + n s n-3 Ye F +" 

. Paba dar Or F nfr tn-rUr + +. F U Une 
Differentiating again, we get 
D". (uo) = (ian Y + un 9) + sn (Un % + Un- 2) + 
ncs (Un-1 0g E un-e Ha) + +-+ n r1 (Un-rtz Ora F Un141 Ir) , 
kate (ün-rki Vr + a-r Urr) bs hass hU Yate Unta) 
= Han. 8 + (1 + 161) tn 9; + (061 + nte) tai M2 +... 
wee + 0023 Foner) Un—r+1 Ir T + U Unta. 
Now ncr-1 + nr = (n+1)6r and so 
LA a6 = (mai 
n6; + nés = (n4162 
aĉa + nés = (a+ and so on. 
D^". (uo) = Ung 9 + (m40 Un Y F (241/63 Un-1 Ha 
db... + meyer Mnp Vr F sss U Hats 
Hence if the theorem be true for any value of n, it must be 
trpe for the next higher valuc n + 1. It has been seen that it is 
truc for n — 1 and therefore it is true for n — 2 and therefore for 
n = 3 and so on for all values of n. 

This theorem is particularly useful when one of the two factors 
is a small integral multiple of x ; if this be taken as a in the 
preceding formula, its differential coefficients and the series will 
consist of only a few terms. 

Examples. E 
Ex. l. Find the nth differential coefficient of x? log x. 
Taking v = x? and u = log x, 


dn-i 
A (22 log x) = a (log 2) . 42 + xà «a (log 2) E (22) 
qn-3 d3 
: + nfs ama (log x) 7 (23). 


All the other terms will be zero since the successive derivatives 
of 23 after the second derivative vanish. 


D» (x2 log x) = epee x24 
gta BAG oat 2)19, ^ Ge 1) (- 123 NG 3)12 


| (—123.2.(0—3)! 
ITA 
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Ex. 2. Ify = sin (m sin? x), prove that 
(1 — x*) Ja — x + miy — 0 and 

(1 — 2?) oye — (2n + 1) San + (m? — n?) yg =0) 

(B.A. 49; 3 52) 
(Vide example 2 in § 20°6.) | 
(1 — 2), = x, — ny. | 


Taking the nth derivative of each term by Leibnitz’s Theorem 
we have 


Jara (1 — 3°) + ati Jasa (— 2x) + gaa (— 2) | 


— Jn X niya — my, 

Le, Inte (1 — a?) — 2nx Jn — n (n — 1) Ja | 

= Yar F NYa — m) 

Le, (1 — x°) tana — (2n + 1) Dat + (m* — n?) yp=0 
Exercises XV. 


l. Find the nth differential coefficients of 


(1) xe. (2) x2 ex, 

(3) xsin x. (4) x3 cos x. 

(5) ex log x. (6) x3 sin? x. (B.Sc. 52 M) 
(7) x9 ax. 


a AA. 


(B.Sc. 53 M) 


(8) 22 sin 3x. (B.Sc. Comp. 62) 


2. If y — x? eX, show that | 
pain (o Dai YA +} (n — 1) (n — 2)y, 
where yn stands fis; 2 (B.A. Sub. 50) 


—] ^ 
3. Ify= VLTS x » prove that 


(1 + pea + (2n + 3) og + (n + DaT 
(B.S 


4. Ifi == zm log x), prove that 
= 1 
I, =n! (toga + 1 +3+) Lo. p2 


5. Ify — sin x, prove that 
(1 — 23) ya — Xy; — 0 and 
(1 — 22) Jats — (2n + 1) Wanti — ny, = 0. 


(B.Sc. 51 M 
6. If y = estt x, prove that E. 


(1 — 32) y — xy, — ay = 0. 
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Hence show that 
(1 — 2%) ats — (2n +1) Yan — (1? + a?) ya = 0. 
(B.A. 46 M ; B.A. Sub. 52) 
7. Ify = acos (log x) + b sin (log x), show that 
Ynga + (2n + 1) an + (n + 1) ya =0 
(B.Sc. 47 ; B.Sc. 50 ? M) 


8. If ym + y-1/m = 2x, prove that 
(à — 1) Jars + (2n + 1) ian + (2? — m) Jn = 0. 
9. If cos! G ) =n log (§ ) prove that 
Yate + (2n + 1) nan + 2n*yn = 0. 
10. Ifx--y = l, prove that 
dn 
qa (PIP) =n HIA — (ue) t3 a L (ap) EAE ne 
oe + L DR }. 
11. Ify= bs show that 


x 3 
2 
Ta ZETT $2 pau — 4y — 0. 
o dius "Leibnitz s theorem, differentiate this three times. 


(B.Sc.. Sub. 47) 
12. If y--x9- log x, prove that ay, = (n — 1) y+ x01. 
By differentiating this result (n — 1) times, show that 


pe Et (BSc. 48 M) 


x 
13. Ify = (x-- V1 + *)™, prove that 
(1 + alis + (2% + 1) gian (00 — m!) yn = 0. 
(B.Sc. 49 M) [vide Ex. 5, Ex. XIV.] 
14. Prove that 


qn log aaa 
da Cia "liesa : 
E a (B.Sc. 53 M) 
15. If U = Ax? + 2Bx 4 C show that 


o (Ax? + 2Bx + C) Un + 2n (Ax + B) Ung 
+ n(n—1) A Urma =0 if n> 5. 
(B.A. 44 M) 


16. Hye (1—z)-* 0%, prove that (1-3) 2 = ay 


J| and that (1 —4) Jas — (1 + 04) Ju — nayni = 0. 
E (B.Sc. Sub. 54) : 


a—3 : 
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CHAPTER IV | 
MEANING OF, THE DERIVATIVE | 


$22. Till now, we have explained the various methods é 
determining the differential coefficients of functions. We shali 
give in this chapter the various interpretations for the derivatit 
and some of its applications. À i 

§ 23-1. Geometrical interpretation. | 

Let us assume that P and Q, are two neighbouring poini 
on the continuous curve y — f (X). From P and Q draj 
PM, QN perpendicular to thc x-axis and from P draw Fi 


perpendicular to, ON. 


` a 
A nm a EN 


Fig. 4 
If P remains fixed and Q moves towards P along the CM 
and finally coincides with P, then the chord PQ, becomes 


tangent at P. sa 


The inclination of the tangent at P to OX is / PTX. 
- Here / PTX — Lt /PSX 
Q—P 


= Lt PR. 
Q>P EI 


Let the coordinates of P, Q be (x, y) and (x + AJ +! 
respectively, : : 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


| 
| 
| MEANING OF THE DERIVATIVE 67 
4 
1 


| Then tan / OPR == el 5 

| PTQ= Lt PR — It A? 
| tan /PTQ, bu tan ZQ] aoe Ax 
i Ax->0 AX kd 

d 


Hence 2 is the gradient of the tangent to the curve at the 

| point (x, y). 

$232. Meaning of the sign of the differential 

| coefficient. + 

| Let y =f (x) be a function of x. When x =a, the function 

| has the value f(a). If x is given a small increment (positive), 

| f (x) may be greater or less than f (a). If thevalue of y is greater 
than f (a), then f (x) is called an increasing function at x =a. If 

| the value of y is less than f (x), then f (x) is called a decreasing 

function at x — a. 


x Pats ma is noeh 9. 


small. Therefore, if his positive, f (a + h) — f (a) is positive and, 
if his negative, f (a +h) — f (a) is negative. 
If h is small and positive, we get 


B f (a — h) < f (a) « f (ah. 


1 
| 
| 
1 
| 
| 
| 
| 
| If Pis positive, then f (a + h) — f (a) is positive provided k is 
| 
| So, at x — a, if o is positive, it means that f (x) increases 


with xat x =a. On the other hand if 2 is negative at x — a, it 


| means that f(x) decreases as x increases. 


» Examples. 
ki E l. Prove that the function f (x) =x% — 3x? +6 is 
| positive for all values of x > 2. (B.A. 39 M) 
F ()=3% 6. 
= 3x (x — 2). 


*. Ifx> 2, then T (x) is positive. 

“+. f(x) is an increasing function for x > 2 but 
SF (2) =2, ie, -Fve. 
Therefore for x > 2, f (x) is positive. 
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Ex. 2. For what values of x is 2x3 — 93° + 12x +1 
a decreasing function ? 

SF (x) = 223 — 9x* + 12x + 4. 
Then f’ (x) = 6x: — 18x + 12 
26 (x —2) (x — 1). 

If the value of x lies between 1 and 2, f’ (x) is negative ani 
so in that range f (x) is a decreasing function. 

Ex. 3. Show that for x > 0, x — 4 xS < log (1 +x) € * 

Let f (x) be x — 54? — log (1 + x). 


«f (0)21-4-7] TEE 
os 
Tbe +x 

If: xis positive, T (x) is negative. 

Jf (x) is a decreasing function. 
The value of f (x) atx =0 is 0. 

For all positive values of x, f(x) is negative. 

x —4$2x2 —log (1+ x) <0. 
s. ox — d) log (1 + x). 
Let F (x) be log (1 + x) — x. 


! 
| 
i 
| 
| 
N 
| 
| 
| 
j 
| 


^ 


TES 

If x is positive, F' (x) is negative. 

-. F (x) is a decreasing function. 

F(0) z0. Soifx>0,F (x) is negative. 

log (1--x) —x <0 

te, log (1 + x) < x. 

Hence «x —$x*< log (l +x)<x. 
Exercises XVI. 


1. Show that the polynomials 
2:3 + 3x1 — 12x + 7 
3x4 + 8x3 — 6x4 — 24x + 19 
are positive when x > 1. "n 
2. Find the range of values of x for which the funt 
x3 — 6x* — 36x + 7 is increasing with x. (BA. 37% 
3. For what values of x is 2x3 1522- 844 1] 
a decreasing function ? EI 


E! 


| 
| 
| 
| 
| 
| 
| 
| 
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| 4. Show that when x is positive, 

| x? 

| I- y «cosx«1l; 

| x : 

| *— 6 «snx«zx; 


d x 

A x log (EE e li 
| 

| a>l+r+ 7. (B.Sc. 45 M) 
| -1 UNE 

| tan x > IF 3) 

| (x—1)e&-r120. (B.Sc. 52 M) 
| 5. Without using infinite series, prove that when x is positive, 
| log (1 + x) lies between x — le and x — gat 138 

| (B.Sc. 38 M) 
| 

| 


6. Prove that x sin x + cos x + 3 cos? x is a decreasing 


| fursction of x in (o, 3): 


7. Prove that f (x) = ; sin x tan x — log sec x isa positive 
and increasing function of x in O < x < 2/2. 


1 — 2x — a 
3 always decreases as x increases. 


I +x—2 
9. Show that a steadily decreases as x increases from 


4 upwards. 
10. Prove that log (1 + x) lies between 


8. Prove that 


mina 


x- SS and x — DIE. where x is positive. 
E 2 2 (1 4- x) 
log (1 + x) x 
ll. Show that SO and (33) log FA TESTS both 


4 decrtase steadily as x increases from zero to infinity. 

12. Show that x —sin x is an increasing function for all 
Jd values of x. Determine for what values of a, ax — sin x is 
Ja steadily increasing or decreasing function of x. (B.Sc. 39 M) 
18. Find the condition to be satisfied by the coefficients of 


Fi for all values of x. AT (B.A. 54 M) — 
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| 
1 


14. Find for what values ofa the function x3 — ax? + 48x + l 


will increase, as x increases, for all values of x. (Tr. U. 5): 
15. Prove that for 0 <x<r/2, tanx > x, sec? x >l Ti 
and tan x>x + 29/3. (B.Sc. 5510) 


asinx --bcosx 
acosx —bsinx 


16. Show that always increases as x increases. | 


(B.A. Sub. 55 M 
$24. Rate of change of variables. 
The rate of change of variables can be measured b 
differential coefficients. 
Let y =f (x). Then the values of y corresponding to a ci 
athof x are f (2) and f (a + h). 
Change in x is A. Corresponding to this change of x, d 
change in y is f (a +h) — f (a). | 
In the range (a, a + h), the average rate of change ofj 
fla + 7 —J (a) | 


with respect to x — 


Here, when h > 0, ee range (a, a + h) becomes the | 
xa. 


At x — a, the rate of change of y with respect to x | 


= fe — Ff (a) Lf (a). 


Generally the change of y with respect to x is 2 : 


Examples. 


Ex. l. At the point (2, 5) on the curve, y =a? — 2x + 
show that the gradient is increasing 12 times as fast as x. 
(B.A. Sub. 
y)=x —2: +1. 
ient = Y -ga 
Gradient = = 3x? — 2. 


The rate of change of 2 with respect to x 


d fdy 
de de) — 57 


-. At the point (2, 5) the value or 2: da = 12, 


2. The rate of change of the gradient with respect to X is 
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Ex. 2. The radius of a circular plate is increasing in length 
at “01 inch per second. What is the rate at which the area is 
increasing when the radius is 12 inches ? (B.A. Sub, 38) 

Let the radius of the circular plate be r inches at time 
1 seconds. 

The area of the circular plate at time ¢ = zr?. 


ə The rate of change of radius with respect to time is given 
dr 


tasc0l. .. = = "0l. 


Here we have to find the rate of change of the area with 
respect to t, ie E. 
dA dr 
q =>? di =2rr X ‘01. 


a when 7 = 12 inches = 27 x 12 x ‘01 
= “24v sq. inch per second. 


o Ex. 3. Water is dripping out at the steady rate of 1 c.c. 


j-per second through a tiny hole at the vertex of a conical 


vessel whose axis is vertical. When the slant height of the water 
in the filter is 4 cm., find the rate of decrease of (1) theslant height 
of water, (2) the area of the water surface, given that the vertical 
angle of the vessel is 60°. | 


Let the radius of the water surface, depth of water and volume 
of the water in the cone at time ¿ sec. be r cm., k cm. and V c.c. 


4 respectively. ; 


“. V = darth. 
Let the slant height at that time be l. Í 
Then B=r +2, WE AS: 
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Since the semi-vertical angle is 30°, 7 = /[2 and h = 4/3 In. 

za IN? NS O T R 

V=3wx (2) a 


Differentiating V with respect to t, we get 


| 
| 
| 


D - 3r et - 

843 | 
Tt is given that water is cupide out at the rate of 1 c.c. m 
second. | 
1.6 dV =-—]l i 
> dt ( | 
cc ee | 
843 dt | 
dl 843 i 
dt 7 Salt” | 

When | = 4 cm., e + LA m cm. per sec. 


di ` 3r X16 24/30 
We can express A, the area of the water surface, in terms 0 


the radius r. A 
A =rr?. | 
AA air | 
. at - dt^ 
When L = 4 cm., r = 2 cm. 
tan 30? = rjh. i 
h —rx 3. 
= lnr? = 
V = dar? . r4/3 = 4% 
dV 3w ¿dr 
d na 
— l] = Sm ,y dr 
V3 d 
quie el 
Udb Han 
. dA 1 
ne aga 
Ta - 7i r 


The rate of decrease of the surface area When r=2 L 


Jg cm./sec. 
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| MEANING OF THE DERIVATIVE 13 
| Ex. 4. A man 6 feet high walks at a uniform rate of 4 miles 
| per hour away from a lamp 20 feet high. Find the rate at which 
| the length of his shadow increases. (B.A. Sub. 50) 
j L 

MP 

20 B 
M 3 Ax C 
Fig. 6 


| 
| 
| 
| 
| 
| Let L be the lamp and AB the position of the man at # seconds. 
| "The length of his shadow is AC and letit be x feet. The rate at 
| which he walks is given, i.e., the rate at which AM — y is chang- 
| ing is given. 
| i.l., E = 4 miles per hour 
| = 88/15 feet per second. 
| AABC and ALMC are similar. 
[o 0 GAT 
| ma CM 20 

TAL ru 

to xy 10 

1.6., 7x = 3y. 

The rate at which the shadow is increasing is = 
i 
] 


Differentiating 7x = 3y with respect to i, we get 
de _ Sd 


e 7 dr “di 
dy. . 88 ; 
ais given as 15 feet per second. 
. dx 3X88 
7. di =j; x7 per second 


88 | $us 
mg feet per second. no a 
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Exercises XVII. 


l. If the rate of increase of x? — 5x? + 5x + 8 is twice | 
rate of increase of x, what are the values of x ? | 


2. Fora circle of radius 7, show that the percentage increas 
in the area is double the percentage increase in 7 for small 
increments. (B.A. Sub. 35); 

3. A stone is dropped into a quiet pond and waves move in 
circles outward from the place where it strikes, at a speed di 
3 inches per second. At the instant when the radius of the wart) 
ring is 3 feet, how fast is the enclosed area increasing ? | 

(B.A. 37 M] 

4. Astone thrown into still water causesa series of concentri 
ripples. If the radius of the outer ripple is increasing at the rat! 
of 5 feet per second, how fast is the area of the disturbed watt! 


increasing when the outer ripple has a radius of 12 feet ? | 
(B.A. Sub. 5%; 


5. A balloon which aiways remains spherical is being inflate, 
by pumping in 10 cubic inches of gas per second. Find the rated 
which the radius of the balloon is increasing when the radiusi! 
15 inches. (B.A. Sub. 3$ 

6. In the isothermal expansion of a gas, given pv = c, {ol 
what value of p will the rate of change of pressure per unit chang?! 
of volume be double? What was it when $ was 20 ? 

(B.A. Sub. 4] 

7. The adiabatic law for the expansion of air is PV14 26 
where C is constant. Ifat a given time the volume V is observed 
to be 10 cubic feet and the pressure P is 50 Ibs. per square ind 
at what rate is the pressure changing at that instant, if the volume 

is decreasing at one cubic foot per second ? (B.Sc. 32 MI 


j 


8. The top of the ladder 20. feet long is resting agains 


per second, find the speed’ 
(B.A. Sub. 
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10. A ladder 20 feet long has one end on the ground and the 
other in contact with a vertical wall. The lower end slips along 
the ground. Show that when the foot of the ladder is 16 feet 
away from the wall, the upper end is moving 4 times as fast as 
the lower end. (B.A. 35 M) 

11. The ends A and B of a line 20 inches in length move on 
two lines at right angles. If the velocity of B is 8 inches per 
second. when 12 inches from O, find the velocity of 4 ; also find 


| the velocity of the middle point of the line. (B.Sc. 35 M) 


12. An inverted cone has a depth of 10 cms. and a base of 
radius 5 cms. Water is poured into it at the rate of 13 c.c. per 


| minute. Find the rate at which the level of the water in the cone 


is rising when the depth is 4 cms. (B.A. 52 M) 
13. A hollow right circular cone of height 10 feet and semi- 
vertical angle 30° is full of water. The water is drawn off at 
a variable rate such that the height of water decreases at a uni- 
form rate of one inch per second. 
Find the rate at which (1) the volume, (2) the area of 


| tht free surface of the water is diminishing at the instant when 


the height of the water is 6 feet. (B.Sc. 39 M) 
14. A filter paper is in the form of a circular cone, the radius 


| of the base being 2 inches and the altitude 4 inches. If water 


flows out of the filter at a constant rate of 2:25 cubic inches per 
minute, find the rate at which the level of the water falls when 
the depth of the water is 3 inches. (B.A. Sub. 41) 
15. A conical funnel of radius 2 inches and of the same depth. 
is filled with a solution which filters at the rate of one cubic inch 
per minute. How fast is the surface falling when it is one inch 
from the top of the funnel ? (B.Sc. 33 M) 
16. Sand is being poured on the ground from the orifice of" 
an elevated pipe and forms a pile which has always the shape of 
a right circular cone whose height is equal to the radius of the 
base. If the sand is falling at the rate of 6 c. ft. per second, find 
the rate at which the height of the pile is rising when the height 
is 5 feet. (B.A. Sub. 33) 
17. A hemispherical bowl, radius 12 inches, is being filled with 
water at the rate of 4 cubic foot per minute. Find the rate at 
which the depth of the water is increasing when the water is 
8 inches deep. (B.A. 39 M) 
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1 

18. A hemispherical bowl of radius 3 feet is full of wak 
with its rim horizontal. Ifa pipe at the bottom empties it at t 
rate of 2 cubic feet per minute, find at what rate the water lex! 


begins to descend. (B.A. Sub. 4) 


19. The section ofa canal is a right-angled isosceles triangl! 
with the right angle below and the hypotenuse horizontd! 
A portion of the canal 24 feet long is blocked by planks at the end! 
perpendicular to its length and water is allowed to flow into iti| 
the rate of 360 cubic feet per hour. Find the rate at which tk 
level of the water rises when the depth is 3 feet. (B.A. Sub. 33} 

20. A man 6 fect tall walks directly away at the rate D 
3 miles per hour from a point source of light at the top of a pol 
20 feet high. How fast does the end of his shadow move wht) 
he is 50 feet away from the pole ? (B.A. Sub. 4 

21. An arc light is hung 15 feet directly above the straig| 
horizontal wall at which a man 6 feet tall is walking. How R 
is the man's shadow lengthening when he is walking at the ra 
of 175 feet per minute ? (B.A. Sub. 5 

22. A circular disc of area 10 sq. ins. is distant 24 feet frat 
a wall and parallel to the wall. A point source of light is movi . 
in a straight line passing through the centre of the disc am 
perpendicular to it at the rate of 5 feet per second. Find ti 
rate of growth of the area of the shadow of the disc on the wall 
when the light is 20 feet from the wall. (B.A. 21 M 


OB 
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| 

4 


"a velocity of y feet per second, find at what rate the string is being 
| paid out. (Assume the string is straight.) 
27. A point P moves on the curve y = 2x” at 4 feet per 
| second. At what rate is the inclination of the tangent to the curve 
4 at P changing when P passes through (1, 2) ? (B.A. 30 M) 
d 28. A circle is drawn with its centre on a given parabola and 
J touching its axis. Show that if the point of contact recedes with 

| a“constant velocity from the vertex of the parabola the rate of 
b increase of the area of the circle is also constant. (B.A. Sub. 36) 
| 29. A is a fixed point on the circumference of a circle whose 
| centre is O and radius one foot. A point P, starting from A, 
| describes the circle uniformly in one second. Find the rate at 
| which the area of a triangle AOP is changing at the instant when 
| the angle AOP is 60°. (B.A. 38 M) 
| 30. A military observer in an aeroplane is ascending at the 
| rate of a miles an hour. If the radius of the earth ber miles, 
| how fast is the visible area of the earth's surface increasing in 
| square miles per minute, ¢ minutes after the plane left the ground? 
Ies (B.Sc. 48 M) 
| s 525. Velocity and Acceleration. 

If a particle moves along a straight line OA, so that the time 

i seconds after passing O it is at P where OP is s feet, the motion 
is known completely if s is given as a function of i. 
H Suppose s =f (t). 
d s 


| IRA 
; Fig. 7 

jj If the particle is at Q after (¢ + At) seconds, we have 

» 0Q =s + As=f(t+ AD. 

ES = PQ=As=f (t+ At) TINN 

v Now the Average velocity from P to Qs ; f per sec. and 


ji as tends to P, this average velocity Pn in value the 


velocity at P. 
.. The velocity at P, in ft. per second, equals 


and is galeulated from the relation 
lim SETANS = f' (). 


7 = AC 
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If the velocity of the particle after ¢ seconds is v ft. pi 
second and ifs — f (t), | 


=j dí ' (0- | 
The same method gives an expression for the rate at whit 
the velocity is increasing and this is called the acceleration of t 


particle. If the velocity is decreasing, the acceleration is negatis 
If the velocity after ¢ seconds is v ft. per second where vi! 
a known function of t, the velocity after t + Az seconds may 
denoted by v + Av ft. per second. 
-. The velocity increases by Av ft. per second in At second, 


-. The average rate at which the velocity is increasim| 
when the particle moves from P to Q, is 
x ; ft. per second per second. 


But as Q, tends to P, i.e., when At becomes smaller zi 
smaller, the more nearly the average acceleration from P tol, 
approaches in value the acceleration at P. 


.. The acceleration at P in ft. per second per second equ 
lim Av. dv 
AC AT dë 


If the acceleration of the particle after seconds is ai 
.per second per second, we have 


dy 


a= 


Examples. 


Ex. l. A stone thrown vertically upwards rises s 


ki 
t seconds where s = 80; — 16/2. What is its 1 alt 
2 seconds ? Findits acceleration. bia sly 


s = BUL — 1622. 


-. Velocity after t seconds = 80 — 39t, 
w. Velocity after 2 seconds =80 — 32 x 2 ft. per mag 
= 16 ft. per second. i 

Acceleration = E = — 32 ft./sec.? 


Ex. 2. Prove that 


dv — do 
dues 


If?! = 53 + 4s + 4, find the acceleration 10 
away from its starting point. 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. 


| 
i 
| 
| 
| 
| 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


MEANING OF THE DERIVATIVE 79 
d do ds 
d ds * de 
ds . dv do 
But dia oa di ED 


vt = 32 + 4s +4, 
Differentiating this with respect to 5, we get 
2u do 
If s= 10, 0-10? +4 x 10+ 4 = 144. 
y = 12 ft.[sec. 
Substituting these values of s and v in 
do 


20 7 = Us + 4, 


= 25 + 4, 


do 
we get. = 1. 


dy 
ds 
Ex. 3. A particle moves along a straight line OA so 
that f seconds after passing O, it is s feet from O, where 
s= 10 +27 — 83, Discuss the motion of the particle given 
ł = 0, s = 10. 
The particle starts from a point 10 feet from O. 


Acceleration =v. 
a 


= 12 ft.[sec.? where s = 10. 


Velocity after t seconds = S = 27 — 9. 
Initial velocity, i.e., the velocity at start is got by putting 
1-0. 


Initial velocity — 27 feet per second. 


Wi 43,7 =0. 


a Negative value for time t is meaningless. When ¿= 3, 


s = 64 feet and when t 5 3, Sis —ve. 


After 3 seconds, the direction of velocity changes and the 
particle returns towards O. 
When the particle is at O, we get 
10 + 27: —# =0, 
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The time taken to return to O can be got by solving the abo! 
equation. A | 


: do 
Acceleration = ASS 6t. | 
Exercises XVIII. | 
1. Find the velocity and acceleration in the following, 
cases :— | 
(1) s = 12 + 20: — 213. " 

. (2) 520—211 4. i 


(3) s = 10 cos F- 


| 
(4) s = 6t TET | 

2. Find the initial velocity and thc distance of starting! 

the following cases :— | 
(1) s = +34 4. 
(2) s = 8 cos 2t + 4 sin t. 

3. A particle moves along a st. line OA so that £ secondi 
after passing O, it is s feet from O, where 5 — 6/2 — 283. Fa 
(1) its velocity and acceleration 3 seconds and 8 seconds alt! 
passing O ; (2) the time at which it is momentarily at E 
(3) its greatest velocity in the direction OA. 

4. A stone thrown vertically upwards from the top 4 
a tower 64 feet high rises s feet in £ seconds, where s = 484 — 16% 
Find, 
(1) its upward velocity after 1 second, 2 seconds and * 


start ; 
(2) the time at which itis momentarily at rest andi 
greatest height above the ground ; 
(3) its velocity when it strikes the ground. 
5. The space-time formula for the motion of a. particle alon 
a straight line is s = D — 9/2 +- 24¢ — 18. Prove that its velodi 
is zero for two values off, Find its velocity when the accelerati“ 
1s zero and the value of the acceleration when' the velocity is 


7. At the end of t seconds, the distances of a moving po^ 
from two rectangular axes are given by x=a p6 09) 
J — b +csin£. Show that the resultant velocity and accelerati 
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n are constants in magnitude. Find the path of the movin 
| point. (B.A. Sub. 34 
i 8. A body moves in a straight line in such a manner that 
| $ =$ vi, s being the space travelled in time ¿ and v the velocity at 
| theend of time f. Prove that the acceleration is constant. 
| -(B.A. Sub. 46) 

a 9. A point P is moving with uniform velocity V*along 
| a straight line AB. O is a point on a perpendicular to AB at A 

«¡amd at a distance / from it. Show that the angular velocity 


| of P about 0 is. (B.A. 40 M) 
10. A particle moves along a straight line so that its distance x 
from a fixcd point on the line at time ¿is given by 


t= Vias =e + 2a co E, 


| Find the speed and the acceleration of the particle as functions 
| of x. (B.A. 41 M) 
11. The velocity v of a point moving along a straight line, 
when at a distance of x from the origin, is given by a + bu? = x3. 
Show that the acceleration of the particle is x/b. (B.A. 41 M) 
| s12. A particle moves along the curve y = f (x) so that its 
| velocity parallel to the x-axis is constant. Find its velocity 
| parallel to the y-axis in any position. 
| A particle moves freely along a parabolic path under gravity. 
| A light is placed at a point O on its path, and the particle casts 
its shadow on a vertical linc in its plane of flight. Show that 
the shadow moves vertically down with a constant velocity. 
(B.A. 42 M) 
d 13. A lamp post is 30 feet high and it is distant 10 feet 
| from a towcr 200 feet high. A stone is dropped from the top of 
4 the tower and strikes the ground. Tind the velocity of the shadow 
| of the stone just before it strikes the ground. (B.Sc. 57) 
E 


. 14. A particle is moving along a straight line so that at time ¢ 
| its displacement s from a fixed point in the line is given by 


$ —a.sin (pt + 6) where a, p, b are constants. If v and f are 
respectively the velocity and acceleration of the particle at time f, 


15. A particle describes an ellipse whose semi-axes are 4 fect 
and 3 feet with a constant speed of 1 foot per second. Find the 
velocity of.the foot of the perpendicular from the particle on 


the major axis when the particle is ata distance 1 foot from the — 


c—6 pac xe 
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CHAPTER V 
ROLLE'S THEOREM AND MEAN VALUE THEOREMS) 
| 

$2631. Rolle's Theorem. + 


If f(x) is continuous in the closed* interval a < x < b an| | 
iff' (x) exists in the open interval a < x < b and if f(x) is za. 
when x = a and when x = 5, then f’ (x) will be zero for at lea) 
one value of x between a and b. |. 
This theorem is obvious at once from a figure. | 


(€ 


y |- 
Fig. 8 (a) Fig. 8 (b) ae 
Suppose the curve y = f (x) cuts the x-axis at (x = a, y =f 
and B(x=b, y —0); then it is obvious that, if the cum 
3 =f (x) be continuous between A and B and possesses a unit 
tangent at every point between A and B, the tangent line | 


parallel to the axis of x at an odd number of intermediate poit 
such as P. 


Hence at P, the gradient of the curve, i.e., F (x) =0. 4 
Proof : When f(x) satisfies the above conditions, Wi 
possibilities arise : 1 

(1) Either f(x) = 0 throughout a < x < bin which @ 
JS’ (x) =0 at all points in the interval. 
; (2) Or f(x) 40 at some point of the interval (5! 
JF (X) is given to be continuous in (a, b) and vanishes at both #7! 
and x =b. By 2 property of continuous functions, it attain 
maximum or minimum at an odd number of points in the inteni 
at each of which points f” (x) vanishes, 


*A closed i i z —— e 
Ena interval includes the end Points while an open C 1 
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| The same proposition is also enunciated as follows :— 
| The real root of the equation f” (x) = 0 lies between every 
| adjacent two of the real roots of the equation f (x) = 0. 

J Cor. Rolle's theorem can be extended to the case when 
fo) =k at x =a andx =b, k 40. Taking F (x) =f (x) — k 
and applying the previous result to F (x), F' (x) =0 at some 
"| point in (a, b), i.e.,f' (x) — 0 at some point in (a, b). 

i ‘Exercises XIX. 

“| 1. Verify the theorem when f(x) = (x —a)m (x — ja. 

| The function vanishes for x = a and x = b. 

| PW =s ag (x'— HRA { (m +n) x mb — na) 

i mb + na 
| m -+n 

| 2. Show that if a rational integral function of x vanishes 

for n values between given limits, its first differential coefficient 
a| will vanish for at least (n — 1) values of x respectively between the 

same limits. 


If" (x) vanishes for x = which lies between a and 6. 


| NS Prove that, if sae = er E TOR Lan =0, then 


e equation agx? a x2 -H aa HB 4. ...... + an =0 has at 
east one root between 0 and 1. 

t $26:2. Mean Value Theorem. 

|^ If f (x) is continuous in the closed interval a « x =b and 


” (x) exists in the open interval a < x < b, then there is at least 
one value of x, say x,, between a and b such that 


ig ZO 


| Consider the function F (x) given by 

d. ZOSO —/(9) — =a) R (1) 
Where ka is a constant given by the equation F (a) = 

| , f() —f(@) — (b —a) R —0; 

ie., R= =) AO 


SANGA EO ria [9 —5) R 0: 


ij 
H 


l F(x) isa nM function of x and F' (x) exists as f" (x) 
j exists. 

By Rolle's Theorem, F'(x) will be zero for at least one - 
value of x, say, x, between a and b. 
ie, F' (x) =0. 
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Differentiating equation (1), we get 


F (x) = —f' (x) +R. 


~ Fx) =-—S (41) +R=0. 
R = f' (s). i 
Q b) — | 
sa TG) LIO j 
i 
$26:3. Another form of the above Theorem. | 
If we put b —a = h, then a + Oh is equal to a if 6 «| 
and b if 0 — 1. f 
Hence a+ 0h where 0< <L means an intermedi 
value between a and 5. | 
So the above theorem can be written as | 
Fla + hi) — f (a) = hf* (a + 0h) j 
or f(a+h) =f (a) + Af’ (a + 0h) where 0 < 0 — 1. | 
Example. a 
If f (x) is a quadratic expression, show that 0 -- i. 4 | 
Let f (x) be lx? + mx + n. | 
Then f' (x) = Qix + m. f 
Fla + 5) =f (a) + Af (a + 8) | 


-eu L(a+h)? +m (a+h) +n = la? + ma +n +h (2 la bh +8. 
Simplifying, 926/42 = 42, ; 
"eSI 
$264. Another Proof. The mean value theorem can akoh, 


illustrated graphically. The following is more a verification! 
the theorem than a proof : 
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| Let A be the point { a, f (a) } and B the point (5, f(5)). 
| 

m slope of the chord Api TO) — =F) 


If f(x) is continuous and has a d EE at every point 
between 4 and B, then there is at least one point P between 
¡A and B at which the tangent is parallel to AB. 

i , Let the x coordinate of the point be x. 
j “. tanb = f' (xj) «tan Z BAK. 
"e TOTO, 


| 

i 
| $265. Generalised Mean Value Theorems. 

| If f (x) and its first (n — 1) derivatives are continuous in 
<x<b and its nth derivative exists in the open interval 

pn 


E TAON IMO) Ni Uk) GE 
Es ja g R ae LT 


| for some valuc of 0 such that0 < 0 x1. 
| Consider the function F (x) given by 


iF (2) =S 0) -S - 0 —37' 9 — PS p O mn 
=a Oe o 

here R is given by the equation 

t F (a) =0 

l i.e., f (b) —f (a) — (b 5: a)f E (a) 

BR a TR LP ro. 


F (a) =0andF (b) = 0. 
: *. F' (x) vanishes for at least one value (say x,) of x between 
a and,b. 
| Now, differentiating F (x), we gct 
(x) = Ki 3 +H" (4) — (0 m us TG XO S a 
—X?9 en x —x) 07 
O sc "OR teh IR 


= Gente e|. 


a 
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Hence the equate F' (x,) = 0 becomes i 
R — fa (s) =0. | 
R — f" (x). 
E xı =a + 0 (b — a) where 0< 0 —1 and m 
tuting the resulting value of R in (1), we get | 
F (b) =F (a) + (6 — a) f’ (a) + ...... 
Ad pon E fa (a ra 


$26:6. Other forms. 
If we put k = b — a in the above result, we get 


Fle LN — f (2) +f (à) E f" (0) + e + 


E f^ (a + 6h) where 0204 


If we replace b by x in the Generalised Mean Value Theo 
or Taylor's Theorem, we get 


1 
JO =F + dP a + Ez P pr ed 


| 
| 
| 
| 


NS ESO e = OL Gs IE 
Putting a = 0 in the oe result, we e 
FE =fO) L P (0) FS" O s HE fa (a) 
This result is known as Maclaurin’s Theorem. 
Example, 


If x is positive, show that 
*> log (1 +x)>x Te 


FG) = log (1 +a) f) rs c 
2) =F (0) + af? (0x) where 0< 0 < L 
F(0) = log (1 +0) — 0, f’ (85) = 


1 3 
IT | 
^. log (L +a) = Lg. 1 


1 + 6x is always greater than 1. 
"^ log (1 +x) <x. 


F =F (0) + sf" (0) +f" (09). 
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y " l r 1 

| POS? = Fr 
| f' (0) =1. 
Blog = Oke 


2 (1+ Ox) 


4 
| 2 1 
| log (1 +x) —x = — À— 
| : pa ) 2 (Ta? 
| a = üs (45 always less than 1. 
| x — log (1 +x) = => a TES 
| x2 
i <7 
: o unG -7 < log (1 +x). 
"d . 2 
| . #5 log (1 +x) >x—5. 


2 
' Exercises XX. 


] 

i 

| a l. Prove that 1 age. 

| 2. Show that x — log (1S DIO (A.U. 44) 
| 


3. Show that cosx > 1 -7 


4. Prove that Lt ARAS AE ER =f" (x) 


| provided that f" (x) is continuous. 
5. In the theorem f (b) — f (a) = (b — a) f’ (c), determine e, 


p Iying between a and b, when 


(i) f(x) 9:3 L a = 2, b —5. (B.A. 45 M) 
(ii) f(x) = 22 +x, a = 1, b 2. (B.Sc. 64) 
$271. Application to the theory of equations. 
; If f (x) be a rational integral function of x, then f (x) and its 
| derivative f' (x) are both continuous for all finite values of x. 
Heace at least one real root of the equation 
Pg =0 
will lie between any two real roots of f (x) = 0. 
(Rolle's Theorem) - 
From this we can say that at the most one real root of 
J (x) = 0 lies between any two consecutive roots of f“ (x) = 0. Pag 
ie, the real roots of f" (x) =O separate those of f (+) = 1 Ms 
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Example. 

Let us consider the function 

f (x) = 4x8 — 21x? + 18x + 20. 
We have f' (x) = 12x? — 42x + 18 
= 6 (2x — 1) (x — 3). 

Hence the real roots of f" (x) — 0 are 4 and 3. So, the roots (| 
Ff (x) — 0, if any, will be in the intervals between — oo and], 
Z and 3 ; 3 and + œ respectively. 

Now for x = — co, 4, 3, + co the signs of f (x) are —, 4) 
—, + respectively, so that f (x) must vanish once in cach of t 
above intervals. Hence there are three real roots. | 


i 
|| 
| 
j 
| 
i 
| 
1 
| 
i 
| 
| 
| 


$ 272. Multiple roots. Iff (x) is a rational integral fux| 
tion of x and the equation f (x) = 0 has m roots equal to a, tht). 
J (X) must be of the form (x — a) ¢ (x), where $ (a) 4 0. 1 i 
eO (x) = (x — amg" (x) +m (x — ajm- ¢ (s) 
= (x IRA { (x — a) d^ (x) + mj (x) }. 
Hence (x — a)™-1 isa common factor of f (x) and f’ (x) af 
f it is easily seen that (x — a)™-1 will not be a common factor 
; J (4) is divisible by (x — a)™. Hence the multiple roots of f (2)! 
any, are to be detected by finding the greatest common factors UN 
J (x) and f” (x) by the usual algebraic process. We may then st 
a rule for finding the multiple roots of an equation f (x) —0* 
follows : 
(1) Find f’ (x). 
(2) Find the H.C.F. of f(x) and f’ (x). E 
(3) Find the roots of the H.C.F. E 


Each different root of the H.C.F. will occur once more in ft 
than it does in the H.C.F. y 


Example. 


Find the multiple roots of the equation 
x* — 9x* + 4x 4.19 — 0. 
f (x) =x1 — 932 + 4x + 12. 
PW =4x* — 18x +4. 3 
The H.C.F. of f (x) and f" (x) is easily found to bex — 2 ; he 
(x — 2)? is a factor of f (z). The remaining factors are 4% 
ascertained ; thus we find ; E 


$ (4) = (x — 2)? (x +1) (x + 3). 


— NH 
Ec 
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| Exercises XXI. 

1. Solve the following equations by finding their multiple 
RELE — 
i (1) «3 +° — 16x +20 =0. 
| (2) x5 — 10x? + 15x — 6 — 0. 
] 


t (3) x4 — 2:3 — 114% + 12x + 96 = 0. 
1 (4) 3 4 233 — 7x 4+ 4 — 0. 
(5) x4 — 6:3 + 1033 — 6x +9 = 0. 
H (6) 4x3 — 16x? — 19x — 5 =0. 
K 2. Prove that the curves 
| (1) y = x* — 6:3 + 9x* + 4x — 12 
| (2) y = x4 — 3x3 a? + 3x —2 
| (3) y = 8x? — 44x + 78x — 45 
| touch the axis of x and find where they cut it. 
| 3. If theroots of the G f (x) — 0 are a, b, c, 
1 


show dac = =} + lg LG i 


| Hence or otherwise show that the root of f (x) =0 repeated 
g r times, is a root of f’ (x) =0 repeated r — 1 times. 


i Solve the equation 4x5 + 15x4 — 40x? + 48 =0 given 
0) that it has repeated roots. 


"^ — 4. If the equation 
Mi py xl 4 pa xB? H ... Fang? Pha =0 
| has a double root a, prove that a is a root of the equation 
py x2) 4-2 ba xn? + 3 p, 3073 +... AA Npa = 0. 
5. Find the limits between which the real roots of the 
| following equations lie :— 
| (1) 39 — 62 +2 =0. 
(2) xt — 18x? -12 — 0. 
(3) «8 — 12x2 + 36x — 10 — 0. 
(4) 223 — Sa? — 36x — 5 = 0. 
NG (5) x4 + 4x3 — 201? + 10 =0. | 
6. Find the nature of the roots of the equations : 
(1) 3x4 — 8x3 — 6x2 + 24x + 7 — 0. 
(2) 4x3 — 21x* + 18x + 30 — 0. 
(3) 233 — 9x* + 12x + 3 = 0. 
7. What is the condition for the egoaan L L o 
to have two equal roots ? : 
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$273 Newton's method of approximation. 

When an approximate value of a root of an equation is know}! 
a closer approximation may be obtained by the following methy; 
commonly ascribed to Newton. This method of approximation! 
valuable as being applicable to numerical equations involvi| 
transcendental functions as well as those which involve algebraic! 
functions only. | 

Let a be a root of the equation f(x) 20 and ai 
approximation to a. 

a =a +h where b is very small. 

Now f (a + h) =f (a) + Af’ (a + 9h) where 0 < 6 <1. / 

Jf (a +h) = O since a + h is a root of f (x) =0. 
e fa) +hf' (a + 0h) — 0. 


Si 
~] 
3 
+ 
D 
= 


Pada f(a) 
SAO approximatel 
F (a) approximately. 
. a =4 — pa approximately. 
Examples, 


Ex. 1. Find an approximate value of the positive root oft 
equation x3 — 2x — 5 — 0. 


We find that the positive root lies between 2 and 3. 
If f (x) 2 33 — 2x — 5, 
f (2) = — 1, f (3) = + 16. | 


Between 2 and 3, f (x) changes its sign. Let the root! 
the equation be 2+ h where k is very small, : 


f (5) =x? — 2x —5 ; f! (x) = 333 —2. 
f(2) 2 —1; f'(2) = 10. 


1 
Brn = l. 


So the first approximation is 2-1. 
If 2:1 + kis the root of the equation, then 


"l 
h= — m approximately 
1 
= 1123 = — ‘00543. E 
- So the second approximation is 2-] — -00543 = 2:0946- 
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Ex. 2. Show by starting from the rough approximation x = er 
as a root of the equation sin x = ax where a is small, that a much 
| better approximation can be obtained as x = (1 — a + a?) 7. 

| SF (x) = sin x — ax. 
el JS (x) = cos x — a. 


K: f (x) sinx-ax 
i f(x) cosx — a` 
E ka C) m ar 
| F@ Ica 
| = — ar (l + a) 
= — ar (l —a +...) 


| = — ar + ax approximately. 
| The approximate value of the root is m — ar + a? 
i ie, -v(1l—a +a). 
| Exercises XXII. 
| l. Find the root of x? — 4x3 + 7x +24 =0 which lies 
between 2 and 3. 
| " 2. One root of the equation xt — 12x3 — 12x — 3 =0 is 
approximately equal to 4. Find it correct to two places of 
decimals. 
| 3. Find the positive root of the equation x? — 8x —40 = 0 
correct to two places of decimals. 
| 4. Itis known that a root of the equation x3 (1 +x) = 
(| does not differ much from 1:3. Find an approximation correct 
to three decimal places. 

5. Show that the equation a 43x — 7 =0 has only one 
real root and determine it to two places of decimals. 

6. A cubical cistern contains 800 c. ft. of water so that its 
inside cdge is between 9 and 10 ft. long. Find the length of the 
inside edge approximately. 

a 7. Ifsin (80° + 0) = :51, prove, without using tables, that 
0 — 40' approximately. 


§ 28:1. Indeterminate forms. 


The limit of f e as x—-a is, in general, equal to the limit 


of numerator divided by the limit of the denominator. But whem __ 
these limits are both zero or both infinity, the quotient reduces. Sk 
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to the formo or = which is indeterminate. In the presi 


section, we shall consider thc method of evaluating the limits i) 
such and other similar cases. Several cases are to be considerel 
ziz., when upon substitution of the assigned value of the indepen 
dent variable, the function reduces to one of the forms : | 
0 co | 
0 0 x o, y ?9-—9, 0°, œ, 19. | 


$28:2. Evaluation of the indeterminate form v 
Hospitals Rule. 


F (x) 


F (a) — 0, the function takes the indeterminate form 5 when dl 


substituted for x. It is then required to find Lt f (x) 
xa E (x) 


i 
| 
If a function of the form? 9 be such that f (a) = 0 ar 


OOS Sind o, 
eL) uef eth 
T ho F (a +h) 
ut £ LM (a + 0) 
Shoo F (a) FAE’ (a F 8, 5j 
where 0 < 0, < 1, 0 — 0, < 1. 
Since f (a) = 0, and F (a) =0. 
HAGIS J' (a+0,kh 
S eE 
TG) uf 
Fla) a Fay 


LEO ufG. fe 
xa xa 


Here also if f" (a) = F" (a) — 0. E 
í (x) RE ( ) 1 
Ie F(x zu UELLE prr y 


We can S this rad till we get rid of the inda 
minate form. 3 
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9: Examples. 

| Ex. ]. Find the limit as x tends to zero of 
d: sin 2x + 2 sin?x — 2 sin x 

cos x — cos? x 


| Le sin => = EE (s of the form 0) 
| C 2 cos 2x + 4sin x cos x —2 cos x f. 0 
(GNG Sha (is of the form ) 
| = Lt — 4 sin 2x + 4 cost x — 4 sin? x +2sin x 
| x0 — cos x — 2 sin* x + 2 cost x 
| POPAS 

1042 |] ~” 


sin log (1 +x) 
Ex. 2. Evaluate Im log (1 sina)" 


sin log (1 + x) (5 of the form 0) 
0 


A. log (1 + sin x) 


cos log (1 +x) cos log | 


= Lt like iim D E 
EX COS X cos 0 
1 + sinx 1+0 


| Exercises XXIII. 


Evaluate the following limits :— 


1. It 1 mai! 7. Lt sin x—log (1-52) 65 
x1 log x x90 » 
t x? — 16 tan x — sinx 
E^ Ll ITAYO 8. LO sx 
etre ger 
E AI S 
E TT 4 Vs —1 
x30 5x3 I Va — 1 
5. it PET] (B.Sc. 52 My 
230 x 11 Lt + osx — log (1 +2) 
6. 1: Æ Esinx—1 CEN) s z 


ug KALAT NG EU 
x»0 log (I +=) _ (B.Sc. 52 M) 
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| 

I pos E 16. p, PEO + En) E 
UNE x0 l— cosx ` | 
(B.Sc. 52 M) |, pe sin2rH asing | 

13. Lt 128 (sin x cosec a) ESO x3 | 
x>4 log (cos a sec x) is finite, find the value of | 
(B.A. 49 M) and the limit. | 

l— x +log x | 

(EL qn AA deci COS w Taal | 
x11 — (2x — x3)u2 18. ib siny ^ | 

15. Lt aX —x : 19 c 2x — 3 sin x + x cor 
x11 — x + log x : Ha x* (1 — cos2x) | 


$ 28:3. Indeterminate form Y. 
co 


Let Lt f (x) be co and Lt F (x) be co. 
x—a x—a 


1 
mO FG c 


x-»aF (x) x. 1 


z-xa — f' (x) 
{ f(x) IS 


= Lt EC) (Gr 
Sa (x) ` {F (x)}? 


=u EQ. pute. 


at” (x) ` aoa (x) 
Let us assume that i “ip 


Case l. k40,x co. 
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Gase 2. k — 0. 
| k= Url), 
| añ (x) 
| k+1=1r £0), =u L)+F@) 
( U EEG) eee LE 


LPG 


zd FG) — (by Case 1) 


S = LUC) +1 
| Lf 
| Eo LO 
Case 3. k= œ 
=u EG 
| "ure L5 
j! 2 xaf (x) 
i 
Sg 
| MU (a) (by Case 2) . 
| 


f: F9 
AUF) TF 


: MORRAS 
Hence, in all SS F(z) ILE Fay 


: o... 
In most cases coming under thc form = it is necessary to con- 


f vert into the form Das soon as possible ; otherwise the process of 
t differentiating the numerator and denominator will never terminate. 
| Thus if we once have l in the numerator or in the denominator 
and the limit when x — 0 has to be found, successive differentia- 
4 tions would involve 5 E i, S which will tend to infinity as 
4-0. Soa Goa dem to the form 5 has to be made at 


2 convenient stage. 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection 1 


JM 

Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. i 
j 

| 

t 


96 CALCULUS 


Examples. 


Ex. 1. Evaluate It log x 
0 cosec x" 


| 

og (is of the form 2) | 
æ | 

| 

i 


x70 COSEC Y 
1 


ETE i 
x—>0 — COSEC x cot x 


= Lt sinta (is of the formo) 


x30 XCOSX 0 
BATT 7 2 sin x cos x 
w0 COsx—xsinx 
=-Í=0 
Ex. 2. Find Lt Y. 
xo EX 
2 
EN EIC of the form 2) 
X—c0 co 


xo 2xex* E ext 


Exercises XXIV. 


Evaluate the following limits :— 


5x —9 log sin 2 
L Lut ELI og sin 4% 
Bab de 50 log sin X 
* E Tr 
2. Lt et be —3 8. Lt log L —$4 
3. Lc PE £ *>3 tanx 
x-»0 Cot x 1 
4 p, etis aoe 
x30 cote X IET 
x>]  COtzx - o E 
6. Lt SEC TAL. 11. Lt log x3 
x tan 37x x30 cot x2” 
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$28:4. Indeterminate form 0 x co. 

Let Lt DE) be O and Lt F(x)beco. f(x) F(x) can be 
xa 


| 
| written NIS or d e) 
| F FG f e 
| * « Lt SG) F( is reduced to the form Rar 
| xa KO 
i Examples. 
Ex. 1. Evaluate Lt sec 3x cos 5x. 
x>/2 
Lt sec 3x cos 5x (is of the form co x 0) 
x—>|/2 i 
x cos 5x 0 
E Dg COS 3x ( ncn 0) 
= —Ssin5x — 
x>a/2 — 3 sin 3x - 


cs 
3: 


Ex. 2. Find Lt tan x log x. 
x>0 


Mg (form 0 X co) 
x0 Cot X BB 
1 


= Lt x 2 
x30 — coscc? x 2 


in? 
lud ( » o. n 


§ 28:5. Indeterminate form œ — c. 

It is possible in general to transform the expression into 
a fraction which will assume either the form 9 or = 5 

c7 E 
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Example. | 
Evaluate Lt KAG — cot *). c 
E t 
Lt KAG — cot x } (is of the form œ — oo) L 
Lu; DOSE (is of the formo) | 
x>0 SING d 
cos x — cos x +x sin x | 
x0 xcosx +sinx | 
a “sin x | 
al SE cos x + sin x (form 3) | 
— ft x cos x + sin x | 
#30 COS X — x sin x $ cos x | 
0 | 
To = 0. j 
Exercises XXV. | 
Evaluate the following :— 
1. Lt (x — n) cot vx. 9. Lt SUR (0 —«) tanb. ` 
Y xn j 
2. Lt (x — n) cosec nz. (B.Sc. 50 
xn 10. Lt (sec x — tan x). L 
3. Lt log (2 =) cot (x--a). PR 1 | 
xa g ZETE St G — cot? at), 
[Tr atan. 20 | 
So s 12. Lt -- 
5. Lt x log x. x—>n/2 
x 13. E, ar EN | 
6. ES tan? (F 3 (1 + sec rx). Em. À 


lI | 

sa 51 M) I L = - <a 

8. Lt x2 (log x)n. 
x-0 


ba 2x E 
(GE OD T ee (tan af 


$28:6, Indeterminate forms. 0% 1%, c00, 0°. 
If K —Lt f(x)F@) takes one of these forms, then 
na 


Jogarithm on both sides, we get log K = Lt F (x) log f (3)- 3 
xa C 


7. "m x” ex (n> 0). ns: | 
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| Then log Ķ will take on the indeterminate form 0 x œ. We 
can evaluate this by $28:4. This being equal to the logarithm of 
the limit of the function, the limit of the function is known. 


Examples. 


i Ex. l. Evaluate Lt (tan x)tan 2x, 
i x—>n]4 


|. K = Lt (ta tan 3x, 
e d mn ocn) 


log K Ti an 2x log (tan x) (form co x 0) 
log (tan x 
mcos (= 9) 
sec? x 
mt, RU. 
x->n/4 — 2 cosec? 2x 
ST nAn 
x>/42 tan x cos” x 


=Lt -2sinxcosx 
x>1]4 


1 
Ex. 2. Evaluate Lt (1 — x2) logri-x), 
x 


1 
K- Lt (1 — x2) 10809, (form 0°) 


log (1 — at) 0 
log K = Lt 28 rm 
e maa log or x) G 0) 
^ N 


S 


Ex. 3. Evaluate Lt (1 A 
x0 
K= Lt (1 A _ ~ (form eo?) 
mo 
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log K = Lt e= log (1 4-2?) (form 0 xii 
x-0 ; 

SUI log (1 +3?) . ( 


x—>00 ex 


es 
= Dt Us) pe | 


a Ç 
K = =) : Since 22 > 1 as x-0, itt 


the form 1°. 
1 tan x 
lg K = Lt - lo ) 
K 7 x—>0 x? 5 ( x 


x TS 
————— — | 2x 


t dem 

x30 (tan x x? 

Sas x sec? x — tan x 
x30. 945 tanx 

= Ti seca? + 2x sec? x tan x — sec? x 
PEN, 2x? sec? x + 4x tan x 

A sec? x tan x 

CO eerie tani 


— p. ct 2sccta tanta _ 1 
x-9 2x sec? x tanx +3sec®x 3. 
K = @P, 

Exercises XXVI. 

Evaluate the following limits :— 
| l Lt ar, 3. Lt (cos vimp z. 
| x-0 L ) Ga 

PS s 4 
TX 
2. Lt (2 — g^ 2- 4. - Lt x E D 
xl : x0 NG — 1 f 


M 
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| 
| 1 i 
i 5 (LEAN 12. Lt (cos ol x)*. 
Q^ 0 2 #39 
E : 13. Lt (cot x)sin x, 
16. Lt al —* e 
q 6. : (B.A. 52 M) 
A x>l 1 
17. Lt (cos x)cosec? x, sin x\**" 
Nas : SIUS 
att 14, Le ( z ) ; 
| tan E (B.Sc. 52 M) 
|8. Lt (2 -i) ; 15. Lt (sin diñ x 
| xa a x—[2 
|9. Lt (sinx)? tanx, (B.A. 45 M) 
gi x-»a]2 16. Lt (sin z)tana, 
11 108(1-x) x>0 
^ PACO  . (BA. 51 M) 
: 1 ` 
L 2 x 1. ping 
11. Lt 5. an xe (y. 
[orn (cos eL x) it ( 
j o 


| 
| 
| 
| 
| 
| 
| 


4 
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CHAPTER VI | 
ja 
MAXIMA AND MINIMA it 
ia 


$293. We shall discuss in this chapter the maximumif 
minimum values of a function when the function and its derivat if 
are continuous. We shall first define the maximum and minima 
values of a function. 


If a continuous function increases up to a value and if | 
decreases, that value is called a maximum value of the fund 
Similarly, if a continuous function decreases to a value andi) 
increases, that value is called a minimum value of the fund. 
We say that the value of f (a) assumed by f (x) when x lla 
a maximum if f (a) is greater than any other value assumed brl) 
in the immediate neighbourhood of x = a, i.e., if we can find) . 
interval (a — h, a + h) of valuesof x such that f(a) = f (1) 4? 
a —h-« x< aand when a < x < a + h where h is an arbiti 
positive number. Similarly we define a minimum ; if n 
interval (a — h, a + h), f (a) < f (x), f (a) is said to be a minit; 
value of f(x). Thus in the figure the points P correspond 


maxima, the points Q to minima of the function whose gr? 
shown below : 


I Fig. 10 


; Itis to be noticed that (1) a maximum value i5 not m 
sarily the greatest value the function can have ; nor a mia 
the least ; (2) the maxima and minima values occur alterni 
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| $ 29:2. Theorem 1. A necessary condition for a maximum 
jor a minimum value of f (x) at x = a is that f’ (a) = 0. 


| If f (a) is a maximum value of f (x), then as x increases from. 
¡a — h to a, f (x) is increasing and therefore f’ (x) is positive. On. 
¡the other hand, as x increases from a to a + h, f (x) is decreasing 
jand therefore f’ (x) is negative. Hence as x increases through a, 
af’ (x) must change from a positive to a negative value. Conversely, 
tif As x increases through a, f'(x) changes from a positive to 
ma negative value, f(a) will be a maximum value of J (). 


Hence f (a) will be a maximum value of J (x) if and only if 
iJ” (X) changes from a positive to a negative value as x increases 
g through a. 


ü In the same way, it will be seen that if f(a) will bea minimum 
#ivalue of f (x) if and only if f’ (x) changes from a negative to 
“lla positive value as x increases through a. 


i, J' (X) is continuous and a continuous function can change 

¡sign only by passing through the value zero. Therefore, if f (a) is 

ja turning value of f (x), f" (a) will be zero. 

j $ 29-3. Theorem 2. If f'(a) =0 and f" (a) 40, then 

Ef (x) has a maximum if f” (a) < 0 and a minimum if J" (a) > 0. 
If f (a) is a maximum value of f(x), f'(x) changes from 

ja positive to a negative value as x increases through a. 


Consider f” (x) asa function of x. In theinterval (a—h, a+h), 
4 (x) decreases continuously changing from a positive to 
@ negative value. Hence its derivative f” (x) is negative. There- 
fore at the maximum point x =a, f" (a) is negative. Similarly 
When f (x) attains a minimum value at x = a, f” (a) is positive. 
For f' (x) increases continuously in the interval (a — h, a + h) 
“changing from a negative to a positive value and hence its 
i erivative J" (x) is positive. 


Rule for determining the maxima and minima values of JF (x) 

“when f (x) and f” (x) are continuous. 

The roots of the equation f"(x) = 0 are, in general, the values 

fx which make f(x) a maximum or a minimum. Leta be a 
ot of f" (x) —0 ; then f(a) will be a maximum value of f (x) if 

" (a) is negative and a minimum if Jf" (a) is positive, gia 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. = ee 


EM ao 
Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. i 
104 CALCULUS | 


$29-4. A geometrical proof for. the above à 
theorems. jt 


| 
| 
| 
| 


Fig. 11 


| 

In this figure the ordinates of A and C represent the maxim! 
values and the ordinates of B and D represent the minm 

values of f (x). 7 

"E 

| 


If the tangent at (x, y) on the curve make an angle #W J 
the positive direction of the x-axis, we have seen that Ñ 


d 
tan 0 — dc : 
The tangents at 4, B, C, D are parallel to the x-axis. 2 
Therefore 0 = 0. A 1 
e ==, CE 
. At A, B, C, p, 9 zm 0. 14 


For the points just to the left of A and C on the curva! 
an acute angle. 


tan 0 is -pve, ic, A is -rve. 


For the points just to the right of A and Gon the curv 
. an obtuse angle. ^ 


tan 0 is —ve, i.e, E is --ve, 


Therefore in passing through a maximum value, 7 : 
from positive to negative. In a similar manner, we 20 * 


that in passing through a minimum, 2 changes from T? 
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ty 
¡ to positive. So Zi is negative at a maximum value and positive 
lat a minimum value. 


| $ 29:5. The above conclusions, when f (x) and its derivatives 
jare continuous at a may be deduced from the theorem of mean 
| value. 

| Proof : 


f (a LN =F (a) + Wf (à) LP +... 
HE fn (a + Oh) where 0 < 0 < 1. 
. Fia LU —f (à) Klr () Lé P +. 
Pe +n | (1) 


| 
i 
j 
| 
} 
H 
| 
1 
i 
| 
| 
i 
i 


ng 
0 If f (x) is a maximum at x =a, then, by definition, 

| ¡Fla + h) —f (a) and therefore the right hand side of the equa- 
j tion must be negative for sufficiently small values of h whether 


í AB positive or Ee 
! 


is a finite expression which are not a to infinity as h tends to 
zero. 

If f' (a) 4 0, f (a + 4) — f(a) has one sign when A is 
positive an another when h is negative. The second member 
of (1) is of invariable sign for a maximum or a minimum since 
| for a maximum 7 (a + h) —f (a) is negative and for a minimum 


Pa (a +k) — f (a) is posue 


Pd =0. 

If f' (a) = 0, then 
| Set SP tgs" WA 
BR Hen SA Gr] 


$ The sign of the expression within the brackets on the right 

4 hand side is governed by f" (a). 

| Since kh? is always positive, f (a + h) —f (a) is negative if 
JF” (a) is negative and f(a +h) — f(a) is positive if f" (a) is 
positive, ears 
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If f" (a) < 0, f. (x) has a maximum at x = a. 
If f" (a) > 0, f (x) has a minimum at x =a. 


Here we assume that f (x), f’ (x), ... , f^ (x) are continux! 


| 


In such cases as we arc likely to meet with at present, i| 
condition is generally satisfied. 


Examples. 


Ex. 1. Find the maxima and minima of the function 

2x3 — 3x2 — 36x + 10. 
Let f (x) be 2x3 — 342 — 36x + 10. 
At the maximum or minimum, f’ (x) =0. 

J’ (à) = 6:3 — 6x — 36 
= 6 (x — 3) (x + 2). 
x = 3 and x = — 2 give maximum or minimum. 
To distinguish between the maximum and the minimum, 
SF” (x)= 6 (2x — 1). 

When .x—8,f"(x) =6 (6 — 1) = 30, i.e, ve. 
When x = —2, f” (x) =6(—4— 1) = — 80, i.e, kaul 


x= —2 gives the maximum and x = + 3 gives tj 
minimum. | 


| 


Ex. 2. Find the maximum value of cue for positive vili 
of x. 


Let f(z) be 264, 


aaa amak aan een enone ins aan eee man 


Maximum value =f (— 2) = 54, 
Minimum value =f (3) = — 71. 


; 1-1 
F G) = MES 


5 —3 
PY (x) = 08 
Ata maximum or a minimum, f* (x) = 0. 
1 — log x = 0, 
A — 1 
POS ES oge —- 


x-8 
I 

—A be, —ve 

* = e gives a maximum. 


Maximum value of the function — Jle) = h 
e 
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Ex. 3. Show that the least value of a? sec? x + ba cosec? x 


| is (a +5)?. (B.Sc. 52 T.U.) 
m Let f (x) be a? sec? x + b? cosec? x. 
i 


| J’ (x) =2 a sec? x tan x — 2 b3 cosec? x cot x 
| a? sin* x — b? cost x 

| cost x sin? x 

| C 4 sin! x cost x (a? sin? x -+ b? cos? x) 
H < TAD) cos? x sin? x 


(a? sin* x — b? cost x) E (sin? x cos? x) 


cos? x sin® x 

At the maximum or minimum, f’ (x) = 0. 

a? sin* x — b? cos! x = 0. 

” pa 8 Sint x cost x (a? sin? x + b? cos? x) 

Then) cos? x sin? x 

= 8 (a? sec? x + b? cosec? x) 

= “ve expression. 

a-sintx — b? cos! x = 0 gives a minimum. 


b 
U d B+ =- 
i tan! x =>. 
The least value of f (x) is given when tan? x = : 
* f(x) =a? sec? x + b? cosect x 
Z = a? (1 + tan? x) + b? (1 + cot? x) 


z b a 
=a(i +3) p (U +5) 
= (a + 5)*. 
Ex. 4. The greatest value of ax -]- by where x and J are 
| positive and x3 + xy + 53 = 3k? is 2k Va? — ab + bt. 
Let u = ax + by. 
u attains a maximum or a minimum when 


> du du. . 
TES =0 “ee —ve or +-ve. 


a+b? =0. (1) 


A+ +) = SK. 
Differentiating the above equation, we get 


(s +9) + (+29) 2 — 0. D 
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Equating the two values of 7 we ge 


| a — 2x) 
b xt 2 
: a — 2b 
Solving for y, » = boa (3) 


Differentiating equation (2) once again, we get 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. | 
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| 

dy dy\? dy — | 
2422-2 (2) TG 253 =0. 


Substituting the values of Y and y from (1) and (3), we ga 
diy 2c ab P b — 2a 


dà 3 pa x 


dy. a Y 
ga is negative for a maximum, 


b- 2a a —ab +b 


Sa --ve since OS is ve. 
x +I 4 xy = 3k. 

Substituting the value for y from (3), we get Ñ 
x Vat — ab + b= —k (b — 22). (4) 


We take the negative sign since 221 is — ve, 
x 


terme ied 


=—2(@— ab +5) * 


=2 Væ ab B from (4).- 
Exercises XXVII. 


l. Determine the maxima and mini 


7 ma (if f 
(@) a — sa Ra 4-10, (if any) o 


4 
<b) (x + 5)? (8 — 10). (A Tul 
(Pun ET 
pa uer ~ (A.U. # 
TEL (B.A. Sub. 0) 
ag ecu (B.Sc. 42 TU) 
MIT (B.Sc. 52 TH} 
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(h) ns (B.Sc. 52 T.U.) 
(0 CA AM) 


2. Find the maximum value of sin? x (1 + cos x)3, 


(B.A. Sub. 40) 
. 3. Investigate the maximum and minimum values of the 


= 2 
function y = DEA - (B.A. Sub. 40) 
4, Find the maximum and minimum radii vectors of the 
crm A n - —. (BA. Sub. 51) 
73 sin? 9! cos? 0 


5. Find the minimum value of x log x. 
6. Show that the maximum value of G) is ele, 


7. Find the maximum value of xe-~. 

8. If xy (y — x) = 2a?, show that y has a minimum value 
when x — a. ; 

9. If f(x) = (x —a)*¢ (x), show that f(x) attains its 
maximum or minimum at x =a according as ¢ (a) is negative 
Or positive, . 

10. (a) For the function y = x21 (a — x)*™ where m and nr 
are positive integers, show that x =a gives a minimum and 


dc. mis ng gives a maximum, while x =0 gives neither 
a maximum nor arminimum. (B.Sc. 51 T.U.) 
(6) Show that if the number a is divided into two parts 

v . mm na qmi 

x and (a — x), the greatest value of x" (a — x)" is [CES 
(B.Sc. 54 S) 
ll. If a2x4 + 5254 = ct, show that the maximum value of xy 

is c?[V2ap. “(BSc. 52 T.U.) 


"19. f(x) is a cubic polynomial attaining maximum and 
minimum a us when x mm and x — 2 respectively. If the 
maximum and minimum values are 10 and — 2:5 respectively, 
determine f(x), — . > (B.Sc. 52 T.U.) 

13. A gubic function of x has turning values at + =l and 
x= — 8; it vanishes when x = 0 and x z4when« =2, Find 
the function, ` es (Mys. U. 95 — 
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sin (x + a) 
sin (x + b) 
minimum, given that b — a is not a multiple of”. Examine the 
case when b — a is a multiple of x. (B.Sc. 53 T.U) 


14. :Show that the function has no maximum al 


; 


15. Show that L — : — x ) (4 — 3x?) where kisa positive] 


| 
constant, has one and only one maximum value and only one 
minimum value. (B.Sc. 55 MJ: 


Example. | 
The bending moment at B at a distance x from one end d 
a beam of length / uniformly loaded is given by the formula 
M = y wlx — $wx* where w = load per unit length. Show that 
the maximum bending moment is at the centre of the beam. 
x «—B v 


— 


l LI 
Fig. 12 p 
M — iwlx — kw, 


EUST 3 dM 
M attains its maximum when 75 0 and Sa is —ye. 


A 3 
dx Y Where $ wl — wx = 0, ie., when x = $1, 


The maximum bending moment is at the centre. 
Exercises XXVIII. 


7 The velocity of waves of length A on deep water is propo 


À a 
ti Ay C . . t 
onal to AT aty where a is a certain linear magnitude. P row 
that the velocity isa minimum when A | 
2. f the total waste 


W gr 4 i 
7 + 7, Where c is the current in amperes, r resistance 


= a. 
Per mile in an electric conductor V] 


5 


LC 
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ohms per mile. and / a constant depending on the interest in the 
"| investment and the depreciation of the plant, what is the relation 
he between e, 7 and ¿ when the waste is a minimum ? 
ji 3. The force exerted bya circular electrical current of radius a 
on a small magnet whose axis coincides with the axis of the circle 


varies as ATAN where x is a distance of the magnet from the 


i 

| (az 

| plane of the circle. Prove that the force is a maximum when 
| += i a. 

i 4. An adjustable lamp A is capable of moving only vertically 
o | and is placed right above the centre C of a horizontal circular table 
la; of diameter 8 feet. At what height should A be adjusted in order 
a) that the illumination at a point B onc foot from the edge of the 
table be a maximum, given that the intensity of illumination at 
a point B is proportional to Uu E) (B.Sc. 42 T.U.) 


5. (a) A battery ofn cells with x cells in series per row and 


> rows in parallel sends a current J through an external 


resistance R. Given that I = —, where eis the E.M.F. and 


T 
T the resistance, find the value of x for which the current is 
maximum. (B.A. Sub. 34) 


E (b) A battery contains 20 cells each of E.M.F. 1 8 volts and 
internal resistance 0-20 ohm. If x cells are arranged in series and 


0 o 
y TOWS in parallel, the current that the battery will send through 


Aha 180x 
an external resistance 0:36 ohm is given by C = 3 +36 


many cells must be arranged in series to give the greatest 
] Possible current-? (B.A. Sub. 46) 


| . 9. A submarine telegraph cable consists of a core of copper 
4 Wires with a covering made of non-conducting material. If x denotes 
«t| the ratio of the radius of the core to the thickness of the covering; 


How 


Bia... 1 
1 atis known that the speed of signalling varies as x* log -. Show that 


y | DO greatest speed is attained when x7, (BA. Sub. 48) 
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Gn Ng T 

7. The efficiency E of a screw is given by E — nr H 
where £ is the tangent of the angle of the screw, and p the coefficia’ 

of friction. Find for what value of ¿ the efficiency is a maximum} : 
(B.A. 41 ; B.Sc. 52 TU 

8. Assuming that the power given out by a voltaic cell is giv! f 

Er a | 

= = jid 

by the formula P TFR» where E corrant piggy” | 

force, R = constant internal resistance, r = external resistan | 

prove that P is a maximum when 7 = R. 


9. The intensity of illumination at a point distant d feet frc 


a light of candle power c is d+ There are two lights P and ( 


12 feet apart of candle powers 16 and 25 respectively. Findé 
point in PQ at which the intensity of illumination is a minimus 


(BA. Sub. $ 


10. The potential energy of a system is 
A? (cos a — sin a cos 0) + 2 p° V3 — 2 sin O. 


Find out if therc is any turning value for the potential ene 
when 0 lies in the interval 0 to 5 If so, is it a maximum 
a minimum ? (B.A. 421 
ll. Ifa body of weight W is pushed by a horizontal f 
P lbs. up a plane inclined to the horizon at an angle CL 


efficiency is given by E = "ne : 
cy is given by E tan (a FA)? where à is the angl 


friction. If Â = 14°, find a when the efficiency is maximum 
calculate the maximum value. 


. 12. The angular distance 9 of the bob of a pendulum att 
1s given by 0 — 
become maximum at intervals of mjn. (B.A. Sub: 


2d GR Almost in all the previous examples the relat 
E the dependent and independent variables are give 
OE A dox ce have to find the relation betwee, 
€ given data i j 
hie aaa KG ata and then find the maxima or m 


Examples. 
Ex. 1. 


From a iven = te 
given circu ; 
to cut out a rcular sheet of metal it is 


Sector so that the remainder can be formed 
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— 


a conical vessel of maximum capacity ; prove that the angle of the 
sector removed must be about 66°. (B.Sc. 41 T.U.) 


Let 0 be the angle of the sector AGB. Then 2; — @ is the 
angle of the sector which has to be removed. 


Length of arc AGB = R9 where R is A 
radius of the circular disc. 


Now the circumference of the base of 
the conical vessel must be the same as the : c (t 
B 


bz La] 


a 


| 
R length of the arc ACB. 

| Circumference of base — R0. 

1 
S Radius of base — RO 

( 27 Fig. 13 

i Length of the slant height of the cone — R. 
= Vertical height of the cone = (x L RURI 

§ ; . dr? 

à E 3 2 t 
_ Volume of the conical vessel V =: a G E =) 5 
m gana 
FG ( ee =) 


Now V will be the greatest when (e - a) $ greatest; that 


d 68. ; 
is when 0% — is a maximum. 


| dg: 
y las E, 
f (0) «46 ¿2 
f" (6) = 1202 — G E 
J (0) is a maximum when 48 —2 5 =0 
ie, when 0 =0 or 0 = anal 


0 =0 is clearly inadmissible. 
0-97 " 2 makes f” (0) negative and gives the 
j| Maximum value for Jf (0). E 

cg 
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The angle of the sector = (2 — 0) radians 


| 
| 
Date tres 
= 27 — 2r 3 radians 
== 1:153 radians | 
= 66° 6’ approximately. | 
Ex. 2. From a solid sphere, matter is scooped out so as t| 
form a conical cup, with the vertex of the cup on the surfacet 


the sphere and the axis passing through the centre of the spher 
Find when the volume of the cup is a maximum. 


Let x be the distance of the.centre of the sphere from the 


of the cone and let R be the radius of the sphere. E 
Height of the cone =R+x, C 
Radius of the base of the cone = NP R:— 
Volume of the cone V= 3 T(R + S (R? — x°). 
; ega — 9R; mi 
dy 


dg = § (— 2R = 62). 


V is a maximum when E =. 0 and a —ve. 


dV 
d; 2 0 When Rè — 2Rx — 3.2 = 0 


ie, when x = — R or s. 
x = — Ris clearly inadmissible ; SE 


qa for x =F isnt Y 


V is a maximum gud 


Height of cone = R Ec E 
=F 
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Radius of base = VR? — x = VIR. 


T 4R 8R? 327Rs 
| Volume of cone —3 . 76 . J= B 
| Ex. 3. Find the dimensions of a cylindrical vessel of greatest 
capacity which can be made from a given amount of sheet of 
| metal (1) when the vessel has no lid and (2) when the vessel has 
alid. (B.Sc. 53 T.U.) 
(1) When the vessel has no lid. 
Let S be the area of sheet metal used without lid. 
S = surface area of vessel = 2rxy + «x, where x = radius of 
base and y = height. 


Volume of vessel = ax*y. 


$s($—m)- 1 
V =r f = L = 5 (Sx — m) 
dV 1 dy 
Then k72 (S. — 3ra?) aa Bax. 

> 2 
Now V is a maximum when hi 0 and aN —ve. 

dx dx 

; ° dy 


dà is —ve when x is positive. 


dV Ki 
ES = 0 when x = Ma: 
Vis a maximum when x — Vz 


ie, when S = 3x, 
S = Qaxy + vx. 
Sux* — darn mx. 


274) = Qra?. 
DUIS E : T 
Height of the vessel — " > 
(2) With lid. ; 
] S = surface area of the vessel = 2mxy + 20x, where 
| * =řadius of base and J = height. 
B v. m2 (S — Zas?) 
» volume of vessel = rxy = TUUUPEEE OD 
— (Sx — 28). 
dV 3] dV 
Then TC eg (S Ome) i ga — Gre 
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dV d*V. 
Now V is a maximum when zm 0 and d is —ve. 


PET when S — 6zx* = 0, ie, x = "E 


2 
For this value of x, P is —ve. 


For this value of x, V is a maximum. 
S —2nxy + 2«x*. 
6rrx? = Qaxy + 2a. 


=2%=2,/% 
y z2x IS 


Height of the vessel = 2 a d 


Ex. 4. The cost of fuel in running an engine is proportion 


to the square of the speed and is Rs. 48 per hour for a mg 
of 16 m.p.h. Other costs amount to Rs. 300 per hour. 


is the most economical speed ? (B.Sc. Anc. 6% 


If v m.p.h. is the speed and Rs. c is the cost of fuel, c =; 
where k is a constant. : 


When v = 16,¢=48. .. k= 


| 


E 
16 

Hence the cost of fuel — =>". 

Total running cost per hour = Rs. (200 + = pi). 

If the distance travelled is s miles, the number of h 
taken up is hours. 

Total cost for the VE is Rs. y, 
where y = 5 (300 +; += a”): E 


For the most usd speed, 


d d 
T pe 
300 
$ s G 
fa Ca Venue i 
600s - 
diu >0 


+ 


3 
b 
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Exercises XXTX. 


l. A rectangular sheet of metal has four equal square 
portions removed at the corners and the sides are then turned up 
$0 as to form a rectangular box. Show that when the volume 
«contained in the box a maximum, the depth will be 


I 
6 fa +0- aae), 


"where a and 5 are the sides of the original rectangle. 

(B.Sc. 52 M) 
2. Show that, if the sum of the lengths of the hypotenuse 
and another side of a right-angled triangle is given, its area is 

a maximum when the angle between those sides is 60°. 
(B.Sc. 51 T.U. ; B.A. 38 M) 
3. A window is in the shape of a rectangle surmounted by 
a semi-circle. If the perimeter of the window be a fixed length 4 
find the maximum area. (B.A. Sub. 37) 
4. Show that a conical tent of given capacity will require 
the least amount of canvas when the height is 4/2 times the 
radius of the base. (B.Sc. 50 M) 
3. A wire of length a is cut into two parts which are bent 
respectively in the form of a square and a circle. Show that the 


2 
least value of the sum of the areas so formed is TES 4y 


6. Through the point (2, 3) a straight line is drawn making 
positive intercepts on the axes. Show that the arca of the 
triangle thus formed is least when the ratio of the intercepts on 


the x and the y axes is 2 : 3. (B.A. Sub. 42) 
7. (a) Show.that the maximum rectangle inscribed in 
a circle is a square. (B.A. 50 M) 


à (b) Show that the area of the greatest rectangle 
inscribed in a given ellipse and having its sides parallel to the 


axes of the ellipse is 25. (B.Sc. 51 T.U.) 
(c) Find the dimensions of the largest rectangle that can 
be inscribed in ¿2/3 4 y3/3 = a3. (B.Sc. 65 M) 


S xi 
8. (a) If PQ is a double ordinate of a TA =l and Á be 


an end of th : is. find the maximum area of the triangle — — 
n e major axis, E (B.A. 46 M) — 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. - 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. | 


118 CALCULUS 


(b) Prove that the least intercept made by the axes aj 
a tangent to the ellipse is equal to the sum of the semi-axesd| 


the ellipse. (B.Sc. 51 T.U) 


(Vide Ex. 3, Page 107.) | 


Show further that, in the above case, the tangent Ni 
divided at the point of contact into two portions equal to x 
axes of the ellipse. (B.Sc. 52 Mj 
9. A, O, B are fixed collinear points in the given ordel 
A pair of variable circles through 4, O and B, O have thet! 
diameters OC and OD at right angles. Show that the les | 
length of CD is AB. (B.A. 46 u| | 
10. A vessel is in the form of a right circular cylinder wit 
a hemispherical top and its base is twice as thick as the rest of i 
surface. Show that for a given volume, the weight of the vet 
is least when its height is three times its base radius. 
(B.A. Sub. 41 Mj : 
11. Prove that the volume of the greatest right circul | 


cone that can be inscribed in a given sphere is > of the voluti ; 


of the sphere. (B.A. Sub. 43 ; 50 AU! : 
12. Show that the height of the cylinder of maximum volut 


that can be inscribed in a sphere of radius a is ze - : 


t 
(B.Sc. 38 91 

13. Show that the volume of the greatest cylinder W 
can be inscribed in a cone of height # and semi-vertical ang." 


nt | 
is ¿qm tanta, (BA. 38 M; B.Sc. 51M 


14. The surface area of a cone including the base 1? 
4w square fect. Find the dimensions of the cone when Y 
volume enclosed is a maximum, (B.A. 39 


a An open tank is to be constructed with a square base if. 
vertical sides to hold a given quantity of water. Show that? 
expense of lining the tank with lead will be the least HT 
depth .be half the width. x (B.A. Sub. | 

16. A thin closed rectangular box is to have one % 
„nes the length of another edge and the volume of the P% 
given to be V. Prove that the least surface S is given by _ | 

nS =54 (n+ 1)3 y2, (B.Sc. 49 | 


n ti 
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n| 17. A right circular cylinder closed at both ends has a fixed 
d| total surface area S although the radius 7 and the height 4 
j| vary. Prove that, as the radius increases, the volume will also 

| increase until the diameter becomes equal to the height of the 
N cylinder. If V is the maximum volume attained, show that 
j| Bafa — S. 

| 18. The sum of the surfaces of a sphere and a cube is given. 

‘| Show that when the sum of their volumes is least, the diameter of * 
S the sphere is equal to the edge of the cube. 


el 19. Given the total surface of a cone, show that when the 
S volume of the cone is a maximum, the semi-vertical angle will 
Vj be sin- (1/3). 

itt Given the volume of the cone, show that the total surface 
i will be a minimum for the same value of the vertical angle. 

20. A cone is circumscribed about a sphere of radius R ; 
show that when the volume of the cone is a minimum, its altitude 
j is 4R and its semi-vertical angle issin-! (1/3). (B.Sc. 40 T.U.) 

21. Into a full conical wine glass of depth a and generat- 
ing angle a, there is carefully dropped a sphere of such size 
as do cause the greatest overflow. Show that the radius of the 

: asina '' 
Sphere is S TAE : 

22. The distance between the centres of two spheres of radii 
aand b is c, (c >a -+ b).. Find the point P on the line joining 
the centres of the spheres such that the sum of the surfaces of 
both spheres visible from P may be a maximum. (B.Sc. 32 M) 

23. "Showthat, when the curved surface of a cylinder inscribed 


in a sphere of radius R is a maximum, the alta RS TU) 


Show that when the whole surface is a maximum that 
¡Surface is to the surface of the sphere in the ratio of 4/5 + 1 to 4. 
24. A cylinder is inscribed in a cone. Show that the curved 
Misurface is a maximum when the altitude is half that of the cone. 
P Show also that the total surface cannot have a maximum 
ifj Unless the semi-vertical angle of the cone is less than tan”! (1/2). 
` 29. Show that the semi-vertical angle of the cone of maximum 
# Volume and of given slant height is tan 4/2. y 

. 26. A lane runs at right angles out of a road 18 feet wide. 
1 Find to one decimal place how many feet wide the lane must be 
Ja 1t is just possible to carry a pole 45 feet long from the road into — - 
“ ane, keeping it horizontal. ; (B.Sc, 39 M) 
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27. The strength of a rectangular beam varies as the proie 
of the breadth and the square of the depth. Find the bres 
and depth of the stiffest rectangular bcam that can be cut fre 


a cylindrical log the radius of whose cross section is a inches. | 
(B.Sc. 38 M ; B.A. 51 Y 
28. A rectangular box of fixed volume V is to be twice as lp 
as it is wide. The material in the top and four sides costs thr 
times as much per square foot as that in the bottom. 'Whatz 
the most cconomical proportions? (B.Sc. 35 M ; B.A. 52 Y 
. 29. Given a line J and two fixed points A, B on the same e 
of it, show that the least value of AP + PB (where P is any pt 
on D occurs when AP and PB make equal angles with l. V 
a geometrical construction for finding P so that AP and PB mw 
equal angles with / (neither A nor B lies on D. (B.A. 4 
30. A circular sector has a given perimeter ; show that 
the area is a maximum, the arc is double the radius and that 
maximum area is equal to the square on the radius. | 
(B.Sc. 53 Ost: 
31. The section of a tunnel is a rectangle surmountet 
a semi-circle on its longer side. Given that the perimeter 
section is 20 feet, find its dimensions in order that its area 
be a maximum. (B.Sc. 52 T 
32. Prove that in the cardioid r = a (1 + cos), 
maximum distance of any point of the curve from the a% 
3 4/3a 
7 ` 


33. Prove that the greatest distance of a normal to an 
from its centre is the difference of its semi-axes. (B.Sc. 5 
34. A given quantity of metal is cast into the form of 2 
cylinder with rectangular base and semi-circular ends. EM 
ratio of the length of the rectangular base to the diameter Y; 
semi-circular ends when the total surface area is least. (Tr^ 
_ 99. From a fixed point P on the circumferen? 
cm of radius a, the perpendicular PR is drawn 5, 
5 NT Q. Prove that the maximum arca of A 


36. The regulations for ne 

T parcel post require that the 

gis length o nd girth of a parcel must not Habay: 6ft. P ro 
the right circular cylinder of greatest volume which can bf 
is 2 ft. long and 4 ft, in girth. a 


3: 
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lc 37. The corner of a rectangular sheet of paper is turned down 
E just to reach the other edge of the page ; find when the length of 
mw the crease is a minimum ; also when the arca of the part turned 
| down is a minimum. 


| 

Q $30. Concavity and convexity, points of inflexion. 

c If in the neighbourhood of a point P on a curve, the curve 
| is above the tangent at P [as in figures (a) and (b)], it is said to 


| 
Y be concave upwards ; if the curve is below the tangent at P [as in 
figures (c) and (d)], it is said to be concave downwards or convex 


5 upwards. 

p: 

s 

E 

d P PHA NMP 
7 
(a) (b) (e) (a) 


Fig. 15 


If at a point P, a curve changes its concavity from upwards 
to downwards or vice versa [as in figures (e) and (f)], P is called 
a point of inflexion. $ 


(f) 
Fig. 15 ; 
From this definition, it is seen that the curve cons as 
tangent at the point of inflexion and that a point of inflexion lies 
€tween a maximum and a minimum. 
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As the point on the curve in figures (a) and (b) moves to t 
right (the direction of arrows), the tangent turns about its poir 
of contact anticlockwise and therefore the angle which it make 
with the x-axis increases. So we get at all points in the bac 
hood of P on the curve when it is concave upwards 5 the slope | 

dy | 


E F : Pak 
the curve, i.e., d, increases as x increases. Therefore its differen 


2 
tial coefficient is positive, ¿.£., Lis positive. | 


Similarly, if at all points in the neighbourhood of P, the cur; 


2 | 
is concave downwards, then the slope 2 decreases as x increase 


"Therefore its differential cocfficient o is negative. 


The concavity or convexity of a curve is determined fret 
the sign of the second differential coefficient and, if iti 
negative, the curve is concave downwards or conv 
upwards. At the point of inflexion, the curve changes fro 


E 2 
concave upwards to convex upwards or vice versa. So © chang 
sign and ifit is continuous, it is zero at that point. Hence L 
conditions for the point of inflexion are 


d2 
(1) s2 = 0 at that point. 


Ex. l. For what values of 
Concave upwards and when is it 


J = 3x? — 9,3, 


X is the curve y = 9x1 -H 
convex upwards ? i 


d 
Then z = 6x — 6x2, 
diy 
da =6— 12x = — 6 (2x — 1). 
l d$&y. E i E 
Ifx > 5? © negative and so convex upwards. E 
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| 
j 2. 
: If x <>, ois positive and so concave upwards. 
a 1 d di 
c a => 72=0 7% =—12 and so there is a point of 
^ inflexion at x — n i.e., at the point E 
t 2 > 2 2) 
| 
| Ex. 2. Find the points of inflexion on the cubic y = a 
E and show that they lie on a straight line. (B.A. 42 M) 
| . ax 
S 3 ara 
Then dy a: (a? - x?) hd d?y _ — 2a%x (3a? — x°) 


de rap” 46 a+ a 


NH At the poi NAGO nA 
A e points of inflexion, dà 0. 
0 x (3a? — x) =0. .. x= 0 or + 43a. 
: E Dy. — Ga? (x* + at — Gata?) 
ge d (x? + a*)* d 
id : diy 
At the points x =0 or + V 3a, Tá A0. 
When x = 0, y 20; x = 43a, E 
3 3a 


The points of inflexion are (0, 0), (v9 a), 


— y3 
(m32) 
These three points of inflexion lie on the straight line «= Y. 
| Exercises XXX. 


l. Find the points of inflexion in the following cases :— 
(1) =x — 6x3 +8x—l. (4) Jia HORS cona 
(2) y =x — 9x2 P (5) y =a cos? x + b sin? x- 


(3) y = cos x. (6) y Tapar 
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log x 

(7) 9? = aè (a — 2). 9) y = Fa: 0 <a 

(8) 5-2 ex. (B.Sc. 43 M) (B.Sc. 44}! 


2. Show that the curve y = k sin x cuts the x-axis! 
inflexional points. 
3. Find the points of inflexion on the cm 
JE (x — a) (x — b) (x —c). (B.Sc. 46 1 
i 


4. Show that the curve y = zl» has 3 points of inflexi 


"n 
(B.A. 4037 


5. Show that the curve y — DIA has three points | 


inflexion and show further that they lie on a straight line and | 
its equation. i 
6. Prove that the points of inflexion on the c n 
xy Ha” (x +3) =a? lie on the straight line x + 4y = 3a. is 
(B.Sc. 44% i 
7. Determine the relation between the constants a, bh t 
so that the curve y = ax? + bx? -+ cx + d may have a pointi t 
inflexion for x = 1. z 
8. Prove that the curve y = x1 — 2x3 — 36,2 +7 ise 


ace eave upwards except between the ordinates x =~ 
and x = 3. 


a 
9. If (7 + al (v — 5) — c, (a, b, c being constants); 


by expressing p asa function of y that when y = 3b, the (hi 
Bs has a point of inflexion where the tangent is parall 
the vaxis. Determine the value of c in that case. (B.A. Sub. 


10. Find the turnin i i i i 
8 points and points of inflexion 0% 
curve ay? — x2 (a? — #3). Also trace the curve. (BSc? 
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Y CHAPTER VII 

T EXPANSION OF FUNCTIONS 

d § 31:1. Infinite series. 

' The infinite series u, + uz + tt ...... + un Pe... to œ 
in is usually denoted by 3 Un or simply 3, up. The sum of the first 
yn terms of the series, A uy F us T... + ttn is denoted by Sp. 


ur! 


1 


ere are three alternatives: 
(1) Sn may tend to a finite limit as n tends to infinity. 
(2) It may tend to infinity as n — œ. 
(3) It may tend to more than one limit as n -> co. 
In the first case, when Sy tends to a finite limit as n tends to 


infinity, the series 3 un is said to be convergent and the finite limit 
is called its sum to infinity. In the second case, when S, tends to 
infinity as n tends to infinity, the series is said to be divergent. In 


b the third case when Sn tends to more than one limit as n tends 
ti to infinity, it is said to be an oscillating series. 


For example, consider the geometric progression 
latest... e H +... 
S c baa 
l—x 
If| x | <1, then Lt $4 — — 
no 


1-x 


”. This geometric progression is convergent for | x| <l. 
If| x | S1, then Lt Lt ‘Sa = e. 


For these values fea at x, this series is divergent. 
If x = 1, then 9 =1 +1+4..... +1 
=n. 
s. Lt Sais infinity. 
nc 


Here also the geometric series is divergent. 
If x = — 1, the series becomes 
] —1 +1—1+1 — 1 + ae 
For this series Sn = 0 if n is even and Wa c 
Sn =1lifnisodd. — s BET ae 
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In this case, the series is oscillatory. If a series is o 
or oscillatory, it does not possess a “sum to infinity” as def 
above. The phrase “sum to infinity” is #pplicable only i 
a convergent series. | 

If the sum to n terms, Sn, can be expressed by elements] 
functions, the nature of the series can be determined by find: 
whether the expression tends to a finite limit or to infinity or! 
more than one limit when n > co. But it is not always posit 
or convenient to find the sum Sp. There are various tests to bs 
whether a series is convergent or not. For those tests, the student) 
referred to any standard text-book in Algebra. For our purpos 
is enough to know that if u; + us +-...... Un “E ...... is convergt: 
and if it is possible to find S such that Lt | $ — S, | = 0, tk 

no... 


S is the sum to infinity of the infinite series Z un. 


$312. Taylor's Theorem. In the fifth chapter, wep 
proved the generalised Mean Value Theorem 


TW =f (a) + (+ — a) f’ (a) 
t ED P dus EP m (a 4 
In this equation, let us assume the sum of the first n terms 
Sn (x) and the Et term as Ry (x). 
> J (3) = Sa (x) + Ra (3). 
Fa t aa 
SU fa (a+ *—a — a 0). This is called Lagran 4 
form of the E 
$3L3. Cauchy's form of E 
Let F (x) =f (b) — f(x) — (b — x) f* (2) 
2 


Pm 
(0-4 SCC 
b — x)n 
Sud CA = Gant p/m (x) — (6 a 


where R is given by 
0 =f (b) —f(a) — (b — a) f" (a) Í 
TOES D 

J" (a) ...... —(b-4 
Then F (a) = 0 and F (5) = wie 


<. W (x) vanish á 
between a and b, say, for Pa cs for at least one value E 


C 0 (a)= 3 j 
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c Differentiating F (x), we get 
n F (4) = —f' @) LPS R —2)f' O) 


+ (6 —2)f" LI JR 


(==) i 
tz 3 — x) 
E OS M 
: E ym TR Dc m f^ (s). 
f Writing a + 0- (b — a) for x, where 0<0< l, we get 
n| b — x, =b — a — 6 (b — a) = (b — a) (129). 
st 
7 ~ £0) =F@ +6 —9f'() + POP e+... 
| dcin NEM (a) 
m + A 9 + 00a). 
Here writing x for b, we get 
d f =1(0) + («af +2 of (eee 
MEET "^ 
; + LEE pa (a +z — at). 
c — gh (1 — 0) 
Here Rp (x) EE (a + x — at) 


f where 0 24x1. 
This is called Cauchy's form of Remainder. 
$314. Taylor's and Maclaurin's series. 
S (=) = Sn (x) + Ra (9). 
(e) — Sa (x) = Ra (2). 
Lt FO) “Sn (+) ) = Lt Ra (x): 


If th limit of Ra (x) is zero, 
then ‘Lt Lt {f(#) — — Sn (3) ) = 0. 


As n>00, f(x) becomes the infinite series. 
f(x) — f (a) + (+ drai + 72 ree. G to co. 
This is called Taylor's series: ` 
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Here if we put a = 0, we s 


rg —f(0) + af" (0) + yf" (9) + ccoo 
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E 


This is called Maclaurin's series. This series is usefuli 
finding the expansion of functions. 
Examples. 

Ex. 1. Expand sin x as an infinite series. 

Let f (x) be sin x. 


| 
| 


F(=) =f 0) +af" (0) + af (0) + sss 
Here Ra (x) must tend to zero. 
J (x) =sinx -. fO) s0. 
Sf’ (x) = cos x o. f' (0) 1. 
F (=) = - sina -. f0) — 0. 
J'" (x) = — cosx nf (0) 2 — 1. 


More generally, f^ (x) — sin (+ + 7) 


Ra (x) == fa (6s) 


= in (6x47). 


Tp 
xn 
sin (as + 7)>1 and Lt — =0.. 
mon! 
* Lt Ry (x) =0 
n—>o 
“sneer a n 
Similarly, cos x = ] == +5 
pee 


Ex. 2. Expand eX as an infinite series, 
Let f (x) be ex, 


f (x) =ex ' a 
NG) — ux f (0) 21. 
ds e KO =1. 
f(x) = ex J 0) =1. 


Jn (0x) ze, 


Ra (x) = = eOx, 
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Lt Ra(x) — ex Lt © =0, 
n>0 non | 
a x 
ex = | Ts teat. œ 
Ex. 3. Expand log, (1 4- x). 
Let f(x) be loge (1 + x). 
$ (2) — log (1 +2) J(9) — 0: 
» 1 
J’ (x) = ice f (0) =1. 
5 l 
"N PO--I. 
TO f” (0) =12 


a (yz DESI (=) (a—1)! 
fecum ice: 


we Ra (x) == emp 1) (a — 1) ! 


UR T 9x)" 
a = c Ia (rn = 5) 
If x is positive and is æ 1, 1 zu ini 
ELE (+ x9 z 0. Again Dts 1 =0. 


Lt Ra (x) =0. 
noo 


If x is negative, need not be less than 1. 


x 
1 + Ox 
The previous proof is not valid. 
Cauchy’s form of remainder is 
Ra (x) = (— yaa (1 — 0) (n — 1) ! 
(n—1)!(14c TOES 


x (1-0 
a -C (ee) 
lS <i 1-021 6x 


Te I= @Na-1 
TF 6x tT 
"Also 3-0, if[x[« 1. um Baa 


C-9 
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1 + Ox is constant as far as n is concerned. 
- Lt Rn (x) = 0. 
mo. 


zx |< 1; 
1 
log (14-3) o gat - g non... 


Ex. 4. Expand (1 + x)m. 
Let f (x) be (1 + x)2. 
f(x) = (1 +)”, f (0) =1. 

f' (Jem (1 + BA, f'(0) =m. 

J" (=) =m(m— 1) (1+ x), f" (0) =m (m -1] 

fa (x) =m (m — 1) ...... (m — 2 +1) (1 + x)=. 

~ f2 (0x) =m (m — 1) ...... (m — n +1) (1 + 0x). 

If m is a positive integer, the series for f (x) will contain (mt 
terms since when n > m, f^ (x) — 0. 

If m is not a positive integer, we have to find the limit 
Rn (x) as n-> œ. Using Cauchy's form of remainder, 


Ra (3) = HI U ss (atl) 


ev 


Gar AO) (1+) 
The infinite series 1 + mx + SA L is di 


for |x| 2 1. Therefore it is enough if we consider the resul 
values of x where | x | = 1. 


Ra (x) = mx (1+ 6x)m-1 Ce HI 
(m — 1) (m — 2) ...... (m —n +1) 
(n — 1) ! 
LUPA | 
< 1-41 # 
: De T+ 6x s 


and 7 mx (1 + syl ig a finite quantity. 


the convergent sad 
ua 
It is zero, 
". Lt Ra (x) =0. 
n> 
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U Ld =14me4 PO ay 


Here | x | <1. 
EX 5 Show that et cos x = 1 -+ 2 cos Txt 24 cos 2, ES 
*2] 
3/2 IT X ng xn 
+2 008 Egy to B a A 
Let f (x) be e cos x. 
Then f(x) c e, E € 


ECH) q ex(1-0 
= = L 
~ fa) = (1 + i)» ana) i (1 — i)a e 


.. fa (0) = akma 9n/2 cos T. 


Bro eX cos x = f (0) tx SYO + PI + 
EE (0) + ca 
=i pr. 221 cos PANGA cos oe 
: hg] os FA... 
xn na 
e +2. COS Te. 


| $32. From the differential coefficients of certain functions, 

"we can expand those functions as power series, There are 
certain conditions to be satisfied by those functions. We are not 
Siving those conditions here, but only the method of expansion. 

Ex. 6. If|x | <1, expand tan-! asa series. 

Let f (x) = tanc x — ay + ax + agi F -o 

Then Fe) =p pa ar Sat + o 

Also (1 pat) 51 — 3$ p a — st +... 

Comparing the two series, we get 


= dy = dg =4=:" =0 
a = 1, 3a; SS 1, 5ag =1 ase 
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Also tan-! (0) =a Taking the principal value alone, v 

get a = 0. 
tanx—x—4i3 +4 x5.. to c. 

(1 +33) can be expanded by binomial theorem of) 
when | x | <1. 

The series for tan”! x is called Gregory’s Series. 

Ex. 7. Find the expansion of sin? x. 

Let f (x) = sin x = ag T ax + aax? + 23x? +... 


== f' (9 =a, + 2a.x + Jasa? +... 


1 
VI 


VI - x3 
= Gan 14 qa lup 
if x2 gl) | 


———— 


But 


Comparing the two series, we get 
da sa, = 46 = ... 0. 
1.3 


a = 1, 3a, = 4, 5a, = 2.2 ... 


ag sin-10--4, Taking the principal value only, we 
a =0. ; 
Ee. 1x23 1.359 1.3.55 
s. sinc X = toi * 
“t233 tab tag TT 
$ 33. Using differential equations, 
functions. The following examples will il 


Ex. 8. Expand tan-1 x (vide E 6 
Let y = tan” x, SR 


we can expand 
lustrate the method: 


l 
CAT Dx 
(1 + 23) E = 1. 
Differentiating this equation n times, we get 
(1 E 23) yas + 2nxy + n (n — 1) ja-, = 2. 
If we put x = 0 in this equation, we get r 


[ 


(Jn+1)xep = —2 (n 1) 

S — 1) On-)x-» 

Es Also (y)x-9 = 0, Oa rx 1)x-o a 
ubstituting t : A 

Wa ng the values 2, 3, 4, 5,... for n in equation Y 


(alang = —2.1 Udo = 
Osix-, = —4.3 kit Iban? a Oa) = O; A 
E. (97) xeap = Alo à Ka ; Oxa = — 3. 2 (Ja)x=0. eli | 


All the even a 26 13 (xo = 9 E 


aid 


di 


f 
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x 5 

ly x. 

tan? x =x 21931 +4! 84 
=x} 4405, 


Ex. 9. Expand cos (m sin”! x) as a power series. 
Let y = cos (m sin! x) = a, Hay tai, Hat .. (1) 


ao = (J)xmp = cos (m sin-10) = 1. 
Differentiating y, we get 


J, = — sin (m sin x). VIA : (2) 
^ Jè? (1 — x?) = m? sin? (m sin” x) 
=m (1-99). 


Differentiating this equation and cancelling the common 


factor 2y,, we get 


JO — 22) Ja — 9, + my = 0. (3) 
Differentiating this equation (3) n times, we get 
(1 — x?) Inta E (2n T 1) Yon + (m? — n?) Jn =0. (4) 
Substituting the value of x = 0 in (4), we get 
: Onta)xng = — (m° +n?) (yn)xqo- (5) 
> Differentiating equation (1) n +2 times, we get 
Inte = nto + Qnia € +... 
ce Jn+2)x=9 = nta: 
Similarly (xx, = an, 
Cee Say. 
1)x=0 = 41: 
From (5), we get dnt, = — (m? — n?) an. (6) 
From (2), a, = 0. 
From (3), a, = — m?. A 
From (6), az = — (m? — n?) a, = 0. 
Similarly 4, = ds = dg =a, =... =U. 
a, = — (mi — 22) a, = m? (m? — 23). 
a, = — (m2 — 43) a, = — mi (m? — 22) (m — 42). 


Cos (m sinc! x) = 1 E + Ja 


S A SA E 
Here if we substitute sin 0 for x, we get 
29%). 
cos n0 = 1 —2 sin? 0 + sing 9 


p (m2 — 2) (mè — 4) (mè — 6) nog 
= "61 a 
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Exercises XXXI. 


l. Using Maclaurin’s Theorem, expand the follow; 
functions :— 


1 

(1) tan x. (6) esinx, | 
(2) @ cos x. (7) ex sin x. 
(3) sec x. (8) cos x cosh x. |: 
(4) & sec x. (9) sin x sinh x. 
(5) log (1 + ex). (10) log sec x. 

2. Prove the following expansions :— | 

AZ 

(1) zotz =1 5 — Ba | 
(2) cos x sinh x RA Tab | 
(3) tan (x +3) =1 42r male dag. 


(4) log (1 + sina) =x -3 Tis 


(5) log (1 + x + a2) Tis - 2g la. | 


3. Verify the following expansions of functions :-- 
(1) sin (x + a) = sin a +x cosa 
— Gin a — E cose 1 
(2) tan (x+ a) — tana +x sec? a +- x3 sect a tana d 
G) en? (la) F450 hap an. 
4. Show that 


sin (m sin! x) = my, — 2 L = 1) n. (m? — 1 (ri -9) 


— 2 (ot 19) (nt — 99) (017 
5. Show that 74 a: q 


paa 2x 22 
EE Aag BANG 
a is = t + a b agi + agi +... show) y 
(1) dose es | 


( FT) @ 2, ^ 


X 
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(2) ea sin”! x = 1 peg AD 5 


7. If ap is the coefficient of x2 in the expansion of ex sin x, 
show that 


| 

| sin E 
TATAE AE lx 

| ne pA HL em 

| 8. Show that 

| ez cos a cos (xsin ol) = 1 + x cos ol +2, cos 2al 

Xx 
| +3 008 3L s 


- 


9. Expand sin G + a) in a series of powers of 0. 
10. Ify = etan x = Gy +4,x + aax? +... , show that y satisfies 
| the linear differential equation 


(1-22) nta +{2 (n 4-1) x — 1) an +2 (n + 1) Ja 20 and 
Prove that (n + 2) Gnr2 + Nan = ni. (B.Sc. 5] T.U.) 


ll. Expand (i) 27» (ë) loge (1f sin a) in ascending 


sj Powers of x up to the term involving x‘. (B.E. 50 M.U.) 
k 12. Use Maclaurin's theorem to prove that 
| 7x cos nô 


dE a 
|j n! 
Where 72 — a? + b? and tan 0 = bla. (B.Sc. 53 Os.U.) 


13. If ay aM + ang xm Gap ant be three consecutive 
terms of the expansion of (1 — a) sin?! x in powers of x, prove 


ex cos bx = 1 + rx cos 0 +... + 


— 


jj that anta = 5 — | an : also that all even terms vanish, and that 


n42? 
| the ma a ME S 
| Cxpansion is x — y — 57 4 3.5.7" a 


{. 14. If Y =y (x) is defined by x = sin 0, y = cosh 20 for 

ME < 0 < m2, prove that yara = (1* + 4) Ja (n =0, 1, 2...) 

ere yn is the derivative of y With respect to x at x = 0. — : 
Hence expand y in ascending powers o£ x. [B.A. (Hons.) 59]. 
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CHAPTER VIII i 
| 


PARTIAL DIFFERENTIATION, ERRORS AND 
APPROXIMATIONS 


$341. We have considered till now only functions ofc 
variable but we come across functions involving more thant 
variable. For example, the area of a rectangle is a function 
two variables, the length and the breadth of the rectangle. 


If u be a function of two variables x and y, let us asu 


N the functional relation as u = f (x, y). Here x alone or y ali 


or both x any y simultaneously may be varied and in each 6 
a change in the value of u will result. Generally the chang! 
the value of u will be different in each of these three cases. Y 
x and y are independent, x may be supposed to vary wht 
remains constant or the reverse. 

The derivative of u with respect to x when x varies € 
J remains constant is called the partial derivative of u with ref 


to x and is denoted by the symbol z We may then write 


du na LE As») — F (s 9) 

0X a0 Ax E 

; Similarly, when x remains constant and y varies, the p” 
derivative of u with respect to y is 

w u LIPA) — lx») 

dI  Ax0 Ay à 


du. y Ü 
Sx a also written x Jf (x; y) or df 


Similarly, Y j itten 2 
1 id y 25 is also d. SF (5, y) or CA 
Successive partial derivatives. 


DS 
Consider the function y — J (x, 9). Then in general ae 


are functions of both x an «ated of 
i and H tiated Y; 
with respect to either a YI may be differen FOG bang 


f the ind p ving! 
to successive partial d Independent variables thus gv% 


erivatives. a ary’ 
we denote the results by ives. Regarding x alone as V^] 


du atu du 
3x2? 2:3 Ye sea To 


3 
Sy Oe 2 SE The partial differential coefficient of 
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or when y alone varies, 
du Yu dru 
2j? 39" ...... HS 
If we differentiate u with respect to x regarding y as constant 


and then this result is differentiated with respect to y regarding x as 
constant, we obtain 


: 2 

2 (5) which we denote by n = 

Similarly, if we differentiate u twice with respect to x and 
then once with respect to y, the result is denoted by the symbol 
Qu 


9) 
du 
0x 0» 
Generally, in the ordinary functions which we come across 
du Ye 
DID DDI 
" $342. Function of function rule. This rule is very 
"useful in partial differentiation. 
Let z be a function of u where u is a function of two 
independent variables x and yA 
dz dzu dz dz du 
Then APT daga 33^ diy 
Let x and y receive arbitrary increments Ax and Ay and let 
the Corresponding increments in u and z be Aw and Az 
Tespectively, 


Then A£, Az At 
Ax Au Ax 
Proceeding to the limit when Ax-> 0, 
bz _ de du 
dx du dx E 
(Note that the straight * d* js used in E as zis a function of 


ou 


Only one variable u while the curved “9” is used in x OS 


with respect to x 


<onsidering y as a constant is denoted by 


A function of two independent variables.) 
Similarly the other result follows. 
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Examples. 
"Ex. 1. Find the partial differential coefficients of 
u = sin (ax + by + 62). 
ge = a cos (ax + by + cz). 
d = b cos (ax + by + cz). 
du 
94 


= c cos (ax + by + cz). 
Ex. 2. Ifu— 
x 


z y show that 


(x »)»—: » 


Qu = ——— e A —————— 


T (x t»? @ +2)" 


Ç 2 
Similarly ae SG TI 


du, do PAY xv 
anG [zr EET 


Ex. 3. Ifu = tan E L^ prove that 


3 


à z +) => sin 2u. (B.Sc. 46 M ; B.A. 5l 
tan u È aris 


x — 
Differentiating w.r.t. x alone, T 
sect y DL. (E =) 338 — (x4 +9) 
0% (x —3)? 
n 2 — 93$) — ya 
@-yp 
Similarly, sect u 24 #2 39 — 2) 
9) EH — 
S sec? y dU du + y x 


MO E 
(s —») 3 
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Ex. 4. If V = (x? +3 + 22)21/5, show that 
eM , 2V , V 
Pra tata > =0, (B.Sc. 46 M) 
Differentiating V with respect to x alone, we get 
BF = NS tot e) as 
=a (P+ H TAR 


Differentiating once again with respect to x alone, 


A = 2. (3 - 93 + 22)-52 2x — (233 25-35 
— 2x8 — 9 — 28 
PAP FIT 
29 Aa 
Similarly = ome T zu 


MV AR 
di (p p m 
A ory 
C TTA T 
(V is said to satisfy Laplace's Equation.) 
Ex. 5. Illustrate the theorem that 
òu ns òu 
dx. dy DJ. OF 


=0. 


Sr» 
2 
(B.A. 50 M) 


when u is equal to log 


a : Ç 
u = log = +2 = log (27495) — log x —logy. 


du. 2x 1 
2 aot 
AE DE 
5x RU sen ==) EA 
S Qu 2y E 
dy xil » 
LET ded o) 
Ox. dy ox E (3 rf 
Ra? DAMEN 
3p ox Ok OF 
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Exercises XXXII. 
l. Ifu =log (3 + + 23 — 32), show that 
Qu, yu + Qu — 3 


TAB YARE TEA 


2. Ifu —log (tan x + tan y + tan z), show that 
sin 2, 2^ + sin 92^ + sin 242" L2. 
ox dI oz 
3. Ifu = (y — z) (2-1) (x-9), show that 
d L 80 Oe = 
£ MU YET o. 
4. Ifu —sin E +) 3! show that 
x+y 
du ye ty Spy 
5A S cos (E) 
T Tet > x —J 3/2 
5. Given that u = tan! 6 res) , prove that 
du ue 
x. 3x TJ uu 
6. If 4-565 —5) x —y, prove that 
az dz 


Ay IT et — y 


E 7. Ifu = sin”! v T Y , show that 
du zu 
ox x 07 


5) (B.A. 49 
2) u = xsi ins. A, 50) 
cet In y +y sina ee Br 
(4) u = log { x tan-1 (G La }. S Tali 


pul bA). 
EON du L 

a 03-92 3.3 C^ YEE YG 
nc It Y = log r where G = (x — a)? + (y H 
/ X — a) and rms i not simultaneously zero, prove E 
Sa T a= (B.A. 49 M ; BAY 


Ky 
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11. Ifu 2 a)? + (9 — t (eo 


du 2: 2 
prove that gat 3 rt = a =0. Z (B.Sc. 56 M) 
12. If f(x, 9) = log Va? + 9%, find the value of 
à 
KETER (BA. Sub. 52) 
Ng: If u = sint VP prove that 
Í y Qu du 
Z TI 3 tan u (B.Sc. 52 M) 
14. If z = 3xy — 9? + ( AE 2x)3/2, show that 
dez vez diz 2 
E = i DE (B.A. Sub. 50) 
15. If —log (22934 a prove that 
du Anda deu +? diu 2 
wT a ad E 
16. Ifz = tan (y + ax) + (y — ax)3/3, find the value of 
A 2 2 
- Ga a (B.A. Sub. 52) 
17. If p3 = = (x — a)? + (y —b)? + (z—2* prove that 
dr ar or 


ga typt ga 
18. If V =e% cos (a log 7), show that 
dV 18V l0" _ 
ar rw taga =o 
19. If72— 2 + 73, prove that 


EET 


20. Ifu = sin-12 Pu tan-12, show that 
SEB 


„du ^w E 
ru ce 
21. Ify = ey, show that 


ib) «(6)] 


22, If u = sin-i (= +s , Show that 
LE hg 


ES n aya And 


xou L Ou i ES me 5n 


=e, 
^ a E 
S A 
- CC-0. Bhagavad Ramanuja National Research bie, Melukote Collection. | S ia 
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j 
23. If u=tan- 2 , verify that 


du _ Pu BB 
CES ox BEY DJ. 04.0 
a aa B.Sc. 53 Ost 
(0) pati =o (Bs 
we If yx yy 22 = c, show that when x = y = 2, | 
‘ ae a B.Sc. 51 TI 
rie (x log ex). (B.Sc. | 
25. Ifz =x tant? + xex/Y, show that 
vz pz "Toc 
Ati y taga o: 
26. IfV — TE y prove that V satisfies ` 
PA A 
dat ET c 
Walk If z = f (x? + 72), show that 25 — y SE o. 
(B.Sc. 56 
28. If x =r cos 0, y =r sin 6, prove that 
9*0 — $*(logr) a? (log 7) 1 
TTY x T aR A — = cos 20. 
(B.Sc. 55 
nag Ifu =x? tani? -p tani 3, prove that 
Du g2 ASÍ 
ray AE (Ba 


If z = ex (x cos y — y si oe ee 
J J sin y), show that at 558 


32. If z= sin (x — y) + log (x + y), show that ae | 
(B.Sc. 65 


$343. Total differential coefficient. 


If u be a continuous functio 5 

f n of x and y and if x andy © 
zone en Ax and A y (which are Gal quite indep! ti 
"Then , u will receive in turn a small incremen ” 


Au — f(x + Ana + Ay) =J (3): 
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j 

| 

| This quantity Au is called the total increment of u. 

Au =f (st As» + A) —S (3) LA 

| fo FAJ) —f (9). 
Applying the theorem of mean value to each of the two 

J| “differences on the right-hand side, 

| J GAS NI) — f FAY) —fs' (1+0, Ax AJ) Az; 

| f 657 + A») —F (BI) =Sv (634 9a DI) ^» 

| where fx” and fy’ denote the partial differential coefficients with 

| respect to x and y respectively and where 0, and 9, are positive 


i 


fractions. 


Au — fx! (x0, Ax IFA) Ay! (03403 AI) NI. 
If x and y and therefore also u are continuous functions of 
‘some other variable 4 and if Ax, Ay and Au be the increments 


-of x, y and u due to an increment At of 1, dividing Au by At, 
“we get s 


A FF (x +0, Ay + AY) E Ty (+, 3 +0 Ay) A, 
Now let At +0. 


d ia d 
Then 5 = fr (WAFA GIG 


du is called the total differential of u. 
In the same way, if u = f(x,y, 2) and x, J, z are all 
functions of t, we get 


du du de | wu dy | du dz 
di yx di “dy dt oz dt 


"And Similarly if u = f (xy Xp ==" #n) where Xp Aga ee Xn 
| sare known functions of a variable t, we have the relation 
du du de jm da, Fa 
di da dt “ox d = òn de 
ax qu L 
Or du ma P bo RU ..... Pb n 
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s344. A special case. 


If u = f (+, y) where x and y are functions of t, we get 
du du dx , du dy 


| 
| 

da di ‘ay dr | 
If we take / to be x, we get u as a function of x and y, whereji 
a function of x. | 
Since a is now unity, this relation becomes | 


à mya d 
dx ax 3 dx 
we du du a TU 
The quantities T and y, are quite distinct. For exampk 


let u = x? + 2xy +7? and let y be a function of x. 


au icem 
Then 3x 2x +27; SPINA LAN: 


. du . dy 
: He ty + x TSH 


d k 
and the value of F will depend on the relation between x and) 


5345. Implicit functions. 


If the relation between x and y be given in the form f (z,J) S 
where c is a constant, then the total differential coefficient 


respect to x is zero, since the differential coefficient of a cons 
is zero ; hence 


o= f dy 

x ay dx 
af 
dw 
9) 


This gives an alternative method of finding the differen! 


coefficient of y with respect to x "ool 
i when n imp 
function of x. J is given as a E 


Examples. a 
Ex. l. Find% wh TP 
dj Where u ELA YA 28 x ot y=" 1 

and z = et cos L E 
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d ox dt yy d © yz d 
= 2xet + 2y (et sin L + et cos 0 j 
+ 2z (et cos — et sin £) 
= 2et (x + » sint + » cos t + Z cos ¿ — z sin t) 
= 2et (et + et sin? ¢ + et sin £ cos t + et cos? t 
, — e sin ¿cos t) 
= Qet . Qet isa 
= de, 
Ex. 2. Find ¥ when u = x? -- y2, where 


Pex" 


2 
? =x-3 
2, 20-3 


24x —1) 
— 


Ex. 3. If 23 + 3 = Baay, find 2 
x3 +,93 — 3axy = 0, ie, f(x») a0. 
oF L 332 — Say 
OF — 39 — Sax 
y” 
dy. 3a? - Say 
dx. 3p? — Sax 
: PA 
mE 


$345. Homogeneous functions. 
Let us consider the function 


j f 3 = aoxn + ayan y Hajna +4 m eel xr + Gp)”. 
Fan this expression the sum of the indices of the variables x and y 

N cach term is n. Such an expression is called a homogeneous | 

C--10 xt 
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function of degree n. This EROS can be written as follow) | 


Je Jela Ta a, Howe AnG 


=x2 X a function of 2 


a | 
= x0F (2): | 


Similarly, a homogeneous function of degree n consi 
m variables xj, xs; ..., Xm can be written as 


Xr Xr 
Euler’s Theorem 
If f (x, y) is a homogeneous function of degree n, then $ 
Y f. z= R 


This is known as y? s Theorem on homogeneous functio 
Let us assume that 
J (003) = ag xà GAY AYA... dy J? 


=ar (2). 
“ml 


In general ¡ 
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"| Example. 
Verify Euler's Theorem when u = 33 + J 4-2 3Yz. 
| E = 3x* + 3yz. 
LL 
| a7 = 3y | + 32x. 
i a a 
U dz = 32? + 3xy. 
|. „òu L 
DEE TE +z% = = x (3x* + 372) + (37° + 32x) 
+ 2 (32° + 3x) 


= Su. 
$346. Partial derivativos of a function of two 
functions. 
Let V =F (u, v) where u =f (s, y), 0 —fi (x, J) and x, 9 
are independent variables. 
$ If we write V in the form F tf (x, J) fi (*% 9) }, we can 
oV 


obtain Sa? a by the ordinary rules of partial differentiation but 


it is usually done without substitution. 
By definition since x, y ave independent, 


| Y pa IV gy SR 
| 7 359 (1) 
| V is a function of x and y. 
3 du Qu y l 2 
a : Que pee nE o (2) 
visa function ofx and y. 
` do Pas + Oey @) 
Visa a of u di v. 
a-MaaMa | 4 
» ran the values of du and do from (2) and (3) in (4), - 
dV = El: du + +H) +5 C- Bi +X 29) 
QV Qu AT Do dr du LA de AA 
Adu Ce 37T do Ex) d El ala 
2 
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Comparing (1) and (5), we get : | 
VV am, wW do . | 
as du ax | au Ox | 
FW A Qu dV an | 
ay M Iy 22 IF | 

These mala may be expressed by saying that the K 

| 


d du [14 0 ^ 
= è re equivalent. 
> and Ko 531259 5) q 


#7 _2 (2) 


ana doa NOV 

"erit GE) 
ay. 
oo) 


du LI T. a 
ax du E x 
In this way, it is possible to express higher 
derivatives. 
Examples. 
Ex. 1. 


If z= f (x, y) and x — r cos 0, y =r st 


Gok TN: C OE (B.Sc. 3l 


a S 

ORE or .3z 20 

9) ar Y REY] dy 

* =r cos 0. 

dx 

ar 0056; 39 =.— r sin O. 
J=rsin 6 
Un; 38 =7 cos 0 


Hence % — az dx, dz ay 
97 dx ar à» dr. 

= az az 

cos 0 yaar sin 9 95 
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dz azax, az dy 
and kes CUS 
39 axad a 


AA 
(+0) -C 


2 
Ex. 2. Transform Hy into polar coordinates. 


ox x3 
(B.Sc. 45 M) 
We have x = 7 cos 0, y =r sin 0 


and r* = x? LR. tan @ z2, 


Y _9, or ox _ 
ars pi NG E mal 
; and.sec? @ 90 STAND S 39... 11T 
dx xv CT n ong 
Wo LM dr ay 30 X V sin 99V 
ax ar ax ' a6 ax — ^ar TUT NOO. 
Thus -? = cos 9 è sind a 
dx d r 00 
. 3V. afar 
da? Tax =) 
bi 92 sin 0 3 . sin 99V 
xi niodo Gay “r 90 
scope POP 
= COS 05 ( or - 20 
sin Ó ò cos 9 Y — sin 99V 
nz r 20 SE or 30) 
: — cos 8 Scos 9 PY dat PV, sin Bak 
epis. [eo ar? r oroü r 30 


sin 6 aF eV 
CE sin 0 — x o oor 


_cos 00V — sin 0 BEL 
Tr 106 r aPN 
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= 2 sin? ( 
eV ay _ 2 sin 0 cos 6 av et n 
a = cost 6 ry ar? T or sao T Ñ 
sin? Har 2 sin 0 E 
Dope r or y i 
SVO JV 


assuming that —— “ar TE ETA 


To get > we note that we change 0 in 2 to 3 — 6. 


2 2 maba, 
EBS SITE > 


Similarly, 2 


5- 6. This ag 


er. aP , 2sin 8 cos 8 3V , cos 03V 
a hat rad TR aB 
cos? 03V 9 sin 0cosf? 


> r or ri 
LONE V SY 1V, lev 
ax? yy” ar? r390 rw 
Exercises XXXIII. 
ETUR 

1. Find Fin the following cases :— 

(1) u = log (x + y + 2) where-x = cos t, y =sin*! 

z= 

(2) u = xyz where x =e y set sin? t, z = sinh 

(3) u = PS where x = 13, J=, zz 

(4) Eu = sin (9?) «log y =e (B.Sc. 4I! 

2. Find 


gm the following cases :-- 
(1) u — 2! E ya + at where x? 4 53 = a. 
(2) u = tan (2) e 


(3) u = 3333 where x2 — xy +3 = 
(4) u =x log (xy) where qe — ag =0; 
(5) u = 


sin (x + 52) where a=: 3 
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3. Find Y if x and y are related as follows :-- 
(a) y? = 4ax. 
xt. y 
(b) a + =l- 
(6) 9 = c. 
(d) ax? + 2hxy + by? + 2gx + 2fy +6 — 0. 
(e) (x — a)? + (y — b)? =r. 
(f) J =b tana f + tan 2 ' (B.Sc. 51 M) 
4. Verify Euler’s theorem on Homogeneous functions in 
the case of the DE functions :— 
(1) u = 3$ — 235 + Bay? 4 y). 
|a (xt — ys 
a E 
emisit fl 
(3) u =sin € +) E 
3. Ifu — f (x, y) =F (r, 0) wherex =rcos 0, y = rsin 0, 
«4 prove that 
s du m du du du NA Qu PULA 
Te Pax Uy = tty 
(B.Sc. 52 M) 
6. If z be a function of x and y and x= Le”, 
Y = € — ev, then prove that 
i 92 | dz m LE 
she S 
7. (1) Ifu = f(x — H — Z, 2 — x), show that 
dug da ou yr eo (B.Sc. 45 M) 
(2) Ifu = G —3) + E — z) + (z —x)* show that 
lu , du , du Sc. 47 
da o Tag 7 (Doe Ed 
8. Ify IG 2) prove that 
PALA D n aL 
* 3x +) Jy HE oz Pic 
9. If V — f (x, y) ER dr ^ro 2m prove that : 
(1) uyd -2(8 poet; 
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SY L a E 1 eV oe” 
(2) za T zm (2 + 4 (02 +0) ye “ye )' 

10. If zisa eed of x and y and if x =u —0, ) =t 
prove that 
35 de, 


(1) (u +) ames nier. 


az 

@) w+) EE : 

ll. If z isa function of x and y and e sin v, y=8% CN) _ 
prove that 


| 
| 
| 


(2) M AÚN (sino be -]- cos ost), 


12. ee a — Y sina, y=Xsin a + Y cosa; 
that if u is any function of x and y, ; 


Qu u ou atu 1 

z Taya 7 ynt3ye (B.Sc. 5214 

13. If y=f(x, 3) ;z=¢ (x, 9), evaluate 2 in terms of 
partial derivatives of f and $. 


14. Tu —f(t) and v —4 (1) where t =f (x, y), prove 
du ov du du 


KATY 0 E 
15. TV = (1 — 237 +33), show that i 

d y 

Ua Zy and 
L | dr 

B a d ko pb 

dx )àx t3 L DI 1 

(B.Sc. 51 


17. If up 
v X gg, show that 


So mdp 19 o, ps] 
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ERRORS AND APPROXIMATIONS 
$ 351. Small corrections. 
tj In practice, all measurements are subject to errors and it is 


| therefore of importance to find the total effect of small errors in 
the observed values of the several variables, on a quantity which 
depends on these variables. : 
| Let a quantity x be determined by measurements and y be 
| a function of x; i.e., y = JS (x). Suppose the value of x given by the 
y| measurement differs from .its true value by Ax ;: then the true 
| value of y is f(x + Ax) and the error A Jis 
Ay =f (= + Ax) —f 0) 
| = f' (x + 0Ax) Ax where0 0< 1 
j (By Mean Value Theorem) 
. =J' (x) Ax approximately [as f' (x) is continuous] 
neglecting 0 Ax as very small, since Ax is small and 0 is a positive 
V fraction. _ 
This result can be derived by the following method also. 
r If y = f (x) and if Ax, Ay be simultaneous increments in 


1 
| 
| 
] 
| 
| 


T x and y, the limiting value of the ratio A, when Ax is indefi- 
h nitely diminished is, by definition, f" (x). 


Hence AI — f^ (x) 4 e where «is an ultimately vanishing 


E quantity. 


o. Ay =f" (x) Ax + © Ax. 
As Ax approaches the value zero, the second term on the right- 
hand side becomes more and more insignificant compared with 
the first, since the limiting value of e is zero. Hence it becomes 
more and more nearly true that 
Ay = f (x) Ax. : í 
Ax is called the absolute error in x; the relative error in x 
gs Ar and percentage error is Az . 100. Thus if an error of *1* 
1: committed in measuring a length of 5”, the absolute error 


1.5715, the relative error is ‘02 and the percentage error is 2. 


$352. Increments and differentials. in 
So far we have spoken of the differential coefficient 7. and 


= 


qe d. 
[ m that notation, we have insisted upon the fact that 2 is an operator | 
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and that dx and dy are not separate entities. But, for convenien 
it is often necessary to assign separate meanings to dx andi 
Thus we are led to the notion of differentials. 

Definition. dx and dy are said to be differentials in x ani 
if they be any two small quantities such that the ratio of dy tj 
is the derivative 2 o 

3 ‘ 
It must be emphasised in this connection that when we spi! 


of the derivative? , the idea of quotient is absent and hatt 


~ 


| 
| 
| 


derivative represents a certain limit process. | 
In other words, the differential relation is 


rd. 
| | dy — dx. (derivative 2) — dx. f' (x) 
where y = f (x). 


The differentials dx and dy are to be distinguished If 
the increments Ax and A J. In fact, we have seen above Ý 
AJ = f" (x) Ax 


is only an approximate relation while (1) represents an 


——: 


relation. 
The distinction between 
best be illustrated graphically. 


Let P be any point (x 
9) on the curve y = f (x) and 
D ned + As, J Aj) on the curve (vide Fig. 21). Draw 
QN the ordinates at P and Qand draw PR parallel to Oz. 


MN = Ax = PR and Ay =RQ; SLY 
AK 


When 0-5 P along th D 
tangent PL meeting NG at pP the chord QP becom 


differentials and increments 


ZQPR — Y, the inclination of the tangent to Ox. — 
Tan Y = Lt AJ ES dy 3 E 
A30 AR T de "ih 

LR =PR t nad > E 
mg = Ar Z Ax PG). «t: de 


Let dx and d; : qe (s 
(by definition), ^ ema in x and y so that dy cf 


Jj 
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1 
| 
| 
v If we choose to set dx — Ax, then dy is given by 
| f' (a) Ar — LR. 

But A ), the increment in y, is RQ. 


| dj — Ay = RQ — RL = LQ, which tends to zero as 
| Q, approaches P. 

| Examples. 

| Ex. 1. The time 7 of a complete oscillation of a simple 


g is a constant. Find the approximate error in the calculated 
value of T corresponding to an error of 2 per cent. in the value ofl. 
i (B.A. Sub. 37) 


T=% f". 
8 


| pendulum of length / is given by the equation T = 2r y : where 


K Equating the differential on both sides after taking logarithms 
b on both sides, we get 
log T = log (2m) + + log (1) — 3log (8). (1) 
dT dl 
soper 


The error relation is ng = ie (approximately). 
Error in the value of l is 2 per cent. 


At, 100 — 2. 


n AT x 100 =p x 100-3 x2=1. > 


The Percentage error in the calculated value of Tis 1. 

Ex. 2. ABCD is a regular protractor in which 4B —6 inches, 
i: Cer 2 inches and O is the mid-point of AB. An angle BOP is 
indicated bya mark P on the edge CD. If in setting an angle 
49 degrees, a mark is made = of an inch along the edge from the 


| . 9sin?9 
4 rect spot, show that the error in thc angle is 95 degrees 


|| aPproxim ately, . (BA. Sub. 46) ; x 
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Then 02 — 3 — x. 


A 6€ 0G 8 


Fig. 16 
| 
| 


| 
Let PC be x ins. From P draw PQ, perpendicular E 
| 


RL l p 
; tan 0 = 00 3—x 
Taking differentials on both sides, 
2 
eee X = 
sec” 0 d0 Gx 
but (3 —x) =2 cot 0. 
2 
2 0 d9 = 

sec” 0 d0 Zoo 9 

SOO Wit 


dx 


Replacing the differentials dx and d by the i 
| [ e increment 
and A respectively, we have the A eor relation 
3 sin? Y 
2.é., NO E Ax. 
2 
At = ali and 01 i i 
100 A0 is measured in radians. 
0 . sin? 0 1 .,180 
A6——. X jg X degrees 
_ 9 sin* 0 d 
: = Toe degrees. 
X. 3. The angle C of a trian i 
gle ABC is found b 
C ME pe Hi degrees and the area is calculat 
area due to an error of | 10’ ne percentage error in the cal 
Let S be the area of th 
Then S =4 ab sin C. 
ae logarithms on both sides, we get 
freee ac log 2+ log a + log b + log sin C. 
g the differentials on both sides, we get 


dS 
y = cot G dG 
since there is i 
no error in the measurements of a and b. 


in the measured value of C. 
€ triangle. 


zB 
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The error rclation is AS = cot C AG a i 1 
S pproximately. 
Percentage error in S = = 100 
— cot C X AC x 100.. 
It is given that AC — 10' =à x 188 radians. 
cot 47° X r. 
Percentage error —-76x180 * 100 
Sr o 
= 54 cot 47°. 


$353. Approximations in the case of two or more 
variables. . 
Let u be a function of x and y. 
u =f (x, y). 

If x and y are functions of t, we get 

du _ Qu dx, du dy 

di” jd T gy dr 
Hence this theorem may be written in the form 


_ (2 au 
Au = (E ) as) T (5t AJ; 
Where ¢ and 7 are very small! 
This result can be expressed as 


Au = 2 - Ax +% . AJ approximately 


since e Ax and are insignificant compared with the other 
terms id. so thee oe can be discarded! 
Examples. Et. 
Ex. 1. If the radius 7 of a sphere is found by weighing it in 

air and in water, prove that the relative error due to small errors in 
th "E: . Ar AW, — AW: ns a 

= Weighings ist ==3 19. W) W, = Wy where Wi 2 
Weights in air and water respectively. 

: W, - W, = Weight of water displaced 


= S a> X wt. per unit volume of water 


= gere, where c is the weight per unit volume. 


log (W, — Wa) — log G~) +3 logr. 
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1 
dr d d d 7 
3- =W, log (W, — Wa) dW, +, log (W, — W,) dh 


d W, dW, 


Taking differentials on both sides, we get 


. . Ar A W, —' AW. 
MT l Ar AM 7 AW 
he error relation is S 3 (W, Wo 
Ex. 2. The torsional rigidity of a length of a wire is obtait 
8 Il 


l 
A 
A 
| 
A 
A 


from the formula N — quic l!is decreased by 2%, r incra 

by 2%, t increased by 1:595, show that the value of Ñi 

diminished by 13 % approximately. . (BA. Sub. $ 
Lis decreased by 2%. «+, a x 100 2 —2. 


ris increased by 2%. -. A x 100 =2, 


tis increased by 1:5 %, -. Af x 100 => 
pe H 
= BA 


Taking logarithms on both sides, we get 
log N = log (87.1) + log 1 — 2 log t — 4logr: 
Taking differentials on both sides, we get 
aN A 2d 4 dr 


r 


The approximate error r 
the differentials by the corr 


A 


elation is got by replacing cach 
sponding increment. | 


N j 
. & x 100 = A 100 A 100 481109 - Ha 
7 227 
=+2-3_8 1 
SG di 


+. The value of N is diminished by 13 9%. E 


s EE S The area of a triangle ABC is determined fon : 
© a and the two angles Band G, If there are small er” 
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the values of B and C, show that the resulting error in the 
| calculated value of the area will be 3 (b? AG + AB). 
(B.A. 38 M) 
S —labsnCand “=! _ 4 
2 sn 4 sinB sin” 
sal sinB.sinG 
2 sm A ` 
log $ = log (3 a?) + log sin B + log sin C — log sin A. 
Equating the differentials on both sides, 
d$  cosB cos C cos A 


$ Tm tae" "mat 

Since A +B +G = 180°, .. dd +dB AG —0. 
d$ cosB cos C cos A sig 
$ mb tc tma Ee) 


e COS 1)8 (Eet mayad 


sin B + sin 4 
. sin (A + B) sin (A +C) 40 


7 sin 4 sin BY? + sn 4960 
Since s mg pa MANG Qa snis d 
vcr ie, dS =} (dB + b dO). 


Error is given by AS = 3 (c? AB + b? AC). 
Ex. 4. Express S the area of a triangle ABC as a function 
; of a, b, c and establish the formula M 
y dS = R (cos A da + cos B db + cos G de). 
g< VTR, 

7. log S = 3 log s + } log (s—a) + Hog (5—5) + #log (s—9) 

= i log (a+ b +0) +4 log (b +e — a) 

+ flog (c + a — b) +4 log (a +6 — c) — 2log 2. 
Taking differentials on both sides; Es 


<== 1 1 1 1 Ka al 1 
i73: Rie) 
ms PAg] 1 1 

DEN laren rey es) 


a 


s —a s— 


ll 


bira 


1 Si oy ; 
aaa 
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1 os (s— a) (s —4) (6-0) al 
AATE O] 628) (5-0) aida ; 


—1lys(6+e—a)—be | 
kai - a da | 
l4 (a+b +c) (b +c — a) — 2bc a 
CABE aaa LA 15 
1b 0 
=72 -teo ada i 
_ l c 2bccos A . a da | 
24% 389 Iw 
Lab 
—g 3 cos A da. : 
. b x ) 1 | 
~- dS = IT (cos Ada + cos B db + cos C de) d 
= R (cos A da + cos B db + cosCde). Ç 
^ The error AS = R 3 cos A Aa approximately. 
Exercises XXXIY. E 


l. An electric current is measured by a :tangent 
meter, the current being proportional to the tangent of they 
of deflection. If the deflection is read as 45° and an emi 
one per cent. is made in reading it, find approximate! 
percentage of error in the computed value of the current. ^ 

EOM E | (BA. $ 

i ; pressure p and the volume v of a gas are con 
by the relation fol = constant. Find the percentage ino, 
in the pressure corresponding to a diminution of 3 per ti, 
the volume, ; (B.Sc. 3 
Ng 2 Sub angle A of a triangle ABC is found by mea T i 
d Ud and the area is calculated by the Wi 

n 4. Find the percentage error in the calculated valued 
area, due to an error of 15 minutes in the measured value 

S l A. 37 & Ndi 
4. 1£0 be determined from v and v um 5 the fu. 


A 
Dea 


E | D 
$ = © (A, p being constants), show that the percig 


error in @ is nearly doubl de FE 
provided the error is small. ME percentage sr 4 
5. Ina tangent galvanometer the tangent of the anG [s 


deflection is Proportional to the current. Prove that the Y 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. . 
"a 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


ERRORS AND APPROXIMATIONS 161 


error in the inferred value of the current due to a given error 


| of reading is least when the deflection is 45°. (B.A. Sub. 37) 


74 S 
6. The formula 7, = ¿M0 gives the ratio of the tensions in 


| 
ja belt passing round a pulley, when the belt is on the point of 
slipping, @ being measured in radians ; if M = 0:3 and the error 


in 0 = 4°, find the percentage of error in a (B.A. Sub. 35) 
2 


1 
| 7. AB is a vertical pole and CD a horizontal line which 
{when produced passes through B the foot of the pole. The 
tangents of the angles of elevation at C and D of the top of the 
pole are found to be $ and Z respectively. If CD is 35 ft., 
[Prove that an error of one minute in the determination of the 
nun of D will cause an error of approximately one inch in. 
the calculated height of the pole. (B.A. 38 M) 
8. If q is calculated from the formula q = ih, show 
a small percentage error in r is four times as serious as the 
pime percentage error in h. ; (A.U. 59) 
d. 9. The area of a triangle is calculated from the angles 
ri and C and the side 6. If a small error 84 is made in 
ane A, show that the percentage error in the area is 
@Pproximatel 100 sinG — 
T Y sin A sin (A + C) e 
ON ad: The base angles of a triangle are measured and found 
€ 67° and 82° and the base is found to be 32:4". If the 
ba in the length of the base docs not exceed 0:1 inch, what 
© upper limit to the percentage of error in the area ? 
ll. The work that must be done to propel a ship of 


fi Placement D for a distance S in time ¢ is proportional to 


that 


Estimate roughly the percentage increase of work 
jl cessary When the distance is increased by 1%, the time is 


f, a shed by 1 % and the displacement of the ship is diminished 

ue (B.A. Sub. 50) 
treater If pu? = k and if the maximum relative error in p be not 
ithat S than 0:05 and that in v not greater than 0:025, show 
d © error in kmayrange up to 10 percent. (B.Sc. 47 M) 
In measuring two sides of a triangle which include an 


an 1 o" 
y 3e P ; One side is found to be 27 inches with a possible. 
5 C~ l K ^ 
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error of 0:10 inch and the other 13 inches with a possible er 
of 0-05 inch. What is the approximate mu on the K 

i in the area of the triangle due to the erron 
possible error. in the BA. 3] 


| 


measuring the sides ? 
| Bt : . SINK ^ je 
14. If the refractive index p of the medium is su andifi 


error e in the measurement of x is double the error in: 
measurement of y, find the error in calculating p in term) 
27 € (B.A. E 
15. The perpendicular distance x of a point P from af! 
line AB is calculatad from the length of AB (= a) and the s 
PAB (= d.) and PBA (= B). Prove that 
xsin (d. + $) = asin J sin B 
and show how to find the error in x due to small errors it! 
measurement of a, ol and f. | 
If A =f = 60°, find the percentage error in x due ; 
error of + 1^ in cach of the measured values of 4, and f. | 
(B.Sc. SH 
16. The dimensions of a cone are: radius 4 inches 
altitude 6 inches. What is the error in the calculation d 
volume of the cone if there is a shortage of 0'01 inch pt 
in the measure used ? (B.A. Sub. 52 ; B.Sc.” ' 
17. The weight of copper w deposited in 4 second , 
a current ¢ passing through copper sulphate is w = cte, wher) ; 
electrochemical equivalent of copper. If the current 4; 


read to a %, the weight to b Y, the time to c %, find the P^ 
percentage error in calculating e. (BA. Sub: 


18. (a) Two sides and the included angle of a E 
measured as 80", 40" and 60? with possible errors of “001 | 
and 1 minute respectively. Find the largest possible ^j 
the length of the third side as calculated from the observes ; 

A. 


4 ^ 
Ted (b) In measuring each of the elements b, 6 Adi 
as 5", 3” and 35°, there is known to be an error not exc pi 
the second decimal place. Find an approximation to them”; 
possible error involved in estimating the side a in inci 
measurements. To what place of decimals is your appro“ AR 


en 
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| 19. E If the density s of a body be inferred from its weights w, 
w, in air and water respectively, the proportional error due to 
small errors dw, dw, in these weighings is: 


às Uy bw ow, 

s .W-W W-wW, 
; a The focal length of a mirror is given by the formula 
2 
Bani mf: If equal errors 8 are made in the determinations 


| of u and v, show that the relative'error y. in the focal length is 
D. PET i on 

given by 8 (em) IW (B.A. 39 M) 

21. The resistance of a circuit was found by using the 

f Migbo Mita a i 

formula C= ri If there is a possible error of F ampere in read- 
: 1 : : 
ing C and 20 volt in reading E, what is the possible error in R if 


N the readings are C = 18 amperes and E — 110 volts ? What is 
j the maximum percentage error ? og 

22. If the deflection at the centre of an iron rod of length l 
y and diameter d supported at its ends and loaded at the centre 
i with a Weight w is known to be proportional to oe what is the 
i| S 
di 
X 


D 


na 


Re entage increasc in the deflection if the load w is increased 
Y 3 %, the length by 14 % and the diameter by 1 % ? 

- Ie. . (B.A. Sub. 41) 

23. The range Rof a projectile. which starts with a velocity v 


| at an elevation . is given by R= manda, Find the per- 


By age error in R due to an error of 1 % in v and an error of 
S R EE (B.A. Sub. 45 ; B.Sc. 51 T.U.) 


: 24. 100 " =T i g and the values of L and G differ 
] but Slightly from those of L and g, prove that 
a=! = > (= T LS a £) approximately. 
25. 15 ine eee (B.A. Sub. 47) 
Specific gravity of a Ibody is determined by the 


domua, A pp» where 4 is the weight of the body in air 
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i ight i i imately i| 

d W is the weight in water, what is approxima | 
MEAE error in s if A can beread within 0-01 1b. andi 
within 0°02 Ib., the actual readings being 4 = 9 lb., W —5 V 
What is the maximum relative error 7 (B.Sc. 32 Y 


96. The height of a cone is measured as 15 feet and ti 
slant height as 25 feet ; errors of 1 per cent are to be allowed: 
both thesc lengths. Find the possible error in the calcule 
volume. (B.Sc. 414 

27. Ifa triangle ABC beslightly varied but so as to rene 
inscribed in the same circle, prove that 

$a ôb Ser. Y 
PI aT a (B.A. 4 

98. If the area A of a triangle is calculated from mat 
ments of one side a and the adjacent angles B and C, show Ü 
the proportional error in the area, due to small errors is el 

$^ ED da, c 8B , b 3C 
A a'asnB asing 

29. If the three sides a, b,c of a triangle are measured! 
the angle A calculated, show that the error in A due t0 
small errors 8a, 5b, 8c in the sides is 


_ sinA 8a ob Se 
64 CE cotC y — cot B7 
(B.Sc. 3 


30. The area A of a triangle is calculated from the! 
of the sides a, b, c. If a be diminished and 6 increased H 
same small amount ol, prove that the consequent change K 
area is given by 
SA . 2(@-bA 
A Gla D 
31. If the sides a, b, c of a triangle ABC with fixed 
changed by 8a, 8b, 3c, show that 
da cos A + 8b cos B + êc cos C = 0. : 
92. The sides of an acute angled triangle ABG are ™ 
Prove that the increment in A due to small increments n^ 
is given by the equation ME 
~ Usi ASA = — a (cosC èb + cos B ôs da): d 
Supposing that the limits of error in the length of an 
Æ p per cent, where pis small, prove that the limits of m 
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| are approximately 

a pa 
+ 1:15 ( besa) degrees. 


33. The height h and the semi-vertical angle a of a cone 


¿| are measured and from them 4, the total area of the cone, includ- 


ing the base is calculated. If and a areTin error by small 
quantities 5h and 8o respectively, find the corresponding error in 


the area. Show further that if a = e an error of -+ 1 per cent. 


in k will be approximately compensated by an error of — 0:33? 
in a. 

34. The area S of a triangle is calculated from the lengths of 
the sides a, b, c. Prove that the error in S resulting from a small 
j error in the measurement of the side c is given by 

` Spl 1 1 1 
as =3|; tocat =s; =] aco 
where 2; =a +b +c. (B.Sc. 53 T.U.) 


35. The diameter of a circle is calculated from a segment of 
the circle by measuring the length a of the chord and the maxi- 
mum height b of the segment. If the measurements of a and 6 are 
slightly less than the actuals to an extent of p % in cach case, 


find the percentage error in the calculated value of the diameter. 
| (B.A. 54 M) 
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5 i L 
$361. The direction of the tangent. 
We have learned in Chapter IV, “Article 5 29:1 that 


- dy 
gradient of the tangent at (x, y) to the curve y =f (x) is Z a 


the gradient at any point of a curve is defined as the trigo 
metrical tangent of the angle which the geometrical tangent: 
the point makes with the positive direction of the x-axis. If k 
angle is negative, the gradient is negative ; if the tangenl! 


t 
parallel to the axis of x, the gradient is zero. 
Examples. 
Ex. l. Find the angle which the tangent at (2, 4) tot 
curve y —6 + x —2* makes with the x-axis. t 
dy A .. em , 
AT 1 — 2x. | 
At (2, 4), the valuc of E =-3 : | 
tan y = — 3." : 


Hence Y = 160° 34’ nearly. 
Ex. 2. What is the direction of the tangent at (2, 1) Y 
curve 2? + 53 = 9 ? 
Differentiating the €quation of the curve, we get 
Sx? + y? eU 


doa 
dx" 
At the point (2, 1), the value of 2 = — 4, 
The tangent at 
1 the x-axis. 


| If a curve passes through the orisi the 9 
| of that curve at the origin. vs aani Wwe Can ang 

3 K 
| (I) the parabola 98 m 4ax passes through the origin: — 
— Here 2 — 24 L 
dx J E 


(2, 1) makes an angle tan” (79 : 


CEN 
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The value of 7 at (0; 0) is infinity. 


tan Y =œ, ie, Y —«[2. 
i At the point (0, 0) the tangent is at right angles to the 
| x-axis, i.e., the y-axis is the tangent to the curve at the origin. 


| 
| 


: XR n NONG KOS 

| (2) For the curve y iman A Rae 
a dy 

- At the origin, the value of gn 

C Y = 0. : 

L The curve touches the x-axis at the origin. 

Rt 


(3) In a curve if the value of 2 at (0, 0) is. 1, then 


tan y —]1, ie, X =45", 
The tangent to the curve at the origin bisects the angle 
between the coordinate axes. 
Ex. 3. At which point on the curve J = — 12x + 18 is 
the tangent parallel to the x-axis ? 
J =x — 12x + 18. 


iH 


dy : 
d = 3x1? 192. 


| The tangent and the x-axis are parallel. 
SOY =0, ie, tan y — 0. / 

S035 — 1220 B 
| Le, k= + 9. 

The corresponding values of y are 2 and 34. 

The tangents at the points (2, 2), (— 2, 34) are parallel 

to the X-axis. 
Ex. 4. At which point is the tangent to the curve 
+3? — 5 parallel to the line 2x —y +6 — 0? 
Differentiating the equation of the curve, we get 


2x +342 = 0. 
d x 


= s 
== z 


d 3 
x 
At the point (#33), the gradient of the tangent = --5- 


The gradient of the line 2x —y H6 —0 is 2. 


x 
—-22, ie. x= — 2y. 
3 3 P) 
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Substituting this value in a? +9? = 5, we get 
PAP =5. 
Se gol. 
The corresponding values of x are — 2 and + 2. 
At the points (—2, 1), (2, — 1), the tangents to 
curve x? + y* = 5 are parallel to 2x — y + 6 = 0. 


$362. Equations of the tangent and normal at: 


"point of a curve. 


t 


| 
| 
| 
| 
| 
| 


| 
Let the equation of the curve be y =f (x) and the ox] 


nates of P be (x,, 7i). 


Since the tangent at P makes an angle @ with the x-axis! 


| 
| 
| 
| 


gradient of the line is tan 0. 


We have seen already that tan 0 — 3 at (24, yi). 


The value of Dat (#1, Ji) is usually denoted by (2) c 
1 


*. The equation of the tangent at P is 
J —J = tan 0 (x — zi) 


ie, J-NS (2). (x — 2). 


Fig. 17 


t any point is the straight lia 
d is at right angles to the ^^ 


The normal toa G y 

urve a 

passes through that point an 
the curve at that point... 


e 
= 


- 


| 
| 
| 
x: 
l 
]^ 
1 
| 
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Any line through the point (x, Ji) is 


Y — J, =m (x — xj). 3 
This will be perpendicular to the tangent to the curve if 


Hence the normal at (x,, y,) to the curve y =f (x) is 
: d 
O=) (Z), + 4-0-0. 
If the equation of the curve is given in the parametric form 
=f (0) and y — 4 (0) ; since 
dy dy. dx 
dx” do” db 
the equation of the tangent becomes 
39 (0) x —f(0) 
de 
; do d0 
and the equation of the normal becomes 
Sa MO) + {9-8} 7 =0 
If the equation of the curve is given in the form f (x,y) = 0, 
we can calculate 2 by differentiating the equation and then write 


down the equations of the tangent and normal at the point (z1, 73). 
Ex. 5. Find the cquation of the tangent to the curve 


6 
I = =~ at the point (2, 4). 


Differentiating the equation of the curve, we get 


de — 8 Gaye 
dy 10 
eine (2, 4) = "ale 


el The equation of he tangent to the curve is at (2, 4) is 
E L y We — 2) 


be 10x +9) —32 =0. 
Ex. 6. Find the equation of the tangent to the us 


+= = l at (x5 J1): 
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Differentiating the equation of the curve, we get | | 
| 


d ; b? x 
The value of 2 at (x5, 91) is — a p 


-~ The equation of the tangent at the point (x, J1) is 


Kb, 
JS I= ay, CG EN) | 


2 2 
ie, E + =} vA. 


Since the point (x,, y) lies on the ellipse, [E 
X 2 
ate i 


‘ The equation of the tangent at (x, y,) on the af 
ING, .OXX 
atp=ls L = 5 

Ex. 7. Find the points on the curve y = 34 — 68: 
1322 — 10x + 5 where the tangents are SEAT to y zh 
prove that two of these points have the same tangent. 


Let the tangent at the point (x,, y,) be parallel to J 7*1 
" = = 4x — 18x? + 96x — 10. 
€ gradient of the tangent at (x i 
Ru a 
ngent is parallel to y — | 
0 43! — 18,8 + 26x, — 10 z DOR 
L6, 2x9 — 9x2 + 13x,-6 =0 
te, (4 —1) (2x, — 3) (x,—2) = 0. 
“- 4 =I1 or $ or 2, 
orresponding to these values f the 
3, 5, 65/16. e T 
<. The points on the curve where the tangents are 
to y — 2x are (1, 3), (2, 5) and Ga A 
The equations of the tangent at these points are resP™ ; 
J—2x — 1 =0, y — 2 


—1=0 and y — 2x — ao 


At the two points (1, 3) and (2, 5), we have de] 


E 


ES 
x f 


tangent. 
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Ex. 8. Find the equation of the tangent at the point * 0? on 
the following curve :— 
x =4 (0 —sin 0) ; y =a (1 — cos 0). 
dy dy.dx _ asin9 0 
dx dé ~* dd —a(l —cos — y 
The equation of the tangent at “0” is 


J —a (1 — cos 0) = cot? {x — a (0 — sin £)). 


Simplifying, we get y — 2a = (x — a) cot 5 


Note. —The cquation to the tangent must in every case be 
simplified as much as possible. 
¡Exercises XXXV. 
l. Find the equations of the tangent and normal to each of 
¡the following curves at the points indicated :— 
j / fil 
(1) J m at (s 3) 
(2) x2 + 5y2 = 14 where y = 1. 
(3).» = a log sin x at (x, J1). 


7 


(4) x =sin t, y = cos 2t at t = c. 


(5) x =a sin? 4 y =a cosè? tat ‘t’. 
(6) 16x2 + 9y2 = 144 at (2, 44/5/83). (B.Sc. 60) 
2. If Pis the point (at, 2at) on the parabola y* = dax, 
Ow that the equations of the tangent and normal at P are 
J =F + at ; 3 + tx = 2at + ab. 
x If P is the point (a cos 0, b sin 0) on the ellipse: 
EI 
at fa = 1, find the equations of the tangent and normal to the 
> rve at P, 
4. Find the equations of the tangent and normal to the 


Ñ S 
.Furve 5? = r at the point (2, — 2). — (B.A. 41 M) 


5. Find the equations of the tangents drawn from the origin: 
the curve J= a — 935. (B.Sc. 42 T.U.) 
Show that the equation to the tangent at the point (a, b) 


Tm Gy nakat mene 
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20. 
7. At what point on the curve y =-~, 1$ the tangent pani 


to the linc y — 15 — 25x? : (B.A. Sub.’ : 
8. Find where the tangent is parallel to either coordr¡ 


axis for the curve y? = a* (2a — x). ja 


9. Prove that g +3 = 1 touches the curve y = beha ; 


point where the curve crosses the axis of y. (B.A. Hit 
10. Write down the equations of the tangent to thecis 
af + atay + by +c = at the point (h, k) on it. (B.A. Si] 
ll. Show that the curves y = 6 + x — 2%, y (x — 1) 25 
touch at the point (2, 4) and find the equation of the com] x 
tangent at that point. (B.A. Sub. 
12. Show that the curves y = x? + x + 1 and 2y =řt 
touch at the point (1, 3) and find the equation of the cot 
tangent there. (B.A. Suba 


J =3x2-+ 7x44 touch at the point (— 1, 0). Find aki 
equation of the common tangent. (B.A. Sul 
14. (a) Show that the tangents to the curve x3 +91] 
at the points where it meets the parabola y? = ax are p? 
the axis of y. (B.Sc. 50 M; BAI 
Show also that the tangents to the same curve?" 
points where it meets x? = ay are parallel to the axis of * 
(b) Prove that the tangents to xy (y? — x) =% 
points where it is cut by the parabola y? = 2x are parallel NS 
x-axis. Bs 
15. Prove that the equation of the normal at the lit 
(a cost 0, a sint 0) on the curve Vx + MW? LT 
16 (x cos? 0 — y sin? 0) = a (15 cos 98 + cos 60). (BA? 
16. If the normal to the curve x3/3 HPR = gi mi 
angle $ with the axis of X, show that its equal 
J co$ 0 — x sind = a cos 24. (B.Sc 
17. Find the equation of the tangent at any. point P 
Salita tae T innen aron Ng 
g ines OP. 0 
x-axis, show that tang = — Pio XE malag fse! 
18. Find the equation of the tangent to tO 
210 = 4 (x — 2a)? at the oint x = 382), J 
Show that this line is also n. Bo Ka za 
PAGA ormal to the parabola 7 Tag 


: 
i 


yu L atte £m 
"Pr 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. | 


e op i. ey V 
Funding: Tattva Heritage Foundation, Kolka tesk GST ME 


TANGENT AND NORMAL 173 


| 
| 
| 
E 19. Trace the curve y? = x (x — 1) (2 — x) and show that 
R the tangents at the points on the curve for which x =| -+ E 
ba parallel to the axis of x. (B.A. 38 M) 
E -20. Show that the tangents at the points where the st. line 
lax + hy = O meets the ellipse ax? + 2hxy + by? = 1 are parallel 
to the x-axis and that the tangents at the points where the 
G Straight line Ax - by — 0 meets the ellipse are parallel to the 
ji y-axis. (B.A. 37 M) 
1t| 21. Find the coordinates of the point on the curve 
Cx? -+ 19 = 2ax* at which the normal is parallel to the y-axis. 
L ; (B.Sc. 37M) 
dj 
E 
h.: 


pi again at the point G < 5): Prove also that the area of the 


22. Find the equation of the tangent to the curve y? = 


at the point (a, a) and show that this tangent meets the curve 


o" 
j triangle formed by the tangent and normal at (a, a) and the 


É line x = 2a is equal to 2, (B.A. 39 M) 


23. (a) Find the equation of the¡tangentat the point (am?, am?) 
jon the curve ay! = x3. 
The tangent at a point P on this.curve cuts the curve 
alagain at Q. Find the relation between the values of mat P 
mand Q. (B.A. Sub. 45) 
E (b) In the curve 2773 ==. find the equation of the 
fjtangent at the point P (12, 8) on the curve. Verify. that this 
li tangent again cuts the curve at the point Q (3, — 1). If O is 
the origin, find by integration the area enclosed by the arcs 
OP, OQ of the curve and line PQ. 
int: 1 ect to y. 
(Hint : Integrate with resp J jane 


id] 24. Show that the line joining P (2, 3) ony = Hg 


it and'Q (—1 2) on a 2 =0 is normal to both the 
3 J+ 5x 

iJ; Curves at P and Q respectively. (B.Sc. Sub. 33) 

25. Ifp =x cosa + y sin a touches the curve 


à um 7 a l, 
$| Prove that pa — (a M + (6 Gr 


2a — x: 
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96. The equation of a plane curve is y? t x* — Oxy Ll: 
and (x, Jı) isa point on the curve at which the tange 
parallel to the x-axis. Prove that at (x, Ji) the valu! 
d*y. 18 
dá 557 = xe (B.A. Y 

27. The tangent to the curve J? = x (2 — x)? at the pi 
(1, 1) cuts the curve at P. Find the equation of the tar 
at P. (B.Sc. Sub: 


28. Show that the curves y — 2 sin x — 4/3 andy == 


touch each other at the point G 0) Find the length di 


intercept made on the y-axis between the common tangent 
the common normal to the curves at this point. (B.A, Sub: 

29. Find the abscissa of the point on the curve ay =i 
the normal at which cuts off equal intercepts from the coord 


axes. (B.A. $: 
§ 36-3. The following examples will illustrate the p 
of the tangents and normals to the curves from their equatios 
Examples. 
Ex. 9. Show that the portion of ‘the tangent © 


Fig. 18: 
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The asymptotes ofthe rectangular hyperbola xy =? are the 
coordinate axes. 


Let the coordinates of the point P be (2, yy). 
Differentiating the equation of the curve xy = ct, we get 


Yi, . D 
#7 ty =0. “e 2--2 
The equation of the tangent to the curve at P is 
A AA ie, EYES 
J—A a (x ml LR: = gb» 2. 


Let this tangent meet the coordinate axes in L, K. 

Let the ordinate of P be MP. 

To find the point where the tangent at P meets the x-axis, 
put y = 0. 


n =, is, OL = 2x, =2 0M. 


1 " 
.. KL=2 KP. Hence P bisects KL. 
To find the point where the tangent at P meets the y-axis, 


B putz = 0. o. 5 =2. -.OK=2y. 


1 
Area of the triangle KOL = 3 OX . OL 
= 4. 2y,. 2x; 
= 2x; J; 
= 2c, 
The area of the triangle KOZ does not depend on the 
Position of P on the curve. 
Ex. 10. Show that for the hypocycloid x% +y% = a% 
that portion of the tangent included between the coordinate axes 
33 constant and is equal to a. 


y! 


Fig. 19 
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Any point on the curve can be represented as 
(a cos? 0, a sin? 0). 

Let the tangent at P meet the coordinate axes in L, K. 
AL Y ur M ae tan 9. 


dx do” dé 
| y — asin? 0 = — tan 0 (x — a cos? 0). 


| 
*. The tangent at P to the curve is | 
Simplifying, x tan 0 + y = a sin 0. | 


Putting, y = 0, the intercept OL on the x-axis is given by 
a sin 0 
OL = tan 8 Hg 098 6. 
Similarly, putting x — 0, we get | 
c OK = asin 0 | 
KL? = OL? + OK? =a? 
KL =a. 


Exercises XXXVI. 
1, Find the equation of the tangent to the curvex = acm 
J = asin‘ 9 at any point * 0”, and show that the tangent ™ 
the axes of coordinates at two points such that the sum of Ui | 
distances from the origin is constant. . (BSc. 4 
(Note.—The above curve is given by 4/x + yy = Ye) | 
2. In the catenary y =¢ cosh x/c, prove that the pep? 
cular dropped from the foot of the ordinate on the tang? 
constant. (B.A. 40} 
3. If x,, y, be the parts of the axes of x and y inte si 
by the tangent at any point on the curve 


aN 2/3 2/3 
(G) +(3) = 1, show that E +A =l 


4. The rectangular [coordinates of a point on a plane “i 
arc given by 


x = 3 cos 0-- cos? 0, 
| J =3 sin 0 — sin? 9, i 
| Find the equation of the normal at any point a 
i curve and show that at the point P where 9 =7, de "ji 
H passes through the origin. 

5. Acurveis determin 


ed by th ion x =a (OF) 
|. P= a(t a ie epa en ed 


€ equation to be tangent at h^ 


1 
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corresponding to a given value of 0 and prove that the tangents 
at the points corresponding to 0, 0 + 7 are at right angles to one 
another. ; 1 
6. Find the equation of the tangent at the point * 0? to the 
cycloid ns i 
x-—a(0-rsin0) . 
J= a(l — cos 0).* 
Show that the normal at this point goes through the 
point (ab, 2a). 

7. In the curve xm yn = am+n, prove that the portion of the 
tangent intercepted between the axes is divided at its point of 
contact into segments which are in a constant ratio. 

(B.Sc. 43 T.U.) 

8. If p and g be the lengths of the perpendiculars from the 
origin on the tangent and normal to the curve x43 + PP zan, 
then prove that 4p? + q? = aè. i 
ps. 9. Obtain the tangent to x23 +-y*/3 = a at the point 
mi (a cos? 0, a sin? 0). If the tangent meets the axes in T and T’, 

į show that the locus of the middle point of 77" is a circle. 
(B.Sc. 45 T.U.) 


[oo | 


| 10. Prove that all points of the curve 
y= 4a t + asin 
jij at which the tangent is parallel to the axis of x lie on a parabola. 
(B.A. 50 M) 
11. Find the equation to the locus of the intersection of 
| Perpendicular tangents to the curve x = a cos? L y = a sin? f. 
(B.Sc. 28 M) 
E 12. Find for what value of a the area of the triangle included 
between the axes and any tangent to the curve xj? = antl is 
| Constant, (B.A. 38 M) 
E 13. Prove that the equation of the tangent to the curve 
EY = a? at the point (h, k) is Bx + £y = a. 
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15. Prove that in the tractrix | 
A) € 1 £ Ve —* 
pan 2 — ba PA 
x= VEJ +3 o VAT VAT 


the portion of the tangent at any point intercepted between) . 


point of contact and the x-axis is constant. (B.Sc. 551] 
§ 36:4. Angle of intersection of curves. d 
The angle of intersection of two curves is defined as the an 


between their respective tangents at the common point of int 
section. The angle between the two straight lines y =mx+ 


go E a f m Ma 1 
and y = mx + c; is known to be tan Ca TECH | if we repe 


m, and m, in the formula by the values of 2 for the two am 


at their point of intersection, we get at once the angle 0 atwÉ 
the curves cut there. "s 


Examples. as 
Ex. 11. For the curves x? = 4y and y? = 4x, find the # 
of intersection. (B.A. 4l} 


To find the point of intersection of the curves we har: 
solve the equations x? = 4y and y? =4x 
ane o ER r 
Les TB 4x, ie, x(x? — 64) =0. 
x0 or 4. 


The corresponding values of y are 0 and +4. 
The points of intersection are (0, 0) and (4, 4). 


For the curve x? = 4y, dy x 


() At the point (4, 4), the value of Y 1.9. 
x 


For the curve y? = 4x 22 Ena 
de y. 


At the point (4, 4), the value o: 2 = H 
At the point (4,4), tan 0 -- a c 
i t2xi 272 


g ` It. É. 
(#4) At (0, 0), dx = 9 and co and hence the values d) L 
the two curves are 0 and v[2. E 


Hence the angle of i TABI 2 
orthogonally. S ^ Mtersection is m/2, ie, the 


s 
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Ex. 12. Find the angle at which the curves (1) 33 = = ay and 
(2) #3 + 59 = 3axy cut each other. 


Substituting the values of y from x? = ay in x3 + y? = Say, 
Él we have 


i 
| a+ ) = 301 E 


i f 
M ie, x3 deum E = 33. 


$ 
1 x3 
AN 
v x G 2) =0. 
| -. *=0 or a42. 
m; Substituting these values of x in x? = ay, we have 


m 3=0 or a 4/4. 
Hence the curves cut at the points (0, 0) and (a 4/2, a 4/4). 


Differentiating x? = ay, we get 2x = a Y : 


œ dx 
i d Los 
H de a` 
Saga x3 + y? — Saxy = 0, we get 
_ ay —wà 
ST — ax 


(i The value of z for the first curve at (a 4/2, a 4/4) is 


iR and that of 2 for the second curve at the same point is 0. 
tan 0 = 248, ic, 0 = tan? (2 42). 
(i) At (0, 0), 2 d, = 0 for the two curves. The two curves 


Such at the origin, J= 0 being the common tangent. 
Ex. 13. Find the condition that the curves ax! + by* = 1, 
S st 6, 9% = 1 shall cut orthogonally. 
Let the curves intersect at the point whose coordinates are 
5 a, y. 4). 
ax? + by? - ] =0 and 
ax? + by? —1 = 0. 1 
xl — A —— 
ob a—a T 
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Differentiating the equations of the curve, we get | 
usd, ax 
dax + 25 2 = 0, 1.6., E = by | 
Too i dy aw |- 
Sas + 2b) 7, it, qu 53 | 
The gradients xi ie tangents of the two curves at the pois 
intersection are — v. ,- P. 
These curves cut each other orthogonally. 
3 Xi PA E 
by by 
gcc n 
ur aay a 
But the value of ^ a from (1) is E 
Du Lg 
Ra b bb 
a—a a 
. b—b a —a 
i.e., AE 
(PO T Sal 
be, 5 BS 
, Lele oli] 
1 SSeS pa 
bey a b a L 
Exercises XXXVII. 


l. Find the angl 
deir d he i e ok intersection of the circle x? K T 
2. Find the angle at which y=2x cuts the curve +? Ws 
3. Find th 1 (D. Bub. 0 Bing a 
REA E age le a which the straight line y = 2* 1 
4. Find the angles of i Intersection of the curves 
J = # — 3x, y = 952 — 4x +20. j 
5. Show that the curves J= dur 3 and y = 25 


al Ñ 
cut cach other at the point (2, 1) at an angle of 45°. 5 
B.SC 


a ipti ot mra i a adi 


AM 


6. Find the angle at E 
d S; which the two curves 374V. 
and y = (x — 1) (x — 2) (x — 3) cut at the point [e is 


7. Show that EA 
cut orthogonally. fhe curves i- 3xy* = — 2, 2» = GA? 
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8. Show that the parabolas y! = 4 (x-1) andy? = 36 (9-2) 
| cut orthogonally. (B.A. Sub. 47) 
| 9. Show that the ellipse 4x* + 9y! = 72 cuts the hyperbola 
| x2 — y? = 5 orthogonally at any of the points of intersection. 

| 
[| 
| 


(B.Sc. 39 M) 
ir 10. Show that the curves x34-5?--x--2y -0 and xy +2x = y 
intersect at right angles at the origin. (B.Sc. 53 T.U.) 


| ll. The curves y? = 4ax and xy =c* cut at right angles. 
| Prove that (i) c4 = 32a‘, (ii) tangent and normal to either curve 
| mect the x-axis in .T and G such that TG = 6a. 

$37. Subtangent and subnormal. 

If the tangent and normal at the point P meet the axis 
¡of x in T and G respectively and M be the foot of the 
| ordinate, then TM is called the subtangent and MG the subnormal. 


Subtangent = TM = MP cot Y =) +2 


Subnormal = MG = MP tan Y =y E 
Tangent = TP — MPcosec =y Vi Foot y 


RO: 


Normal = PG = MP sec Y — VI + ae 
r 2 
NO 
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Example. Show that, in the parabola y? =4ax, the subtang 
at any point is double the abscissa and the subnormal is constz 
Differentiating the equation of the parabola y* = dax, 


dy 2a 
we have 2y 2 = 4a or 2 TIL 


kanaba 


a 
The subtangent — 5 = Z =% = 2x 


= double the abscissa. 
The subnormal = 72 mj ao 2a (constant). 
J 
Exercises XXXVIII. 
l. Find the length of the subtangent, subnormal, tay 
and normal at the point (a, a) on the cissoid 


— ——————— 


ye 


2a —x 
2. Prove that the subtangent to the curve y = art 
constant length. (B.A. Sub! 


3. Atany point on the curve y = b sin Z find hela 


the subtangent and subnormal. (B.Sc. $ 


4. Prove that in the curve xy = c, the subnormal Vii? 
the cube of the ordinate, (B.A. sang 

5. Find the lengths of the subtangent and subnormal 
Curve) = sin x at the point whose abscissa is x. (B.A. Sub 

6. Show that in the curve by? = (x + af the squared 
subtangent varies as the subnormal. (BS 


7. Prove that the subtangent for any point on det 


J = be*l^ is of constant length and the subnormal 823 
a 


8. In the cürve Myo $ 
. = auta; ubta 
any point varies as the , show that the s 


9. Find th abscissa of the point. 
LS "Ind the subtangent d int * 
mined by ‘6? on the ss E and subnormal at the po j 
x =a (0 + sin 0) ; Ha 0 os! 

H 3 J=a (1 — COS Je a 

10. Find the length s 
point “4” on the Er s of the subtangent and subo 
z = a (cost tsin t) al 

J = a (sin t —¢ cost). (B.A. 5 : 


SUBTANGENT AND SUBNORMAL 


11. In the catenary y = c cosh =, prove that 


(i) the length of the portion of the normal intercepted 
between the curve and the axis of x iZ i 


(ii) if along the tangent at P, a length PQ is measured 
equal to the ordinate at P, the locus of Q is such that at each 
point its subtangent is constant. (B.A. Sub. 45) 


12. Show that, in the curve y =a log (a? — x2), the sum of 
the tangent and the subtangent varies as the product of the 
coordinates of the point. 


13. Find the maximum length of the subtangent to the curve 
J (a+ x3) = æ. (B.Sc. Sub. 54) 
14. Prove that in the curve xm+n — qm-n y?n, the mth power 

of the subtangent varies as the nth power of the subnormal. 
(T.U. 55) 
15. The coordinates of any point on a curve are given by 


* = log tan ¿+ cos 9, y = sin 0, Prove that the subtangent 


varies inversely as the length intercepted on the x-axis between 
the tangent and the normal. (T.U. 55) 
16. Prove that in the curve 8+! = ax, the subtangent varies 
as the abscissa and that the (n + 1) power of the subnormal 
varies inversely as the (n — 1)! power of the abscissa. (T.U. 55) 
17. Find the value of n for which the length of the subnormal 
of the curve zyn — an+ is constant. 


j| $38. Differential coefficient of the length of an arc of 
a J =f (x). 
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Let P be any point (x,y) on the curve y =f (x) and Qi 
a point very near P, so that the coordinates of Q are Ñ th 
y+ A2). Now, if s be the length of the arc AP where Aisa fej 
point on the curve, then s + Asis the length of the arc AQ. 
that arc PQ = As. 4 
As Ax tends to zero, Q approaches P and the chord PQz 
arc PQ become almost equal. Thus the ultimate ratio of thee 
PQ to the chord PQ as Ax->0 is unity. 
Now from the right-angled triangle PQR, 
(chord PQ)? = PR? + QR? 


ie, (chord PQ) = (Ax)? + (Ay)? 
uy, (EA ai ie) 


—— 


Ax 

ie, (Sed POV fare PQ\* _ 14 A) 
U^ Nar PA :( Ax = Ar) 
d 

Taking the limits as Ax—>0, we get | 
hord PQ. P d NE: 
Lt £ Si BEE mods re 
Ax>0 arc PQ ? no Ax dx and. Ton Az (Œ 


(EY ‘dy? 
(Qe 
In the same way it may be shown that 
$)-! eN; 
Di 5) 


Note.--From the figure, it easily follows that 


de 
cos Y =F and sin y =G, 


where Y ¡is the an 
with OX. 


Example. For the cycloid x = a (1—cos 6), y =4 (0+5 
ds S ; 
find >. : 1 
dx E 
ds\2 dy\2 
3i zl Y : 
(z) =1+ (2): 


dy dy dx a (1 
= === + cos 8) b 
n= a} 


gle that the tangent at the point (2,3) 
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y dw. bia 
i d = 1 + cot y = cosec? 5. 
ng ds _ kk 0 
hi dy T CSG. 
¡Exercises XXXIX. 
E 1. For the parabola y? = 4ax, prove that 
' d 1/2 
| 2. Find El in each of the following curves :— 
| (1) x2/3 HIR = adis, 
| (2) x yn = an. 
| (3) y = a cosh z, i 
| T 3. For the ellipse x =a cos 9, y = b sin 0, prove that 
le =a (1 — e? cos? 6)1/2 where b? = al (1 — e). 
| 4. Show thatin the cycloid x =a (0-+sin 0), y =a (1 — cos 0), 
“ids 9. . ds Za 
iz, = 2 - wo] —, we 
170 a cos; and dy WE 


59-1) Polar coordinates. 
he position of a point P on a plane can be indicated by 
jstating (1) its distance r from a fixed point O and (2) the 
nclination @ of OP to a fixed straight line through O ; 7 and 
are called the polar coordinates of P, r is called the radius vector 
nd @ the vectorial angle. O the pole and OA the initial line. 


Fig. 22 
"5 considered to be positive when measured away from O along 


to regard 0 as the independent variable. — aa 
E, . "hen converting polar coordinates to cartesian Or gice UIS — 
P Customary to take the pole as the origin and the initial line | 


rpg 
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as the x-axis. Then the formulae for conversion are x — rg 
jy =rsin 9. 

$39-2. Angle between the radius vector andi 
tangent. 


Let P, P' be two neighbouring points on a curve ani 
(r, 0) be the polar coordinates of Pand r+ Ar, 0 + Mt 


j 


Fig. 23 
of P'. If we join PP’ and draw PN perpendicular to- OF; 
have 
PN = OP sin /PON 


=r sin AQ. 
P'N= OP" — ON =r + Ar — rcos A0 
= Ar +r (1 — cos A0) 


= Ar + 2r sin? Af 


Denote by ¢ the ae between the radius vector OP 
tangent at P. If we now let Ag approach the limit 280) 


(1) the point P’ will approach P ; 


. ., (2) the secant PP’ will bere the tangent prin 
limiting positions ; 


(3) the angle PP'N will approach 4 as a limit. 
tan PP'O = 5x ics rsin A0 
Ar + 2r si AP 


i Ens 

i sin A0 

il =r NG 

H Ar T. sin A0 : 

H + Die 

n NG AG” - SIN TI 
i 

| 


Í 3 
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C sin AO . NO 
Lt sl = = 
| nsa AT Keg 
di Lt Ar - dr 
aao AG de 
w tang = Lt tan PP'O 
NG 29-0 
| m de 
1 Ua CDS = "dr 
| dà +r.1.0 


Example. Find the angle at which the radius vector cuts 


the curve E = l +e cos 8. 


Let d be the angle between the radius vector and the tangent 
¡ at the point at which the radius vector meets the curve. 
do 


tan d a SZ 


: all 
Differentiating == 1 + ecos 0 with respect to 0, we get 


lu 
———— 


1 + ecos 0 
Ge = -1 
f an Ce . 
$ 393. To find the slope of the tangent in polar 
Coordinates. 


Fig. 24 S eu TRAE 
Let OA be the initial line, O the pole, the polar coordinates 


4 of. 


P, (r, 0) and the tangent at P make an angle Y with 04. 
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Y =9 +0. 
tan ¢ + tan 0 
tan y —tan ($ +0) = -tang tan 0 | 


| 

| 
If the equation of the curve is known, tan $ can be cae E 
and hence we can easily find tan Y. ; : 
Example. Find the slope of the tangent with the it 


line for the cardioidr =a (1 - cos 0) at@ = e 


l dr 1 Dp EN 0: | 
SS ao sabes Obs: | 
=U 
=> 
¥=0+¢ = 30/2. 
If 0 => Y = 3/12 =1]4. 
Slope of the tangent = tan Y =1. | 


Fig. 25 
ie, Y =¢ —¢’. 3 


i tan Y = tan ($ MEE $”) 

li = np — tang’ 

if? Since the ti 

m of the point o: nabatons of the curves are known, the 


f intersection P can be found and then wig 


tang’ can be easily calculated from the ¿equations of t F 


1 
| 
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Example. Find the angle of intersection of the cardioids 
r =a (1 + cos 0) and r=b (1 — cos 6). ' 
Let PT and PT" be the tangents to the curves r =a (1+cos 6) 
d and 7 = b (1 — cos 0) respectively at their point of intersection P. 
| Let O be the pole and let OP be the radius vector to the point P. 
| Let ¢ and ¢’ be the angles which the radius vector to the 
point of intersection of the curves, makes with the tangents to the 
curves at that point. 
It is required to find ¿ sf". 
r =a (1 + cos 6). 


mM. 


r. : 
38 = —:a sin 0. 
do a (1 + cos 0) _ 


œ T — 


tan $ =r. 7 — Casin) = — cot 6/2. 
0 
d =5+> 
Also in the case of the curve r = b (1 - cos 0), 
=, = b sin 0 
ri d9 E 
if tan ¢/ ^ = 0) = tan 0/2 
$' = 6/2. 
-g7 0 0 x 
$$ casn a 


Hence the curves cut each other at right angles at P. 
§ 39-5. Polar subtangent and polar subnormal. 


Fig. 26 
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Draw a line NT through the pole perpendicular to then 
vector of the point P on the curve. If PT is the tangent and] 
the normal to the curve at P, then 

OT = length of polar subtangent. 

ON — length of polar subnormal of the curve at P. 

Polar subtangent = OT = OP tang 


| 
| 


| 
| 
| 
| 
| 
| 
| 


dé do z 
=r =P". 
Polar subnormal = ON : 
= OP tan / OPN 


= OP tan (Z TPN — ZTPO, 
= OP tan G — 4) 


r r 
=rcotd tan $ „d 
dr 
dr 
= W 


Examples. 
Ex. 1. Show that in the curve r = £9 cot a 


(1) the polar subtangent =r tan c - 


(2) the polar subnormal — r cot o. 
Here r = a ed cota, 


. dr f 
: d = a ef cota cota 
= f Cot a. 


Hence the polar subnormal = r cot a. 


Hence the polar subtangent is r tan a. 


Ex. 2. Show that in the Iver = 
: Curve a0 y the pol: 
Varies as the square f ; . 2, l sub pa 
p ; O, the radius vector and the po 2 P. 


Now r = ab. 
o d MS 
"* dia which is Constant, 
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" Hence the polar subnormal is constant. 
| 
j 


dr a' 
Thus the polar subtangent varies as 72. 
$396. The length of arc in polar coordinates, i 


Fig. 27 


Let the coordinates of a point P on the curve be 7 and 0 so 
E OP =r and ZAOP — 0. 


Let s be the length of the arc BP where B is a fixed point 
n the 'curve ; then the length of the arc BQ is s + As and the 
PQ is As. 
Now PR — OP sin A0 =r sin A0 (1) 
and OR = OP cos A0 =r cos Ab. 
Also QR =r + Ar —rcos A0 
` er(1—cos A0) + Ar 
a A8 
zr sin? 7,- + Ar. 
PQ? = PR? + RQ 
: SAMA 
= (7 sin AQ)? + Jar sin? + Art 


C 


Je Cz (angay, [28T a] 


0 na 

in AGN rnn Ao. Arl 

sin in 2% 

"ea a 
3 2- Je 7 


^] CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collecti pu ze 3 
L PO LES PS 


Funding: Tattva Heritage Foundation, Kolkata. Digitization: eGangotri. 


192 CALCULUS 


Passing to the limit as A9 tends to Zero, we get 
sin A0 4i Ar, E Ab . o. 
Ad Ab” D 4 
chord chord PQ chord chord PQ arc PQ 
TN "are PQ” CAT 
z 


l. 


> 

aa i): 

In the same way, it may be shown that 
ST-S 


SET ; 0 
It is easily seen that cos d = T and sing = ro 


Example. Find as and 5 for the cardioid 
d0 dr 


r =a (1 — cos 0). 


Differentiating the above equations, 
. dr a 
“> 79 = — asin 8. 


Also r 29 _@ (1 + cos 0) 
dr — asin 0 


(4) Sil CT) = 1+ cot = 


NG 0 
D A = cosec 9 


ds \2 d 

(a) ="+ (a) 
= a (1 + cos 0)? + a? sin? 0 
= 4a? cos? 6/2. 


y 
= — Cot 9 


ds 0 
+ Gg = Pa cos y. 
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Exercises XL. 


l. Find the slopes of the following curves at the points 
specified :— 


(1) r—a(1—cos0) at 0 —5. 
(2) r =asin 20 E 0-7. 
(3) r= ca 0=0. 
(4) r —asin 30 » pole. 

(5) rz a? 5 0:55. 


2. Find ¢ in terms of 0 for the curve r° = al cos 20. 
3. Show that the parabola’ ` 
r=a sect and r = b cosets 
intersect at right angles. d 
4. Prove that the spiral r — a0 and the reciprocal spiral 
7 = aj intersect at right angles. 
5. Show that the rectangular hyperbola r* sin 20 = a, 


| 7? cos 20 = b? intersect at right angles. 


6. Find the angle of intersection of the curves 
(i) r =asin 20 and r = a cos 20. 
a b 
APA DA .Sc. 66 M 
Imp eU cal (B.Sc. 66 M) 
7. Prove that the point excluding the pole itself, on the 
Cardioid 7 =a (1 + cos 0), where the tangent is parallel to the 


(22) Tz 


| initial line is at a distance 3a/2 from the pole. (B.Sc. 47 M) 


8. Find the lengths of subtangent, subnormal, tangent and 
normal in the logarithmic spiral 7 = að. 
T. In the curve r cos 20 =a, the polar subtangent = 
Ta cosec 20 and the polar subnormal = 2a sec 20 tan 20. 
10. Show that in the curve rf = a, the polar subtangent is 


4 Constant, 


ll. Show that the tangent at the point where 6 =% ons 


| EU'Ve r — a cos 26 meets the initial line at a distance of a/y/3 


from the pole. 
12. Find the angle in the case of the curver"==a" sec (nf a) 
Prove that the curve is intersected by the curve 
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ds ay 
13. In the cardioid r =a (1— cos 0), show that d^ sal 
and p varies as (Yr) where p is the length of the perpe 
cular from the pole on the tangent. 

12 + al 


ds 
14. In the curve r = a6, show that 7 = = 
a ds. Vii + a? 
15. In thecurver —5 7 r 
16. Calculate z for the following curves :— 
(i) r = log sin 30. 
(ï) r = } sec? 6. 
ds d 
17. In the curve r? = a? Cos 20, prove that 70 == 


18. For the curve r2 = al cos nô, prove that 


2 
an Tr +n. = 0. 


19. Prove that the normal at any point (r, 0) to the © 

T^ = a% cos n0 makes an angle (n + 1) 0 with the initial line | 
20. The tangent at any point of the cardioid r =4 (140 
whose vectorial angle is 2a, meets the curve again at 4 F 
whose vectorial angle is 98 : show that 
cos (28 — a) + 2 cos a = 0. 4 

21. If the tangents at P,Q tor =a (1 — cos 0) are P | 
and if O is the pole, prove that ZPOQ = 3n. 


ng 
. 


! 
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l CHAPTER X 
| CURVATURE OF PLANE CURVES 
§ 40-1. A curve has a definite direction at every point on 
it. At any particular point, the direction of the curve is the 
same as that of the tangent to the curve at the point. The 
direction usually changes from point to point and the tangent 
Jine rotates as the point moves along the curve. 


Fig. 28 


y Let s denote the length of arc AP measured from some fixed 
point A on the curve and y, the angle which the tangent makes 
th the x-axis. As P moves along the curve, s and “Y vary and 


“the rate at which «y increases relative to s, i.e. TY is called the 


of the curve at the point P. Itsvaluedoes not depend on 
ion of the point A or of the line Ox from which s and E 
Measured but its sign depends on the sense in which s is 
Sasured. From the definition of curvature at P, it is easily seen 
at curvature is the rate of change of the direction of the tangent 

Roughly, we can say that the curvature is the rate at 
; TUN the curve *curves? and its sign indicates the direction in 
“ch the tangent is turning as s increases. ; P 
Let ABC be any given circle of radius 7. Draw AQ the rg 
Sentat A, Let O be the centre of the circle ; join OA, Select 
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any point P on the circle. Draw PM the tangent at P ox 
i 
| 


Fig. 29 


AQ at an angle ~~. Measure the length of the arc of thee 
from A, so that the arc AP is s. 


As ZAOP = Y, . < 


s =r Y (r is constant, being the radiusi I 
3l 
C ETT NNI 
du an F 


i.e., curvature of the circle is the reciprocal of its rad 
5402. Circle, radius and centre of curvature 
Let P and Q be two points on a plane curve T 


Y + A‘ the angles which the tangents at P and 0" 
with the x-axis 5 s the arc measured from some fixed poll” 
the curve up to P and: As 
PQ. Let the normals at ^ 
intersect at G’. d 
From the figure, it easily” 
that /PC'Q = AY. 
PC' chord PQ 


sin PQU' ^ sin PCO, 201 
— chord PQ ael 
arc PQ "sin | 
is (iss zo), Bi 
NX arc PQ 


y F - 
Yes) — chord PQ AS 

AM 7 - arc PQ A 
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— 


Now the limit of / PQC' as Q tends to P is 90? and also 
a chord PQ — E 


ds . 
PG = E is called the radius of curvature at P. 


| 
| E arc PQ — E 
As ds sin AY 
L o = 5— and Lt = 
| apo AV ap E PEU y Tl 
| As Q tends to P, the limit of PG’ is A 
l Let the limiting position of C' be G, 
ds . 1 dy 
TI =>3+ ASH 
| hen PG d Le, BOT We 
d 


The circle whose centre is C and radius PC has therefore the 

[ume tangent and the same curvature as the curve has at P. 
| This circle is called the circle of curvature at P. So it can be 
+ defined as that circle which touches the given curve at the point, 
a= a radius equal to the radius of curvature at the point and 
lies on the same side of the tangent as the curve. Its radius is 
IPC, the radius of curvature and its centre is C, the centre of 
{curvature at the point P. The radius of curvature is often 


{denoted by p and so the curvature is > 


$403, Cartesian formula for the radius of curvature. 


Fig. 31 


We know that 7 = tan Y. 
. d? 
pis pay Kay TES 
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ds sec A Cos iby 5 58 


- (4 tan? yy 
2S 


Examples. 


Ex. 1. What is the radius of curvature of the cum]. 
x4 + y! =2 at the point (1, 1) ? 
Differentiating the above equation, we get 


dy 
dy x 
Im === 


At the point ME dy 
point (1, 1), = = — 1, and qa = — 6 


—{1+1 yn V2 | 
Aa AR ; 
Ex. 2. Show that the radius of curvature at any por] 


the normal intercepted between the curve and the axis of E | 
(BSc. 51; BAT | 


EN | 


d i 
Hence 2 = sinh* and hence : 
dyN 33/2 3 al 
fı +(2) } =(1 sinit) Ma cosht | 
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dy ] 
Also a = -~ = cosh” 
cosh? ~ 
Here p = = e co eae 
- cosh ~ € E 
C c 


Again at any point (x, y) the normal 
dy\2) 1/2 
^ Radius of curvature = length of the normal. 
Ex. 3. Ifa curve is defined by the parametric equations 
*=f (0) Ga $ (0), prove that the curvature 
] X y'a" 


; B (x son 
“E Where dashes denote differentiation with respect to 9. 


dx dd ` dO x 
dy d y dfx d9 
a -az(2)-2(7) “dx 
px gtx" L 
= P na 
yx! —y' x" 
= PU U 
G 


ay — y xt 
NTO 
Ex. 4, Prove that the radius of curvature at any point of the 


clo} 

F 

79m the given equations, 
qm 


d? v BED RS 
dn = — asin l; oA = a cost. 
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Substituting these values in the formula obtained in the 
i we get 
die E (1 s cos 0) acos 0 — a sin 9 (— a sin 0) 
AAA F cos OE F asin? Oe 
-- &* (1 + cos 6) 
= FTE cos 0) PR 
2 cos? 0/2 1 
Ta (4 cos? 0/29 — 4a cos 0/2 
". p = 4a cos 6/2. 
Ex. 5. Find p at the point “4” of the curve 


x =a (cos t +tsint); y =a (sin t — t cos t). 


Ea (—sint + sin £ + £ cos t) = at cost. 
Va (cos 1 — cost + tsin 0 = al sin t. 
y 


d; 
SL NG 


Differentiating with respect to x, - 

dy d di ` I at 
>= — >- = 2:4 ———— ———. 
de di (san dx T SE ba cost costt 


comers 
CDE 2 ah ee E 
dx? cos? t 
(The formula of Ex. 3 can also be employed.) 
Exercises XLI. ; 
l. 


P= 


Find the radius of curvature for the curves y 
(a) y = eX at the point where it crosses the 7-2! 


(B.Sc. 50 
(b) Vz + Vi = lat (4, $). (B.Sc. x í 
(c) 3? =x? + 8 at the point (— 2, 0). (B.Sc. 3 y 
(d) xy — 30 at the point (3, 10). (B.Sc. 9^ 


(6) (* + 9%)? = a? (72 — x?) at the point Cn gl 
(f) 9? — a* at (a, a). E 
(g) * +7 = Saxy at the point x = y = 3a/2- 

UW y =4 sin x — sin 2x at the point where = 


E Bhagavad Ramanuja National Research Institute, Melukote Collecti 
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(i) y = e atx — 1. (B.E. 45 A.U.) 


(j) E +7, = 2 at (3, 4). (B.Sc. Comp. Math. 59) 
2. In the ellipse given by x =a cos 0, y = b sin 8 


(i) find the radius of curvature at ( v» 1) B 


3 . 
(ii) show that p, at any point P, is CT where CD is the 


semi-conjugate diameter to CP ; 

(iii) show that the radius of curvature at P of the ellipse | 

multiplied by the cube of the perpendicular from the centre on | 

the tangent at P is constant ; (B.A. 51 M) | 

(č) show that (p813 + p'2/5) (ab)2/ = aè + b°, where p and 

- are the radii of curvature at the extremities of two conjugate 
| diameters of an ellipse. 


MES Find the radius of curvature at any point P of e 
j Parabola given by x = ai?, y = 2at. : 


L 


Show that it is 2927, where's is the focus of the parabola ; 
a’. i 


| It is also da Cosec? Y. 
l la n Prove that the. radius of curvature at a point 
50, a sin? 0) on the curve 2 + 79 = ais 

E 3a sin 0 cos 0. 


Im | E 
Inu. the coordinates of a point on a curve be given Dy 
C 


L 


| x =c sin 20 (1 + cos 20) 

J =c cos 20 (1 — cos 20), 
s of curvature at the point 
e UN Tove that the radius of curvature at the po 


«4? is 4c cos 30. 


| sh ‘ 
t [Ow that the radii 
int 9 ' on 


X = 3a cos 0 — a cos 30, 
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8. Show that the radius of curvature of the cum 
p= elm at (a, 0) is Ja. (BSc. 8M 


dx\2) 39/2 | dX 
int : Use the fi la p= 31 T - 
Hin se the formula p f + ( 2) } | d 


9. Find the expression for the radius of curvature at anf 
point of the curve x™ 4 y™ = 1 and interpret the result for itj 
cases m = l and m — 2. (B.A. 39M] 


10. Show that the curves y =3(«" + e) 


- E 


J -5 (2 +3) have the same curvature at (0, a) and find ik 


radius of curvature at this point. (B.A. Sub. 46] 


11. Find the coordinates of the point on the parabola j? —*9| 

at which the radius of curvature is equal to the latus rectum. | 
(B.A. Sub. Y 

12. Find the radius of curvature at the origin on the cum) 

x3 HP + Ox? — dy + 3x — 0. (B.Sc. 51 TU 
18. For the curves x? = 4y and y? = 4x, find (1) the ang 

of intersection, (2) the sum of curvatures at the point (4, 4 


). 
(BA. 4l 


14. Show that at any point P on the rectangular hyp 
3 Li 
zy—0,p- ja where 7 is the distance of P from the origi: 


15. Find the radius of curvature at the point ‘0° 0n ul 
curve x = a log sec 0; y = a (tan 0 — 0). (B.Sc 520 4 
16. Prove that the radius of curvature of the caten?? | 


uniform strength y — a log sec (3) is a sec Ka (B.Sc. 52 n 


17. Show that at any point P on the cycloid x = a (0 — snl | 


J = a (1 — cos 9), the radius of curvature is twice the norte 
that point. (B.Sc- 4 d 


18. In the curve 33 =y (x — a)?, prove that the radio” | 
curvature at the point where the ordinate is minimum i MI 
B. t Ig 


19. Find the point on the curve y —ex at whit jl 
curvature is a maximum and show that the tangent at this P" 
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forms with the axes of coordinates a triangle whose sides are in 
the ratio of 1 : 4/2 : 4/3. (B.Sc. 39 ; B.Sc. 53 T.U.) 
90. Find the coordinates of the real points on the curve 
= 2x (3 — 22) the tangents at which are parallel to the x-axis 
and show that the radius of curvature at each of these points is 3. 
(B.A. 41 M) 
91. For the curve x = 6t? —3/* ; y = 82, show that the 
radius of curvature at the point ‘2’ is 6¢ (1 + (2)*. (B.A. 46 M) 
22. Show that the curve represented by the equation 
| p=x(x + 2y) has a minimum ordinate when x = 1 and find 
the radius of curvature at this point. (B.A. 54 M) 
23. Show that the projection on the Js of the maine 
curvature at any point (x, f the curve y = log cos x 1s constant. 
IP SC ^ S (B.Sc. Sub. 54) 


24. If the coordinates of any point of a curve are given by 
à : 
| *=logé, y = (t + 1-1)/2, prove that 2 — y and find the radius 


. curvature at any point (x, y) of the curve. (T.U. 55) 
| 25. The tangents at two points P, Q on the cycloid 
i SM — sin 0), y = a (1 — cos 0) are at right aaa, ed 

1 and p' i of curvature at thes ? 
RL pra e e p' be the radii of cu (B.Sc. 65 M) 

$404. The coordinates of the centre of curvature. 
| Let the centre of curvature of the curve y =f (x) corre- 
onding to the point P (x, y) be X and Y. 


Fig. 32 


X= ON 


=00 — NO = 00 — MP 
= Pus Y o aa 
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Y =NC=NM + MC 
= QP CN = y + p cos Y. 


If y, and ya denote $ de 2 and 2 


2)8/2 
we know that p MENT and tan Y =); 
3 
. l s sg JA 
. cos Y SIN HA and sin Y = VER 
IH). 1 T») 
pea A m2 1 
(1 + 723 1 132 
7 =a iy TT 


The locus of the centre of curvature for a curve is called tt} 
evolute of the curve. > 


Examples. 
Ex. l. Find the coordinates of the centre of curvature € of d | 
curve xy — 2 at the point (2, 1). 


dy d?y : f 
. At (2, 1) the values of 2 EZ and za are respectively — pu : 


a 


Y =14 29% 


The centre of curvature is (34, 33). 


Ex. 2. Show that in the parabola y? = 4ax at the point ‘h 
p=—2 (141%, X=2% 434% Yo Ban pa 
the equation of the evolute. 
x — al?, 2 = 2at. 
dy 1 
= 2at, TODT 5 ELS 


TT 9 d(1N. dx 
dx = 7 dt 


X TRA 1 
cgi bes 
p= NAN dy ga (147 
Xx 
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AG wi) 
X=x ET 
de -zp 
-= 2a + 3ai*. 
dy\* AN 
ist (2) + a 
Y =y+ dy = 2at + —1 = — 2al 
dx? Jal? 


Eliminating ¿ from X and y? ER: | 
|. [X — 2a\8P 1 | 
Y=— 2a ( = ) ofi | 


3a 
Squaring both sides and simplifying, we get | 
.. 97aY* = 4 (X — 2a). | 
The locus of (X, Y) is 2747? =4 (x — 2a). | 
This curve is called a semi-cubical N 
Ex. 3. Find the evolute of the ellipse 5 t zc 
Any Point on the ellipse is (a cos 6, b sin 0). 


x —acos 0; dS — asin b. 


dy | 
J RI P 


dy dy 
1+ (2) Ja 
JS dx dx 


‘ dy 
dx? 
( +Ë cot? 0 (Zoot) 
=a cos 0 — A 
b cosec? 0 
a 


: = (a — 5%) cos? o 


a aanas 
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“5 cosec® 0 
a 


2. La 
z P sin? 0. 


9 RANI = — bY yA 
cos = (an) > Sin = (a . 
To eliminate 0, squaring and adding, we get 
aX NR — bY N35 
(a) + (a =l 
. aX Nh bY N33 
Pig [emm + (F5) zu 
The locus of (X, Y) is the four cusped hypocycloid 


Ex. 4. Show that the evolute of the cycloid x—a (0 —sin fh F 
J =a (1 — cos 0) is another cycloid. | 


dx 
ge — cos 6), Y = asin 05 


ax a (1 — cos 0) Cos 0) TE 


— Za sini 6/2" 
X =x + (lt cost 2) cot 0/2 


4a sin* 0/2 a 
= a (0 — sin 0) + 2a sin 8 L 
=a (0 sin 0). 
— 4a sin? 9]2 
=a (1 — cos 0) — 2a (1 — cos Y) 
= — 4 (1 — cos 0). 
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* The locus of (X, Y) is 
x =a (0 + sin 0) ; y = — a (1 — cos b). 
This is also a cycloid. 
Exercises XLII. 


| 1. Find the coordinates of the centres of curvature at the 
given points on the curves : ; 


(1) =x*; (2, 2). 
(2) x =0* ; (c, c). 


(3 y= log secx; G log 2). 


a 2. Prove that the circle of curvature at the point (42, 24) of 
|." curve 3? = 4x cuts the curve again at a point whose ordinate 
5—6. Calculate the coordinates of the centre of curvature. 


| (B.Sc. 47 M) 
; E Show that the evolute of the hyperbola 

x 2 

; di ^ = ] is (ax)2/8 — (by)2/3 = (a? + 6%), 


| kt Show that for the curve #8 + y^ = sh 
dim t + Sa cos ¢ sin? L. Y = a sin? t + $a sin t cos? f. 

E» = Show that the equation of the evolute of the curve 
7 Salis (x + y) -L (x — y)Y/3 = 22/5. 

ya Prove that if the centre of curvature of the ellipse 
ati. 

dg 


L at one end of the minor axis lies at the other end, 


AAA 


E alh 


Ca th Si 
: © eccentricity of the ellipse is 1/4/2. 
* Show that in the parabola 
VAR Vy = Ya, X +Y —3( 2 
la " Given the curve 
Naam. * = 3 cost + cos 36, y = 3 sin t — sin 96 
urvan, emetic equations of the evolute. Find dat 


"E point 


ARCO A 


5229 


on the curve. 


| igi us that the equation of the circle of curvature at the 
| Bino 


the parabola Y = mx Teban 
a 


"4 (mam BB L TOI 
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§40°5. Radius of curvature when the curve is giva 
in polar coordinates. 


Fig. 33 


Let us assume that the equation of the curve in polar 
nates is r = f (0). 
In the figure, Y = 0 +4. 
Na Na 


We have proved that tan 9 = e 


NO) 


Differentiating w.r.t. 9, we get 


6 
E ueri dr\* 
dà 
dr\* ger 
.dp 1 MJ "a8 
"do sect” dr n3 
do 
de dr 
m dà) ~ Tag 
rn“. fan 
ty (6) 
dô : 
dr)? dr 
2) ag 
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"| dy 1 db 
4 ~! Tao 
dry? d?r 
"t E “de 
^ dy dr 
FS €) "qi: 
ayer 


NG have proved in the previous chapter that 


rH 


E 


SW 
. NAO ri 


Ex. 1. Find the radius of curvature of the cardioid 
T sa (1 — COS 6). 


d 
Here 5, = a sin 0, ds = a cos 6. 
ler (S) 1" acea om ot orsi op 
= Ba? sin? 5. 
"+2 (7) == 
a? (1 — cos 0)2 + 2a sin? 8 — aè cos @ (1 — cos 0) 
= Ga? sin? 0/2. 


. 8a*sin*0/2 + + sin 6/2 
= baer op ic n 
C14 = § V2ar. 
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Ex. 2. Show that the radius of curvature of the curve 
qu y n+l 


72 = ql cos n0 is OK 
Taking logarithms on both sides and differentiating, we gf 
ndr nsin n9 
7d0 ^ cos nO" 
T = —rtannÜ 
Differentiating once again w.r.t. 0, we get 
d?r dr 0 2 ng 
dp = — qo tan ND — nr secta 


=r tan? n0 — nr sec? n0. 
= (r? + r? tan? n6)3/2 
P = AFIP tan? nd — r? tan? nd + nr? sec? nO 
Pisco n0 2 r 
- (n-Fl)riseciaÓ (n+ 1) cos n0 
r.al qn rn 
(n+l) nf" 
Particular cases. 
(i) Putting n = 2, we get Bernouilli's lemniscate; p E 
(ii) When n= —2, we have a rectangular hyper?" 
p=1 la. : 3 
(iti) When n = 4, we get a cardioid ; p =4 Var. 
Eu) When n = — 3, we.get a parabola ; p 221P] ys 
(0) When n — 1, we get a circle ; p => ; 
§40°6. p-r equation of curve. pi 
Let OA be the initial line, O the pole and P any PY) 
on the curve. The length of the perpendicular drawn © 


`N 
NI 


i 
; 
: 
| 
| 


Fig. 34 


xc 
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the pole on the tangent at the point P is usually denoted 
by $. 
A 
OY =p =r sin OPY =r sin (180 —4) =r sing. 
| 1 
p sing 


=} - cot? $) 


Came l dr 
=pjit 4) $: 
3 


da l far 
pata a) 

u' d9 ut de 
1 1 2 
poet (ad) 


Ex. 1. Prove that the (p, r) equation of the cardioid 


meu — cos 0) isp? = 


T-—a(l—cos0). . dr La sin 0. 


1 * d9 
nh aU at pas? 


— + a%sin? @ a? (1 —cos 9)? Ha? sinto 
Soe i6, end 


yA 
— 2a? —2a2cos9  2a* (1 — cos 0) 
In” Aa 
Jar 2a 
ri p 
P. = 73/9¢, 


E From the polar equation of the parabola, show that 


5 
w “quation of the parabola is = = 1008 6 (with respect 
“Focus as pole). Ç EAR 
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Differentiating both sides with respect to 0, we get 
Qadr _ 19 
—nde n 
ldr. sino 
“do” T 
1 1 , 1 fdr N? sin? 9 


= 4a? da” 4a? 
EL 
"FS ar 


s. p = ar. 

$40: 7. For some curves it is not easy to calculate the radib| 

of curvature from their polar coordinates. In those cases, Y we as i 

use the following formula. Í 

We have proved that ' 

sing = : 3 cos d ={; tan d =f. 
5 =r aind. 


Fig. 35 


dr dy 


TE d 


Ex. l. Find the radius of curvature of the Ex PA 
r — a (1 — cos 0). is 
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We have shown that the (f, r) equation of the cardioid is 


| pa — n. 
Differentiating with respect to p on both sides, we get 
dr 5 
OL 
4pa = 3r db 
2 dr. 4pa 


Sr” 
. Apa ta (PNP 2 lo npa 
NP Sr: a Ste G = 3 7) ¿ 
Ex. 2. Find the radius of curvature of the curve r? — a? sin 20. 


Differentiating with respect to Ó on both sides, we get 


2r dn = 2a? cos 26. 


| dô 
Gy 1 3 
SI pt atala 
1 l atcos? 29 ri -patcos*20 
“i ADA 0 
- afsin® 20 + al cos 20 _ a 
= TS 
y3 
U E a 
Differentiating with respect to 7, we get 
dp _ 3r? 
dr qt 
dr a ad 


Find the radius of curvature for the following curves => 
(1) rectangular hyperbola r* =a" sec 26. 


(2) conic L = 1 + ecos 0. 
E. P parabola r cos? 6/2 = a- 
r — a0. 
6) r= e0 cota, where K and a are constants. 


| nao Show that the radius of curvature of the curve 
i €* Cos 20 is a3[9r. 


= Find the radius of curvature at (% 6) on the 
@ sin n0, 
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4. Show that in the cardioid r = a (1 + cos 0) 
E is constant. 


5. Show that the curvatures of the curves 7 = a0 and} 
70 = a at their intersecting point are in the ratio 3 : 1. 


4 
6. For the curve r — a sec 20, show that p = — sa Where 


p is the length of the perpendicular from the pole on the tanget 
at the point (7, 0). 
7. Show that the radius of curvature of the curve 7 = a sinal 
at the pole is na/2. 
8. Find the (p-r) equations of the following curves :— 
(1) rsin 0 +a =0. 
(2) r =3(1 — cos 6). 
(3) 7 = asin 0. 
(4) 1? sin 20 + a? = 0. 
(5) 72 = a" sin mb. 
(6) r= ae? cota, 
(7) r= a sin? $, 
9. In any curve, prove that 


Oran, (i) Vr*—p =r, 
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CHAPTER XI 
TRACING OF CURVES 


$41:1. Elementary method of tracing curves is to plot 
down a number of points whose co-ordinates satisfy the equation 
of the curve and to draw a smooth curve through them. If the 
equation of the curve is given in the form f(x, y) = 0, solve for 
Jor x5 assume arbitrary values for x (or y) and calculate the 
corresponding values for y (or x) and thus the co-ordinates of 
a number of points on the curve are known. 


Take the curve y = x? (x — 1). 


Thus the points (0, 0), (1, 0), (2, 4), (3, 18), (4, 48), (5 100), 
¡EL —2), (—2, —12), (— 3, — 36), (— 4 — 80), (5, — 150) 
con the curve. We can plot these points on a graph paper and 
| Ect the curve in Fig. 36. . 


We Fig. 36 between the 
*re doubtful about the shape of the E pe 


| Pring 
2 hae 0) and (1, 0), So we get more pom 
ae SC points. Put x = 4; theny = — $- 


3 L CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. S E: 
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CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collecti 


2 
Put x p then ) = — 97° 


à 1 1 1 SINN 
The points (s — 3) i e — 77) lic on the cum 
Plot these points and we can roughly sec the shape of the curve. 


The process is laborious and in case the equation of the cum 
is of a degree higher than the second, for example, a1—3ax 429 
= 0, it is not possible to solve the equation for x or y and so w| 
cannot find easily the number of points on the curves. From tht 
equations of the curve, we can deduce many properties of th 
curve and from those properties we can draw the curve wia 
plotting many points. Moreover the general form of a curvet] 
usually all that is desired and Calculus furnishes us with power} 
methods for determining the shape of a curve with very li 
computation. 


841:2. To trace the graph of a curve whose equation | 


given in Cartesian co-ordinates, it is better to adopt a method? 
detailed below. 

The first consideration is the symmetry of a curve with re 
to certain lines or points. The various kinds of symmetry #7 
from the form of the equation are as follows : | 

(1) If the equation of the curve contains only even Pe 
of y, the curve is symmetrical with respect to the x-axis, 
(x, y) be a point in the curve (x, — y) will also be on the 
The figure will be the same as if a plane mirror wet 
perpendicular to the paper on the axis of x. 


A 
Examples. y? — 4ax, xy? = 4a? (2a—x), Y? (203 Al 

(a) If the equation contains only even powers $ l 
curve is symmetrical about the y-axis. ; 
+4 7% 

Examples. xi = qa? (a — y); x2 = A 4 

If the equation contains only even powers of sa | 

powers of y, the curve is symmetrical with respect to bo 


Examples, AIL (x? — a) ot rH 
35A = aè (x? — yì). ` | 
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(b) If the equation be not altered when — x and — y are 
written for x and y, the curve is symmetrical with respect to the 
origin in opposite quadrants. 

Examples. xy = 6 ; x4 =a? (x? — 3°), 44 = a*x. 

(c) If the equation be not altered when x and y are inter- 
changed, the curve is symmetrical with respect to a line bisecting 


a 


A 
XOY, ie, y =x. 
Example. xy 63, x° Hy? = Say. 
(2) Special points on the curve. 1 
(a) Find the points where the curve crosses the x-axis. To 
find those points, substitute O for y in the curve and solve the 
resulting equation in x. Similarly find the points where the curve 
crosses the y-axis. 
(b) If the equation of the curve does not involve the 
Constant term, it passes through the origin. 
4| $5 (c) Find the values of x which will make the values of y 
d imaginary. Let those values be x = of and x = B.. Then no real 
Part of the curve will lie between the lines x = of and x = P. 
Similarly find the values of y which will make the values of x 
. Thaginary, If those values of y are y and 9, the curve will 
- Yet lie between the lines y = y andy = ô. igo 
(d) Find the values of x for which the value of. Jis infinity 
ai pa the values of y for which the value of x is infinity. nG 
| zu values, we can find the equations to the asymptotes ol tac 
| "ve parallel to the co-ordinate axes. 
i quati (e) If the equation of the curve is 
^ lon, itis better to express the curve in 
For example, y = I Tan be put in the form 
When y' . 2 
| hen y > l, the value of x approaches infinity: 
“+ J= lis an asymptote. 
SEES co, if the limit of y is ax 
Mptote to the curve. 


a S ERS 2 


«e 
mo 


mou 


:ven as an implicit 
the form 7 sf: 


tat BIEN 
ME Tag 


+ b, then y = ar tb is 
the 
JJ. limit of, « 

pot PETI 


1 
IJS5x4 Sis an asymptote: 


LS 
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(3) (a) From the equation of the curve find the value otg 


The value of T. at a point gives the slope of the curve at that| 


point. 

(b) Find 2 From this we can determine the rang| 
within which the curve is concave upwards or concave downward: 
and the points of inflexion. 


(c) Find the points where the curve attains its maximun| 
or minimum if any. 


Examples. 
Ex. l. Trace the curve whose equation is 
+l 
#1 


(1) Symmetry. Since the terms involving x are even powt 
the curve is symmetrical about the y-axis. 
(2) Special points. (a) y = —1 when x =0; when 7 ^| 
x has imaginary values. x | 
*- The curve will not intersect the x-axis but will av 3 
the y-axis at the point (0, — 1). | 
(b) We can write the equation of the curve as 
2+1 
; TEN ; | 
When the value of y lies between + 1 and — 1, the e^ 
of xà is negative. i | 
For those values of 5, x is imaginary. "ll 
The curve does not lie between the lines y =! * 


x= 


i 


=—1 


(c) y tends to infinity when x tends to + 1 orto — Lc 
x=land*=-— l are asymptotes of the 1 
x tends to infinity when y tends to 1. 


“. J= lisan asymptote. 
(S) sse 
3-1] 
dy _ 4x. dy 4 (x2 41 
a IP Qe 


d 
d: = 0 when x — 0. 


.". The curve attains i i x =U and "| 
S ts E 
A i maximum when * E 
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(4) Giving different values for x, calculate the corresponding 
| values for y and tabulate the values as below : 


Fig. 97 


f — mm the curve (a? + a3) 7 =a 1 
bing: The equation of the curve is Una tere" © 
Mame E — x and — y for x and y. Hence the curve is 


A TN in the opposite quadrants. 
: al Points. The curve passes through the origin 
J= ax 


ed after 


| d pam | 


Ja Ass; 
En, , “Creases, the value of y decreases and wh 


o en X tends to 
Np 13 tends to 0. 
i 


~~ J = is an asymptote to the curve. 
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crosses the y-axis at — 6. 
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dy _@ (at — #) 
d (EFA 
dy 2a®x (3a — - xt) 
de Ez (a? + xy . ss 
". y attains its maximum at x = 4, and its minimum? 


Its maximum value = a/2. 
Its minimum value = — a/2. 
Its inflexional points are 


0.9, (vss a) (- v3a= D 


Fig. 38 
The gradients of the Sein at these points are 
1, — 1/8 and -- 1/8. 
The slope of the tangent at the origin = 45°. | 
Ex. 3. Trace the curve y = (x — 1) (x — 2) (* zu | 
There is no symmetry in the curve. 43% 
Special points. The curve crosses the x-axis at 1, 2 9" d 


for17. 


H 
d 


As the value of x increases, the value of y increases 
When x tends to infinity, y also tends to co. 1 ad 
The value of y is positive when x lies between gadi 
> is negative Tag Ñ s4 
» Is negative when ` 
When x tends to — co, J also tends to — co- 
J = — 633 4- 11x — 6. 


Si 


| 


2 —38—12 $ 11. 
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[44 — 
| When $$ — 12x + 11 —0, x EU 132 


.. x = l'4 or 2:6 approximately. 
2 = 6x — 12. 
-. The curve attains its maximum at x = l'4 and its 
minimum at x = 2*6. 
Its maximum value = ‘384. 
Its minimum value = — :384. 
The gradients of the tangents at the points x — 1, x=2, 
*=3 are respectively 2, — 1, +1. 


When x =2, $2 — 0. 


The curve has an inflexional point at (2, 0). 
The shape of the curve is given below : 


Fig. 99 
kant 


E Bi Trace the curve y= — a 
q* I Tinatry, Since the equation din only even powel 
n: 4S symmetrical with. S ped to the x-axis. 
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The curve crosses the x-axis at x = 0 and x = — a and 
forms a loop. : 
If the value of x is greater than b but less than — a, then pil 


negative. 


For those values of x, y is imaginary. So the curved 
not lie in the plane where x > b and x --a. 
y => œ when x = b. 


x = b is an asymptote to the curve. 


i 
| 
l^ 
Fig. 40 r 


Ex. 5. Trace the curve xt 4y3= Saxy. (Folium of Descat?] 


If we interchange x and J in the equation of the curva Y] 
equation is unaltered.  : 


* The curve issymmetrical with regard to the line K) 
The curve crosses that line given by the equation 
2x3 = Sax? 
t6, x? (2x — 3a) = 0. 
Dee #=0 or 342. 
Differentiating the €quation, we get 
d, ‘dy 
88 +91 — Sax Y + Say, 
o. KO E =% 
de y& —ax 


. f3 b 
At the point ( 22. a » the value of d =-—l. 
2°” 2 ax 
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At this point, the tangent to the curve makes an angle 
of 135° with the x-axis. 
When x = 0, y has got two zero values. 
«<. X = 0 is a tangent to the curve. 


Similarly y = 0 is a tangent to the curve, 
xS y = Saxy. 
J? = 39axy — xà 


x LE 


e Fig. 41 
The equation of the asymptote is 
J T x = Lt a) 


Z==-—a 


E r i J——x * 
| Baa, b» taco 
E S : 
| ace icd 
l A. > G : 
= (x — 1) (x pat 2)1, 2. J= e=3* 3 T 


E | -.CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection... 
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2? (4 — A x 
saya EE 4. y $—xs 
5. 3 (a-+x) = x? (3a —x). 6. ay? —a (x-4). 
7. 9ay = Y (x — 3a)*. 
8. 9* (x2 +9") + a? (e — 3?) =0. G 
9. 92 (a +x) = (4-1). 
10. J? (x — a?) = x? (02-40). 


11. xy? = 4a? (2a — x). . ND. y = a (3 A 
13. gant 14. y = x (x —3). 

1 2 
15. y= FT TE 
16. y =e and y =e’, (B.Sc, Comp. 4 
17. y =logex. (B.Sc. Anc. 9 


8413. Polar equation. 
If the equation of the curve is given in polar coordintló y 
the following method is adopted in tracing the curve :— | 
(1) From the equation express 7 as a function of f. a: 
different values for 0, and calculate the corresponding values el 
Give positive and negative values to 0. Since most ©. 
equations in polar coordinates involve terms containing po 
functions sin 9, cos 0, ..., it is enough to give the values 
l from 0 to 2r. 
i (2) Symmetry. (a) Iff is unaltered when 6 is change 
4 — 0 in the equation of the curve, the curve is symmett 


l regard to the initial line. 

[ Example. 7 —a (1 4- cos 0). ats! Ç 
(b) If the equation involves only even Powe? gy 
curve is symmetrical with regard to the origin. In this ^7 | 
3 pole is the centre of the cürve. ; d 

| (3) If the value of tan ¢ is calculated, the sloP* 


tangent with the radius vector can be found. PO, 

(4) Find the value of which makes s infinity: 7^. | 

has an asymptote in that direction. . wl 
(5) In certain equations, 7 has limits and find thos’. 

Example. y= a sin n6 ; limits of 7 are 0 and“ 
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Ex. 6. Trace the curve r = asin 30. 

Sin 30 is a periodic function with a period of 2r. 

Give 0 different values and calculate the corresponding values 
ofr. Those values are tabulated below : 


ET] 0 Intermediate | m | Intermediate Intermediate 
values. | 9 valucs. values. 
EAS DRE 
0 hed M 
6 | | 3 
ES aan mapa. A 
Increasing Decreasing Decreasing 
; 0 -rvevalues| 7 +-ve values. 0 —ve values. ' 


The limits of 7 are 0 and a. 
uf — $ tan 30. 
. <tr = 0, 0 =0 or m or 2r. pali 
z For these values d = 0. 
A The initial line is a tangent to the curve at the points 
> O = and 9 = 29, . 
en 7 = a, a = a sin 30. 
OLTEN NET E 
0 geo: 0 E 
At this ma ae T 
this point tan $ — $ tang = ©. np 25 


sit (S a) the tangent is 1 to the radius vector. 
Simila Z S 
- 3 to 
A tg E. tly at the points (F a) (F a) the tangents are L 
E ae Vectors at those points. 
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The shape of the curve is given below : 


Fig. 42 
Ex. 7. Trace the curve r = a sin 40. The values of! 
corresponding to different values of 0 are tabulated below : 


tan $ = } tan 40. 

If the value of r is zero, sin 40 = 0. 

Then 40 = + nr. 

In that case tan $ =} tan (+ nz) =0. 

When the value of r = + a, tan d = œ. 

Therefore this curve has 8 similar loops symm 
pole and all these loops lie within a circle with the po 
and radius a. : 


etric t0 
le as GH 


E 
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Ex. 8. Trace the curve r =a + b. cos 0. 


Case (i). Let a >b. 


Here let us draw the curve r = 3 + 2 cos 0. 


Values from 0 to5 


values 


5 | Decreasing +-ve | 


Changing the sign of 0 to — 0, we get 
r = 3 4-2 cos(— 0) = 3 +2 cos 6. 


E is no change in the equation. Therefore the curve is 
etrical with respect to the initial line. 


Tr 3+2c0s0 
tan $ == Taino” 
d9 


Fig. 44 : 
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Case (ii). a< b. Here let us draw the curve 7 =l +2 cost, 
This curve is symmetrical with respect to the initial line, 


Values lying between 
22[3 and « 


T 
When 0 = 0 or 7, tan ¿ = œ. = $ => 
.. At these points the tangents are 1 to the initial line. 


Fig. 45 
Case (iii). a — b. . on 
The curve becomes 7 =a (l + cos 0). This curve i | 
a cardioid. ae | 
This curve is symmetrical with respect to the initial line. 


Fig. 46 
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Ex. 9. Trace the curve r? — a? cos 20. 
(Lemniscate of Bernoulli.) 


There is no change in the equation of the curve when 7 and 6 
4 are changed to — r and — 0 respectively. "Therefore the curve is 
symmetrical with regard to the initial line and to the pole. 
If cos 20 is negative, 7? is negative. 


«ris imaginary for those values of 0. 
". When 0 lies between +3 and na r is imaginary. 
"^. There is no part of the curve between the lines 
Sir | 


Cu 
0=¿and 9-7. | 


m 


When 0 = + 7, zT a9 2o 
When 0 —0, m, r = +a. 


L 
i 
| 
i 
4 
1 


^ When the value of 6 increases from -3 to 0, the value 


f ofr increases from 0 to a. When the value of @ increases 
from 0 to 3 


, the value of 7 decreases from a to 0. 


Aa value of 7 cannot be greater than a. This curve consists 
YO similar loops. 


CI b Ia 6 Y v - 


Fig. 47 


followi — 
raped). Breg eañ D. 


Bra (4) aa (5) r= 000ta pa. 
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Well-known Curves 


(a) Cycloid. When a circle rolls on a fixed straight li 
without slipping, the path traced out by a fixed point on tk 
circumference of a circle is called a cycloid and the circle is calki 
the generating circle of the cycloid. 


Fig. 48 
Let us assume that OX be the base, LPI be the generan 
circle, the fixed point on the circle be P, the angle between dt 
radii SP and SI be 0 and I be the point of contact of the d 
with the base OX. 


Let us assume also that when the circle begins to roll i. 
position of the point P is at O. 


Take OX and the line through O 1 to OX as coord] 
axes. Let the coordinates of P be (x, y). Draw PM L tol 
and SQ. 1 to MP. 

OI = arc PI = ab. 
x = OM = 0I — MI 
= OI — SP cos (@ — 90°) 
= a0 — asin 0 
9 =a (0 — sin 6). ` 
J = MP — SI + QP 
=a-+ SP sin (0 — 90°) 
=a —acos0 =a (l — cos H na 


x =a (0 — sin 0) ^ 

J =a (1 — cos 0) are the equations of the cycloid: nG 
When 0 =a, x = ar = OB. Then P is at A. de 
When 0 = 2w, x = 2ar = OX, Then PisatX | 
The curve is symmetrical with respect to the line BA a 
A is called the vertex, and OX the base of the cycloid- a 3 ig 
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When the equations of the curve are given as 
x =a (0 + sin 0) 


E 3 
k J= a(l — cos 8), the vertex is taken as the origin 
{| and the coordinate axes are taken as in the following figure : 


MI AA An 


i 
L 
f 
| 
: 
; 
n f 
le : j 
R Fig. 49 


When the equations of the curve are given as 
#Sa (0 + sin 6) 
J =a (1 + cos 6), the vertex of the curve is taken as 


MI the s. 
N. origin and the axes are taken as in the following figure : 
7 Ç y 


^. 
se 
B 
y 


Fig. 50 


(9 Epi- and Hypocycloids — = 
| af; Than circle rolls without sliding on the circuit O 
| the, Ercle, the path traced by a point on the CEU 
| "ing Circle, is called an epi- or hypocyclold acere 
ch Institute, Melukote Co 
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as the moving circle rolls on the exterior or the interior of th 
other. 


(i) Epicycloid. 
Assume the centre of the fixed circle as the origin and W 
perpendicular diameters as coordinate axes. Let the position 
the point P when the outer circle started to roll be C and f 
ZCOQ be 0, / BOP be d, the radii of the circles be R ami! 
and the coordinates of P be x and J. i 
x = ON = 0A + MP 
= OQ cos 0 + PQ cos / QPM 
= (R + r) cos 0 + r cos (180° — 8 + $) 
= (R +r) cos 0 — r cos (0 + 4). 
It is easily seen that arc BC — arc BP. ~. RIN: 


R 
P--O. 


X = (R +1) cos 0 — r cos Et, 
J = NP = 40 — MQ 
= (R +r) sin 0 — r sin (6 + 4) 
= (R + r) sin 8 — r sin KIN, 
(ii). Hypocycloid. : 


Changing 7 to —rin the equation of the epicycloid; y: | 
the equations of the hypocycloid 


se (R — r) cos 8 Hr cost =" 


J = (R — r) sin 0 — r sin 0. 


R—r 
T 
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From these equations, we can derive the equations of two 
special curves. 
(1) Let R — r in the equation of the epicycloid. 
Then « = R (2 cos 0 — cos 20) 
y — R (2 sin 0 — sin 20). 
These are the equations of the cardioid. In the epicycloid 


| 
| 
asuming C as the pole and the polar coordinates of P as (r, 6), | 
we get | 
| 
| 


m 2 SO 


Fig. 52 


7 cos 0 = CN = 0G — CN 
= R (2 cos 0 — cos 20) — R 
= 2R cos 0 — 2R cos! 0 
= 2R cos 0 (1 — cos b) 
L Ir ". r = 2R (1 — cos 0). 
fi tetano. radius of the fixed circle is a, the polar equa 
aye is 7 = 2a (1 — cos 0). 
) Let R = 4r in the hypocycloid. 
Sy _ 4% = R (8 cos 0 + cos 30) = 4a cos! P. 
~- * = a cos? 0. 
arly y = a sin? 0. 
e 22/3 4. yaf — gap, 


|| .CC-0. Bhagavad Ramanuja National Research»Institute, Melukote Colle 
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L 


This is known as the four cusped hypocycloid. 


(c) Catenary. The catenary is the curve in which a unilom 
heavy string will hang under the action of gravity. 


Its cartesian equation is proved in books of Analytical) 
Statics to be y — c cosh z. 


This form is that represented by the curve PCP'. 
P! P 


Fig. 54 
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CHAPTER XII 
INTEGRATION 


$421. We have so far considered the problem of differentia- 
tion, viz., being given y = f (x), find pi Now we pass on to the 


process, called integration, which may be regarded as the inverse 
of differentiation. 


The problem is: Given 2 — f (x), find y in terms of x. | 


pun process of finding y is called integration. We write | 
‘ymbolically that y = f f (x) dx. [is the sign of integration and | 
the above statement is read as “integral of f (x) with respect to x” 
AA "integral f (x) dx’. f (x) is called the integrand and x is 
indef the variable of integration. Here f f(x) dx is called the 
f y ute integral of f (x) with respect to x or the primitive * of 
R ma respect to x and is to be distinguished from the definite 
| deft to be explained in the succeeding pages. Hence by 

à a the problem of evaluating T f) dx is to find F (x), 
Nia of x whose derivative with respect to + shall be the 

“grand f (x), ie, p (x) =f (x). 

xi alternative method of defining an integral is to look upon 
lia: limit of the sum of a certain series. Many uim 
convenient of calculus depend on this method but it 15 a 
Start S as the former in evaluating integrals. So we s 
C@lculat: the first definition and consider its application to: 

don of the various forms of integrals and then study the 
definition in detail. 


22 Take for example J2xdx. We know that 


A TIT 


MUT EN EPI 


` dx (x?) = 2x. 


May AS by the first definition of an integral f 2dx =% We 
add an arbitrary constant c to 2 as 


d 
Ate) =a —à 


lg Ng —— i$ 

LP Stri SE = E 

[s "s king, we tdv? of f(x) but call it the 

"ms whe the * primitive” of /( LUE 
N X) in a Nada plug ees a distinction tween the ud as 


shall not go into here. kot: 
... CC-0. Bhagavad Ramanuja National Research Institute, Melukote 
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Hence f 2x dx = x? +c. As the arbitrary constant of integration 
‘is present, this integral is called an indefinite integral. 


Similarly f sec x tan x dx = sec x + c as 
A (sec x + c) = sec x tan x. 


Thus in the above process, we depend on our knowledge d 
‘differentiation to guess at the function except for a numeral 
arbitrary constant which leads to the integrand by differentiation 

$43. The following list of formulae for integrals is basi} 
«directly on the results of differentiation which have been studied 
earlier. It is necessary to commit them to memory. 


1 : atl 
4 Jl an dx = +c for all values of n except whet} 
= Hii 


n+l 
2. In the case when n = -1, 


dx 
f$ = log x +c. 1 
(Hereafter, we shall take the constant c to be undan | 
after the integral.) | 
[6 dx = ex, 
J sin x dx = — cos x. 
J cos x dx = sin x. 
J sec? x dx = tan x. 
J cosec? x dx = — cot x. 
J sec x tan x dx = sec x. 
J cosec x cot x dx = — cosec x. 
10. f cosh x dx = sinh x. 
ll. fsinh x dx = cosh x. 


dx 


PPD a o 


13, == 
dx 
S EL 
as 
dx 


f x VAT Cos. 


=sinh x. 
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$44. Before we proceed to systematic methods of integra- 
tion, we give below a few important results which can be easily 
proved from the definition of integration. 
(1) S of (x) dx = cf f (x) dx, where c is a constant. 
(2) f (u +v) dx = J u dx + f v dx, where u and v are functions. 


d Ki 
j| Exercises XLVI. 
L Integrate the following with respect to x :— 
Al L x4 y En 
ij 2 oK m 
(1-129)? | 
es ax + b. lo. ==, | 
| 3 ll. (x? — x35. | 
4 axi + bx Tc 6 x43 | 
P EREMO CRAT | 
& Gi ber c E | 
i x . a "a " 5 | 
y. 2 x2 + 4x zu | 
p $ ( + 3) 4 KTA 
| 15. tantz. | 
: ba Emden 16. cot? x. 
S apt 17. (tanx — 2 cot)". 
pe : 1 maa 
SEI (zm. Sin? costx a 
po . sinta cos? x 
These (BAS50M) 2. LT. 
21, 3 
Vica + eX + 8. .99. Wi +sin 2% 
fs 1 E 
Í E TT L 1 ES 1 — sin 
Grey (e 
| = sect x - tanga seca.) 


II o 
l ~ sin x. 95. T + cox 96. 1 — cos * 


e Definite Integral. 

| Tints JF de =F (x) +c where ¢ 

|. a tion, The value of the integral when * = 
3 a x= a, the value is F (a) +4: KEN 


te the arbitrary constant | 
" bis F(b) +e 
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Subtracting 
F(b)--F (a) = the value of the integral when x =} 
— the value of the integral when x =, 


b 
The symbol f f (x) dx denotes the value of the integral wha} 
a 
X =b, minus the value of the integral when x = a and is thu 
b 
F (b) — F (a). f f(x) dx is called the definite integral ; a and} 
5 | 


are called the limits of integration, a being the lower limit ani 
b the upper limit. 


b 
Note. | f (x) dx is a definite constant unlike f F(x) dx which 
a a 


x 
is a function of the variable x. | f(x) dx is called an indefinit 
a 


integral in quite a different sense. The upper limit here 5% 
a variable and not a constant. For this reason this inte 
is called an indefinite integral. 


Rule to find T f (x) dx. 


Evaluate the indefinite integral of f (x) with respe |. 
tox. Ler IC he F(x). Subtract the value of F (x) "^| 
x = a from its value when x — b. The result obtained BI: 

hi 


b 
J £ (x) dx. 
Examples. 


2 
Ex. 1. NG — 3x1/2 4. a) dx 
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U) A [6 
T) Ex. 2. Jorja=,/ (0 Led de 
E 0 0 
B = I [: + sin J 
5 a 2 
0 

L 1 T S 
i =3| 5 Hsin5)-0] 

T 1 

Ita 
ch 


. $46. Methods of Integration. 
el. The various rules in the differential calculus enable us to | 
l differentiate almost any combination of the various ordinary | 

„j ""cüons. But itis not so with integration. In fact the integrals | 
4| % some even fairly simple functions cannot be found in terms of | 


* functions which are known to the students at this stage. 
Or example, 


| COS X | 
| (a +b dng x), T, Vins —- | i 
5 l EROE be integrated in terms of functions which are known. S | 


| Korresponding to the various rules in the differential aNg 
"have ma ating sums, products and functions of fien ks 
' give pen Or less similar rules in the integral calculus. 
h to the following methods of integration :— 
Substitution, . 
* Decomposition into a sum. 
3. Integration by parts. 
$47 Successive reduction. 
fina The efficacy of the method of 
[o a © 2 suitable substitution to conver 


fi prop dard form. The form of the integran 
L 2 per Substitution. 4 


> evaluate f f (x) de, we put x =$ (U 
f din. * (t) dt. 
o OLIO: 

Uo BING) de — AG OJO 


ECCO. Bhagavad Ramanuja National Research Institute, Me 


substitution depends 
t the given integral 
d often suggests 
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To prove this, E (left-hand side) = f (x) by definition ar] 


: d,. : dt 
E (right-hand side) an (right-hand side) X ae 


+ 1 
=f {4 (039 (0) X FF (i) 
=f (x). 
Hence the result. 
$471. Integrals of functions containing linear fum| 
tions of x, ìe., f (ax + b). 
Put ax--b-i. .. adx =di. 


e Sf (ax +) dx =f f(t) 3 dt 
ad 7 J f(t) dt which can be evaluated. | 


* 
e 


Examples. E 
Ex. 1. f (ax 4 b)2 dx (n 4 — 1). 1 
Put t = ax + b, then di = a dx. 

¿ntl 


R -1 n di — 
- ORD E 
_ (ax + bj 
Capt 
Similarly 
dx 1 
2. [a5 - ies o +0) 


fox ae =l eax+b, 
a 


z 


4.° [sin (a +b) de = — cos (ax +) 
e feos (ax + 6) dx = in (ax +0). 
| 6. Jet lax + t) de = tan (ax $b). P 


Jm (ax +0) de Loot (ax +0) 3 


a 


Su 


8. sec (ax + b) tan (ax + b) de = Lite (ar +H) c 


VS 


9. if cosec (ax + b) cot (ax + b) dx = = i cosec E a 


X 6:0. Bhagavad Ramanuja National Research Institute, Melukote Collection. $ 
7 20 4 


A Case ii, m =n. 
$ The integral is f cosè mx dy = 3f (1 + cos 2mx) dx 
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x? 
Ex. 2. Evaluate J Aa 


Put a -+ bx — t. .. bds =di. 
EY 
t a td 


Some É ENSE ETT 


(#- =a dt 


Y 
-nf 6 TB. nta) di € 
1 a | 
= e +A Ta 
1 > 2a 1 
c ja log (a + ba) ts PES 
a 1 
7 9B (a ix) 


| Ex 3. Evaluate J cos mx cos nx dx. 
| Cee (0. m pen 


T cos mx cos nx dx = $ {cos (m +n) x + cos (m — 1) x) dx 
EH unm gs mon 
Ez 


m-n MAR 


1 sin 2mx 
uy =3 (++) 
J sin mg sj sin (m+n) x , sin (m —7) 5 
SIN nx dx Oa 9 NGA 
m sn. 
[img gy | . sin2mxy 
B Sin n) x cos (m —7* 
E. Due PCED 
Dno 4 im yn 
> Evaluate f sin? 3x dx. 
sin 6), T 


: | a 


jJ ^ CC-0. Bhagavad Ramaniuj 


dj 
aa Gg NG — cos 6x) e AA 


par 


a National Research Institute, Meluk te olleci 


T 
i 
[D 
T 
D 
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Ex. 5. Evaluate f cos? x dx. 
$ cos x dx = f Sa dx 
125. 3. 
= jp sin 3x +7 sin x. 
Ex. 6. Evaluate f sin* x dx. 


ES a 
=J (5730 2 +5 cos OL 
3 


= 5 Tsin2e + gy sin 4x. 

Exercises XLVII. 
Integrate the following expressions :— i 
L 3 (2-3), (3—2x), (3x—4)3, (ax-+b), (6-9) 
2. xh, (x-+a)®, (8x42), (8—2x)», (ax—b)2, NA 
3. va, Vi tx V2+3x% V4—5u, 


T Mua or D) ni] L.. D 

Dog (x + 7) (2x + EI (4 ET 3x)” 

1 > 

(a — bx)* i » 

EN 1 1 lo de 

SP (Qe Gar U (a t" 

(a — LORE 

Mal dod 1 1 Ig 
2x ax FTP 2-7 ab pa 

7. dix, (3x47, (23x. g(x-4)/3,  guxtD, 


8. sin2x, sin t sin (2x + 3), sin (3 — 22). 


9. cos 3x, cos 3 cos (3x +2), cos (2 — 34): 
10. sec? 4x, sect? P a (4x — 7), sec?(7 sang 


- 


ih. cosec? 5x, cosec? * Pp cosec? (5x + 3), cosec? (3 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. | h 
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19. tan 2x sec 2x, tan y sec » tan (2x — 3) sec (2x — 3). 


*13. cot 3x cosec 3x, cot > 3 cosec x cot (b — ax) cosec (b — ax). 


3 
M. x Vx a. 23. sin 3x cos 2x. 
x 24. sin 9x sin 6x. 

p (a+ BS 25. cos 4x cos 5x. 
16 x 26. cos? 4x. 

"(a + bai 27. sin? (2x +5). 
17 1 28. sinx .sin 2x. sin 9x. 

Mitra + Vx 29. cos 2x . cos 4x . cos bz. 

x 30. sin*xcos? x. | 
MESS 31. sin? x. | 
19. 2 tx 32. cosíx. | 

NG Fox 33. sin? x cos 3x. 
99, 1 cosx (B.A. Sub. 38) | 
" T+ osx" :94. sin? x cos® x. | 
91 sin? x (B.Sc. 45 M) 
NES 35. tan? 3x. 
29, COS x at... L 
TE 36. Evaluate J sin’ x d: 


3472. Integrals of functions involving d+ 4%. 


To 'evaluate 


eS 


ja put x = asin b. 
Va —x 
Then dx — a cos 0 dé. 


f dx NITE =Jd0 = 
Vara a cos @ lax 


A A aep 


Similarly de 1 


= 
ll 
E 
L 
~ 
Ney 


2+ a gt | 


: 


du vasca cU (5) 


ECCO. Bhagavad Ramanuja National Research Institute, Melukote Collectio 
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. dx E x z 
Again fa.) 


=z (log (a + 4) — log (a —3)) 


Ks Ng meto 
g: IOB ar 
Kh de 1 *—a 
Similarly / T= = 9a 108 ES 
Examples. 
1 f de. 1 zs Lee y 
Ma (s 
J dx zl ds ES E 
VIF dt Vita 2 (:) 
a dx ol dx =l ana (38 
149% Taj £a ci 2) 
^ dx =5/ dx 
“J 98-4 B T 
E Lh MEE. 
$20) Sara To Sar? 
dx -iy dx 
4 — 25x2 - 295 z cu x 
LOU TET 
352 (3) 98 3 —. 
=l] 2 + 5x 


Exercises XLVIII. 
Integrate the following expressions :— 
1 


| 1 lg 
| Mo N ub ! 

| 1+ 43 T 1472? F2 CE +2)” E 

| opone A C CAU ERN l : 

; ees (2-716 IG LES ext 

: sE aE L 1 1 


. a TM EI TUTA TAN N 
: 1-4 toe L-7 p—2(2" “2 


|... CC-0. Bhagavad Ramanuja National Research Institute, Melukote Coll 5 
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AD 1 he ] 
A 3 30 A3—9 hi. IR 
oL, uL i an 
Via" VIa VO Va bm Via 
ge 1 l I 
VS —1 vig —Y ViE LG Va- D 
1 
7 1 1 1 
Vita? Vitae VI VEF a 
V14 a p 


§ 47-3, Integrals of functions of the form 
SF (28). 11 dx. 
Put à = t then the integral reduces to = 1 J (t) di which can 
de evaluated. 


j (males 


* Ja cos (x3) dx. Put as =t, 83$ de = dt. 


^ J x? cos (9) de —1 f cos MESS 


Ex, x3 
E APR dx. Putax*—1; 4ds di. 
x d 
J ze -i Vi Lim (é) 
a E - 
s Jr. = dx. Put <2 = E 9x dx = dt. 


T a) rym 
-i : 


i E a 
| zi 2 tan-! (V2 !) 
Jha 3 V2 ; 
| rises Xr pu tant (V2 8) 
X following expressions :— - ous ng 
EC Y sin (m. 2 sin vl t5. a w 


E CC- 0. Bhagavad Ramada National MEC Institute, Melukote 
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a x 6 
t Tos 3: YB 1 x 
x 
2 7 8. A. 
e VI =x 8 Va — x8 Va 
x3 x? E 
b a ll. == “12 
v/10 lepus 1 a x 
stx x< x Tl 
1 5 14. ==. 
ME IE 
je T e (B.Sc. Sub. 
zl 
2 | 
X16. Evaluate / 95 t 1 (B.A. Sub. i} 
valua Ja SEC dx | 
17. Îr dx. (B.Sc. Sub *| 
0 , | 


$474. Integrals of functions of the form 


MSGS! (9 de 
When n 74 — 1, put f (x) =t then P (x) ds = d- 


ILONG) de apna = ST 
ECOL 
n+l 
When n = -— 1, the integral reduces to 
P oe 


J (x) 
Putting y — f (x), the above integral reduces t0 
[9 =1087 =108 f) 
Examples. L 
Ex. 1. J Vepa x dx. 
Here the derivative of x? + a? is 2x. 
Hence putt + aè =t . 9x dx = dt. 


eo [VE paix dem Vi di =3 PP 


Lee 
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-1 
Ex. 2. pm E ;d* Putting ¢ = sin! x, 
1 
di = dx. 
VI 


* The integral reduces to [tdt = 5 = 3 (sin-1x)*. 
Ex. 3. f tan 0d0 = At 


--f2m putting y — cos 0 


= — log y 
= — log cos 0 — log (sec 0). 


Ex. 4, J cot 0 do = f Ega 


= JE = on putting y =sin 0 
= log y = log sin 0. 
Ex, 5. J sec x dx =p (sec x + tan 2) y, 


: sec x -+ tanx 
= f Z vere y o secs tans 
C — log (sec x <L tan z) 
=log tan (7 +3) 


x (cosec x + cot x) d* 

Ex, 6. J cosec a de = a 
d (cosec x + cot x) 
taa (cosec x + cot +) 
= — log (cosec x + cot 3) 


d 
t 
L 
T 
L 
L 
T 


a L. = log tan x[2. 
1 Owing expressions :— 
Bine 5. x (at HE 
ES 26, avi Er. 
aa 2 or y — bays. 
5x V lo wl 
x : 8. arx 
(1 — ani Y 9. (ex + Ee 


| 
| 
e 
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x 
10. D 27. 
1 
Y 11 Z log x. 28. 
1 
JA2. x log x” s29. 
1 
BAET DL 30. 
(1 + log 2) 
lLU ct E 31. 
(y uev 
Y Vx S 32. 
16 1 + cos x : 
SN Finge 33. 
Jp. A 
GG Lis LH 34. 
718. tan®™x. sec? x. 
19. sec? x (1 — tan x)n, 35. 
20. cot" x cosec? x. 
sinx 36. 
/ 21 TS 
22. sinx.sec! x. 37. 
23 sinx 
^ (I =F cos x)" 38. 
94 Sa 
x+y] 39. 
95. C ex 
€t -r e- ; 40. 
Ah Gn 
(1-23) tang A 
1 
Xam fad 
Ix 
m/2 
J 43 cos x 


> l --sin xd 


tanm x 
yp dx (m 40). 
(Hint: Putt = tan x.) 


cc- 0. Bhagavad Ramanuja National Research Institute, Melukote Collec 


ge —3* 
cot x + sin x. 


sec 4x. 
cos 2x 
cos x ^ 
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$475. Integrals of functions of the form 
FG) 3S" (9) dx. 
Putting f (x) — y, the above integral reduces to SF (5) dy. 
Examples. 
Ex. 1. [x? VI — 43$ ds, Putting 1 — 4x3 =y 


— 12x? dx = dy. 
The integral  — (gy = ae 
18 S 
ex 
cm if a] (B.A. 46 M) | 
$ x/2 . ¿x/2 Pa . | 
IHA Put y z0 2-1: dy = ied | 
panza | 
=2/(1+,)09 
=2 0 + log y) 
(B.A. 49 M) © 


Ex. 3, 
eN 
= & dx 
(res 

dy 

yi Where y = I ta 


Il 


7 
Ex, 4, Ls = (2 cost + 


sin % cos? x 
sin x 
SK tet Er] 
malag 


= sec x + log tanx[2. - 


do Es, f uel 


Sec x -F cos a' 
oc sin x dx 
ELI 
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where t = cos x 


di 
] 353 
= — tan” (t) = — tan” (cos x). i | 
t 2 cos x +3 sin x BA. 49 E 
Ex. 6. Acosx +5 sin x dx. ( Hv MJ 1 


d z; (denominator) = —4sinx +5 cos x. 


Sang the numerator 2 cos x + 3 sin x 
= l (4 cosx + 5 sin *) +m (-- 4sin x +5 cos) 
and equating the coefficients of sin x and cos x, we hm 
4l + 5m = 2 and 51 — 4m = 3. 
23 
l =41 and uc = AD 


Hence e integral mue to 


dacos E5 sla) 
aj + 41 TUE P 


— c al 2 log (4 cos x sod 


3 S iif 
^ [rius Ga i 


COS x 
sin x + cos x 
> E + (cos x — sin 3) ġe 
sin x + cos x 
d (cos x + sin x) 
=y fà ub Lj (ests “sina E cos x a 
SAN cae ey 
Exercises LI. 


Integrate the following expressions :— 


J 1. sin (og x) 4. sin (tan 2) 
/ It 
79, $c (log x). sins 
x 3. pX9coss 


3. etan] x E cos x 
1 +x? 6, i -psinta sub: 
47. In? x + coax (sin 2x — sin x). pa 
8. sin x s ee XE RE 
Y V2 — cost y a: iza 
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EL / 


N 


tr 


k Vos ð sin? 0. 
* sind x, 


. sin? x. 


* tant x, 


EL 
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1 1 26. 

Vi — x2 (sin? x)” 27. 

. sin! x cos? x. 328: 

diy 29. 

Vina v^ 80. 
sin? x 

cosi y" 31. 
co'z 

sin? x" 32. 


(sin x)8/* cos? x: 
(B.Sc. Sub. 41) 33. 


+ 34. 


sin? x 


cos? x 
‘sing x 
35. 


cos? x. 
36. 
sect x, 


Cott y, 
tan? x. 


Show that J cos? LA | cox 
s 


“BG GE 


3 


in x 


37. 


— 38. 


255 


tan? x. 
cot? x. 
Sec x cosec x. 
sec? x cosec? x. 
sin x cos x 
al cos? x + b* sin? x 
sin 2x 


+l 
2sin x + COS x 
3 sin x + cos X 
(B.A. 43 M) 
5 cos 9 
2 cos 9 + sin 0 
(B.A. 55 M) 


a 
bie 
(a5 0). 


(n> 1)- 


secx O.” 
(sec x T tan x)" 
AA 
(sec x + tan x) 
cot® x 


/ sec?/5 x cosect/5 x dx = => cot*ls x. 


An cos x == 


a Vsin 6 . cos® 0 d0 
ng 


64 
3r 


= 


Cos 9 


tanix 


= log tan x + tantx t-g" 


(BA. 50 M) 


er des log (V2 + 1): 


Sin’ 4 ig 
EJ * Cost x dx 35: 


x Eco. Bhagavad Ramanuja National Research Institute, 


Melukote Collection. 
Y 
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alt 
45. Evaluate / sinë 0 cos? 6 db. (B.Sc, Nul 
0 D 
v[2 ; 
46. Evaluated sin? x cos? x dx. (B.Sc. 4 X| 
n2. h 
47. Evaluate Jer 0 cosec 0 dé. (B.A. 68]. 
ad 


1 


dx 
48. Evaluate f are 
0 : 


dx 
49. a NAG Sa 
Evaluate Ji Fa WB. 


a2 
50. Evaluate A 
a3cos!x + b? sin? x" 


1/2 ; | 
31. d sinl!/? x cos’ x dx. (psc. K 


$48. Integration of rational algebraic functions. a 
We proceed to integrate fractions whose numerato" J 
denominator contain positive integral powers of x with C? Ik 
coefficients. y 
§ 48:1. Rule (a). If the degree of the nuinerator 5 4 
to or greater than the degree of the denominator, divi | 


numerator by the denominator until the remainder is ofthe £ | | 
degree than the denominator. 


Examples. 

Iis ef too 

5 | ze. E 
x3 4 HR 
Saro AA magng vision: 
x427* Ao E 


x4345-— ( -2+h)* Pas! 


=F —2x + 4 log (x +2): E 
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ae fes (in se 


3x 
S 1 log (3 — 4x). 


x28 
Ed [op]: (B.A. 46 M) 
x24 
wy 174-7 NG —al tuer j^ 
x15 x5 a dx 
— 15 5 PES) 


| 
15 5 + 5 Pre putting x5 Ly | 


aa O | 
x38 | 
=p titan (9. 
cises LIT. 
Mtegrate 
ik #-xj3 8 
x=] 5 9 E. 
: "RET 
27 
SIND 10. a 
Tm 
ap 11 x4 t x24] 
xi x$-—l 
1 XIT 12 sin? x cos x 
cnt " ]l-smnxs 
Nang: . (BA. 94 M) 
P 
D WIx SACOS A. 54S 
: jd UY j 13. l —acosx (B Z ) 
de ES. 14, Show that 
DR 841 jee EN 
Ep RA SO 
i 82 R 0 


[ tot ule (b). Denominator is of the second degree and 
4 role Into rational factors It has been shown that 


O) 


2 awa Aba o 


-< CC-0. Bhagavad Ramanuja National Research Institute 
zii n Se Lg 
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dx 1 1-Ex 
(3) Rap 


BU TESEI] 
Then dividing the denominator by the coefficient of x «f 
completing the square of the term which contains x, the inter 
reduces to one of the three forms just mentioned. 


c PEC A A 
Ex. 1. FRESCA 2 


dx 1 dx 
Ex. 2. aal a 


> 


=} tan (2x — 1). 


Ex. 3. Jazz: Je 


Bo x+4—VB 
= —— log — — m 
2/28 S x +44 Vo 


dx -if dx 
Ds e Sa —4x —5 3 x? — gx — 


| Jea 


] U 
V3 x-3 1 
Bites lo AN d 
25 ES | 
2 2 
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dx 1 dx 
malag mw." Spa 
mia 
9/$—erp 
= l log V3 Ts 4 
9.2.44 ° Virt 


1 Ysa pal 
Toy a 


dx. 


ix m: 
ax? +- bx +c 
If ax? + bx -- c has no rational factors, express the numerator 
“as A (derivative of the denominator) + B and integrate each 
part separately. The method is outlined below : 

- Examples. 


Ex] [| 2343 — ue .47M 
cla (BA. 47 M) 


E n i (t-te +1) =2 +1. 
m LA 
(2x: + 1) dx 


= f REED 5 f In 
ces ferin 


= log (x2 + x +1) +% tan? vu 


Type d: 


= log (x? + x + 1) +L 0 PA 
Ex, 2. y E +4 


7è” 


E. “a 
> = —4(—2x4+6) +7 


8r —7— 


S caus 
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22-7 
Exercises LIII. 
Integrate 
su ee 5x +1 
MEETIE- 10. z—2. — 35 | 
Oi eo ores rs "o (BSc 5M] 
4+5<e+ 4 T 1 
ar " E 13% — 0 
$. azar (BA. 40M) a i 
4, 2 E 3 ERAS 
x*-4-2x +5 x3 | 
(BSc. Sub. 42) 13: appo BASIN 
ARA FS it. Symes NN 
6. ELSE 4x* + 3 | 
: 23 —x- 5 15. TEZEI | 
2x--3 2 K 
T x +x +l E 
== a l6. MET - (BSc. 41M] 
5x +7 2 
¡IA 1. x*—x-1 
SG T: Mm ILLA 
gsx - xí 
2x2 Tx T 3 18. Pure 


it 
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TG rom et fgg 


T 
19. Show that i sin 20 TES 
| y sin’ @ + cost 6°" Ux 


+o 


20. Show that dx = 
J a + 20x Pot = Mac ZI ya 


21. Show that 6 


frame 
1 + 2x c050 F x Z sin 0" 


$493. Rule (c). If the q j 
enominator can be res 
rational factors of the firs 
fractions is to be used, P eon e the method 
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Examples. 
dx 
Ex. 1. xi gt 
1 A B 
Let TS eT + sila] 
Then 1 = A (x + a) + B (x — a). 
a 1 1 
Putting x = a, A => and x = —a, B = sm 
dx Ll dx” 7W fd UID E 
A—=2 a) x —a Tal ipa da "xa 
Ex. 2. Simil de TE n 
arly, aè — x? 2aJ a-x! 2aJ a+x 


1 1 
— 92198 (a — x) + 5, log (a +x) 


€— 


Ex. 3, ik 
l= D E=D=3 dx. (B.A. 48 M) f 


E the degree of the numerator is higher than that of the 
ator. Hence rule (a) isto be applied.] 


Mp 


i B see 7x — 6 
- SY division EA E c 
Let 7x—6 
G-1)g-37 uc 
DR la LG me A (v —2) Be oD 
ang x — ] and Qin turn, A = — 1 and B8. 


did el 
-5 : 3x — log (x —1) TEC: : 


ro IE d 3 
Da ) 
cd lo 

CGE "ia 
= L 


me 
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Put x — 0, mm” hence A =}. 
a 341 
GNG)” 
Df d 
"ifie eti x+3 


I 
=} log (s - 1) — +, —jlog (* + 3) 
OS INS 
X 9 9+3 z—l 
M dA mlt 
TC Ex. 5 J 2dx 
NG) s 
a EE 
: 2 A Bx-4- C 


THT Tost ise 

5^ 2= A (1 + 22) + (Bx +C) (1 — x). 
Put x=1, A =l; putx=0,44+C=2. ..C=l. 
Putz = —1, 2442 COTE "Bal. 


Hence the integral is NS x #FL, 


I- 


dx 
VOTE o 
| = dog (1 =) + 4 log (+ +1) + tans 
| Exercises LIV. 


í Integrate 
| 1 l 
: ETETE 2: 
| -- 2x43 
2. 
| Qx 1) —33y 3. 
| oso cal 
| Meer, 10. 
T 
IE AOS MEE 
(«—1) (x —2) (x —3y 
5. a+ lix +14 14 ll. 
(= +3) (38 —4y 
E Sc. 48 M) 
" 12. 
; zu aay “TD 1) 
| i B.Sc. 40 M 
i 10x — 21 bd ? 15, 


lar 
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Scr] 26 I 
x (x +2) "AEREAS 
x 1 
CINCO 27. ipu (B.Sc. 38 M) 
B.A. 39 M E 
E ) 98. S t l. (BSc. 47 M) 
BUDE ESI 99 x 
(B.A. 56 M) ^^ Apa 
I xt 
FEF) MURS 
(B.Sc. 50M) 5, — s 4x41 
Bal. TU F1) | 
a == (B.Sc. 52 M) | 
x— l x 
G+ D (x —3) 2 GIG EFI) | 
Leg COS X ! 
+ Mg +4) 33. (I F sin x) (2-Fsin x) 
ao ZA ICON | 
(+1) @ +43) 34. mal Fisna) ; 
E ox (B.A. 53 i 
Bi a) (x? + b) js sectis | 
=>: (BA. 50M) Ac 
x 96. ——— 1 
Ehe. sin x F singa | 
#4] (B.Sc. 49 M) NG 
1 3) 
AAA lira EES 
"EE 97. Seine pane X] 
Valuate J > ua D (B.Sc. Sub. 48) 
/ 
Eva] à x. 
uate f^ dx (B.Sc, 46 M) 
/ LE NATA 
Sh met EIU c MN 
OW that f sinxcosxdx č _ paa (B.Sc. 55 M) — 
TE F2. 8O IE 
Evaluate dx 


y 


COS X — cosi X" 
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$ 48-4. Special cases. 
(1) In certain cases a substitution materially shortens ti} 
work. This is especially so if some power of x, say, 207 is a fat 
of the numerator and the rest of the fraction is a rational fundi 
of x2. - : 
Examples. 


x? dx 
Ex. l. VEZET 


In this case since the numerator x? is $ of the d.c. of opel 
x39 =t 2. 3x2 dx = dt. 


y x dx an dt 

las 2 
mal di kf 
3) (+1)? +1 
= 1 tan” (t + 1) 
= $ tan™ (x° + 1). 


dx 
Ex. 2. if x (8 +1) 
x? dx 


E] e = . = di. 
SG PU Et Sh GH YE 
| If d 
= ull Grm) 


LIAR 
=; J (i -rgT)“ 


| = $ (log t — log (¢ + 1)) 


. (2) In fractions in which there is no odd power of x M 
| which the denominator can be broken up into factors of the 
| E a”, it is not necessary to resolve the denominator i09 pii 
| oes mene partial acion corresponding to cach P ble L 
| = ould be obtained regarding x? as the varia ^ — 
| Examples. ia A 


Ex. 1. y EE 

(a= Fa) (33 4) E 

E 1 A E | 
E e E || 


1 I 
egi ala Fb: 
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; dx 
Where ices 


di 

pe Ec 1 dx I dx 

GG -aca enna a 
AN lx II Q 
Aa tan 1. (5) anga) 


= — € tan-15 -i tan”! 9) 

(3) Sometimes it is more convenient to break up the denomi- 
mtor completely into linear factors although this may introduce 
, Mmaginary numbers. After resolution into partial fractions or 
E. Integration, the pairs of terms corresponding to conjugate 

can be combined and reduced to real form by the help of 

Moivre's Theorem. 


| R Very often expressions involving x*-4+a? can be integrated 
Conveniently by the substitution x = a tan 0. 


SS ALS E "i 


ples, | 
Ex, 1. dx 
ME Jl 1537 L 
tting x = tan 0, dx = sect 0 dé. j 


Se ig _ f sectódo 
(1 + 23)8 -fa F tan? 0): 
f cos? 0 dé 


Ex, 9 x dx 
J E Bx +2) 


x x 
k GP oe Fa TS T TETE 


Put 
uet l=tán0. . dx =sect 040. 


DS x 
J erran [Ra 
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— l(x 1? —1 —} tant (x $1) —1 2 (x +1) 


=i F]! 
al + 2x (x +1) 


414 (lj 


147212 208242) 3 4" TN] 


x --2 ies 
74 (8 + 2x + 2) 9 tan 1 (x + 1). 


Examples LV. 


Integrate = 
l x? 
LEE) G24) ay 
Sree go RA 
NG (GF ly e n DS 
3. ————u EK 
TET METTE 
x 
4. UE (T.U. 55) 10. GETIH 
S AE am. 
GE -ET) @ +3) He GEE PO | 
(R 12 x5 
(x? — a?) (2 — bi) " (qa 
1 
8. rnap 


:14. Prove that 


15. 1 PSG 
ntcgrate GF=1) ry 
Ni L 
| GEI) GPS 
a 


17. Prove that 


$ 49. Integration of irrational functions 


3 co Se UL. occu 
Jem tara AIN | 


Many irrational expressions can be rationalised bY asi 


It has already been shown that 


D xn 


- CC-0. Bhagavad Ramanuja National Research Institute, Melukote Colle 


f 
| 
1 
] 
change of variable as will be explained later on. 
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dx 
oir 


(8). J a = cosh- * or log (Quae cc) 


= us consider the allied We. 
. J Va? — x? dx. Put x = asin 0, then FEE eom. 
eof Vd = dx = a? f cos? 0 de 


zJ 0 + cos 20) dà 


dU | 


=F o -+ sin 0 cos 0) 


A x 
= sinh! ~, 
a 


E. 


| 

| 

= TN un zi | 

a i E. rore =a i 

2 I. BE | 
: | Vat Fe dx. Pure oa EXER i 


o SVE FE de = a? f cosh? 0 d0 
= GS (1 + cosh 20) di 


mg des sinh 20 


a 
2 Nati 
= Qsnh32— R4 


x NINE d Put x =a cosh 0, dx =a sinh 6 dd. 
R De OC | 
TI (co cosh 20 — 1) d9 

epe. ae 
MS 


0. Bhagavad Ramanuja National Research Institute. 
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dx gi a a8 
= da @-!-g ch? 
= 17 el E cosh-i Ë 
par 2 2 a 
Case i. Integration of the form Jerr 


Divide the expression under the root by the numerical vale 
of the coefficient of x* and complete the square of the terms whid 
contain x ; the integral reduces to one of the three forms above |. 


Examples. 
- dx | 
Eni f VIT (BSc. 51M] 

dx | 
= J Ve} = cosh-! (2x—3) (by ge 
dx 


Ex. 2. (B.A. 50M | 


V3x — 223 
-| vm = sin”? (2x — 3) (by 1354) } 


Ex. 3 ml de 
Vx(8 —2x) Y V3x — 2x8 


ang) bag dx 1 dx 
v2 J Vice V2 J O e F 
eaa d 4x —3 
yan “4 = vss ( 3 G 
Pal fe l dz 
a S r OOOO 
Vie px —3 E 
1 i i 
=, f dx TISA e f dx ; | 
A V3) Vurd Oe all 
1 x i ] h^? f 
=== -l Ss COS U 5 h 
Case ii. Integration of the form PERA. 
Put the a io 
. mc numerator equal to A (d.c. of the express 
the radical sign) + B when A nal BUS aano d 
(2ax +6) +B. The values of A and B can easily be de 


The integral breaks up into t i f which t^ 
rator is the differential eman peer Tom 
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other the numerator does notinvolvex. The method ofi integration 
«f the two parts is illustrated by the following examples. 


Examples. 


Ex. 1. 
a S vein 
Let us assume that x = A (d.c. of 3$ + x +1) +B 
=A (2x +1) +B. 
A=}, B= —}. 
: x 3 (2x +1) —3 
L AH —Á 
ais His MU a 
E _ 2 +1 pal PA 
agas lun 
= VAR xL] — > == 
ES a! NENE 
VAR Fi E sinks Y 


s BS 


= x3.L o. 1 ha "mn 
VR L STT - sinh 1 TE 


Ex. 9. _ 6x +5 
s J veut 
LRS L 5 — 4 (d.c. of 6 +x —222) + B 
2004 (1 — 43) EB. 
- Á=-—8/2; B= 1872, 
E E 
L 6x + 5 mie 
J| ves "mc. 6 +x — 2s 
ES 24 
=-5 P EUST. 
+=» 
Va 
tan f EES # 


=—3 E 


Alap 
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266 CALCULUS 
EI err | 
EL 4 mal 
+3 psi 
=-3V6+x-—2x* 
| 
d 24/2 
3x — 2 
Ex. 3. ————-—— dy, 
= Vie — 42 —5 
FBT 
A = 3/8, B = — 1/2. 
jee 3x —2 af Ee 3(8 —2 y 
|J Véà —4x —5 8V4x2 —áx —5 
ua 


K 9x — | 
H — 1 cosh" E. | 


Ex. 4. ED = ee fi 
if 2—x VE, er 
: dE 5—x x dt 
HEE 
which can be easily found as 


VOTA y is (2552) 
Exercises LVI, 
) 


Integrate 
1 
1 E 1-4 
| Vx — 8 E 
(B.Sc. Sub. 46) El 


x 
CEN GENESIS 3: Vx (x —2) 
V3 + 4x Fa 


t 6 x+! 
| (BSc 43M) ê yar? 
Bo 2233... mt 
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x—l (13; poe 
2x — 3 e Malo] 
[Hint. Multiply” Nr. ^44 l 
and Dr. by Vx —1] . V (a —2) (OF a) 
32% 15: PC 
= V3x2 + 4x47 
2x 
1 16. == 
0. € 6 — 5433 — a | 
V8 + Sx — x3 V6 5x2 — x4 
9% $ (put 33 =¢). | 
L AG (0M = | 
x pot ` V4 —sinix i 
2, : sec? x [ 
———— 18. KK t 
“E (B — x) : V9 + tan?x | 
F 
VaL (B.Sc. Anc. 61) 7 
T Saar f $e? ay | 
l| Cove iii, E 


Integration of Vax? L bx +c an bx+ 
NG (px + 4) Ja iTS 
thas already been shown that 


() fva ary =} Vd — + pésniT. 
@) I VEF de =j Va Fat fa? sinh? O. 


(3) J Vas ang at des =} - Vx —g-— ja cosh (9. 
The i integration of Vaxt} bx + c can be accomplished by 
ax + bx -L c to the forma { (x +o) EPI: | 


Ex. 1 -——— 
E I VEFEF T de EFI 
“59 +1) Vip Oxf 10 peris EB o) a 


E Ex. * ad. 
B ^r: a [wai Hum 


E E Qe a 
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LA | 
NE | 


4x E A 9. 
= 3 VÍ -x—26 +3gsi0" al 
Ex. 3. f (3x—2) Vx +x + 1 dx. 
Let us assume that 3x — 2 = A (2x +1) + B. 
7 


3 
". A=5,B=—3. 
o J (8x — 2) VEE Fl dx 
=f {$ (2x1) —1) Ve +x+lde 
=$ (2x +1) VE Fx F Ide — VE 
= (4x4 1) VEFFE | 
TE e+ L > +H) VEEL | 
1x i 


| — $i.isnh^[m 
— Ga ipn — TOR ED A E 


a 


ES ` 21 inn ( 
| o” 


y 
it 


———Á 


A SE 


| Case iv. In some cases it is more convenient to pro^ 
| below : m 
| An algebraical expression involving only one i4 
| quantity Vax Fb can be rationalised by the subs", 
| ax + b =? asin the following examples and then its inte 
| be found by the methods already studied. : 


Examples. 
Ex. 1, HA dx = D 
vits ` Ent ir = U dh 
x? 2 2 di 
d Áo Ei (12 — 5)? 2t dt 
i +5 J t 


=2 j (i — 5)? dt 


: SCCO; Bhagavad Ramanuja National Research Institute, Melukote Colle 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


INTEGRATION 969 
= 2 f (I* — 1042 + 25) de 
js #3 
=2 (5 107 + 251) 
— 2. (86 — 5012 + 375) 
15 


PES (3 (e + s) — 50 (x +5) 4-375). 


En2. (V2 de. Puta ott; de = Qe | 


d l +x | 
T Vx t. 2t dt 

| ds fi T | 

| _o [BH1-1 

| =2/ Drs 4" 

1 i 

: - (ok : 

| = 24 — 2 tan à 

bl —24/x — 2 tan” (Vx). k 

Exs, [_ da Put | +x=# f 

Sa PRE TE) 3 TA Tora 


E E A A 
8 (CEO PERA ET BIL BI 


= 2 tan (i) =2 ti VILE 


| En4 (od puts ae 
| 1+Y S dx = 3t dl. ; 
ba nu a "P 


Ip; "325—898 + 3 log (1 +1) 
6 s3 (x + a)2/3 —3 («+ ay +3 log (1 + Vx ta). 
to. Any expression of the form 
1 
OM GD Vas F ox +¢ I 
3 e integrated by the substitution x — k = p> the expression 15 $e 


a y reduced to the form T ERE which has E 


xa, So ac M ORE 
: @Hl)Vapatl 
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| Put s+ I= 1; de = — ¿de 


È Ng 


Sal ga 
d 
emat 


att 
= -- sinh! sp 
l—x 
v3 (1 +x) 


z-—sinh- 


. dx 1 
Ex, 2. == € 
x. 2 Fs, XH Put 3 TS =z. 


2S de = — $ di. 


| Ta 5 Li 


a 0 
= "in ==) =~, sin (6: — 1) 


md) 


Case vi. aalaga hon of 


das 4- B) Vern D 


facilitate integration, 


“Example. dx 3 
ple CM TOO WADE 
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Pulling x = ; and dx — -4 


“Jaha 


dx 
anan v kat) Vi zi = 


-J tan”? 


p LVI. Integrate 
VERE + 5. 

a Vii toe —3 

T VERSA 


(+1) Vl — 
X l 


dt ; we have 


D las i di 
LD VEZI 
— | 735, 00 putting 2-1-92 
fei : tdt =u du 
,V8-—1 
-T tan 7 
llb ta == vi = : 
2” ay" 
x2 
13. eSI 
l 
EET y V3 + 2x — 8 
15. rp 


(x +6) We 


TOGE AAN ria NI IRAE 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collectio 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


272 CALCULUS 
Dy, 


. 2 
> dx 1 
24. Show that J| exem td = X 
1 


1 
dx T 
1 that | s7, 
95. Show tha lua Vaa 6 
0 


t 
dx 1 
. Show that | —————————— =; log (2 3). 
26 Show tt [ra VSP 5 log ( + 73) 
(B.Sc. 51 Mj 
7 d Naki 
7. a Ilog sA, 54M) 
2 lv 9183 E 
de ni 
28. eo A e E. 5) 
aan e 


1 
AA E 
Ei J Q—3) Vine es 


dx 
30. J E 
(x —1) Vi? 42 
Case vii. Many algebraical functions which invo 
square root of a quadratic expression can be rationalis 3l 
a trigonometrical substitution and their integration is ofte? nG 
simplified. 


If an expression involves the irrational quantity WE i 
or Va? Ext or Vi — gi and no other radical, We d 
x =a sin 0, or a tan 0, or a sec 0 respectively in the abo? 

and we shall get rid of the square root. 
Examples. b 
#1 ao] | 
Ex. 1. m — al . = COS 0 | 
Vic a [put x = sin 0 5 dx | 
— [S0 +1 

cos 0 
1 

sfb + 7 sin Ø — sin 30) Ld 


(using sin 30 = 3 sin 


cos 8 d0 =f (1 + sin? 0) 48 


E 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


INTEGRATION 973 


3 1 

= 0 — ¿cos 0 + 15 cos 30 
3 1 

EO da ro SEIU) 

= cos0 + gcos 0 


= sinc x — vi Kay” L jao. 


A 2. fa Tre Xu id - (B.Sc. Sub, 45) | 
y mang FF 3 dx = a sec? 0 d0.] 
The int SA a sec? 0 d0 =f ae 
Ee f tan! 072 a?) sec 0. 


ml in” x SA 
gan 0 a/a Va É | 

ES = Puts = . de = 2 sect 0 di. 
4 Saves [Put x = 2 tan 0; dr = 2s ] 


=| E 2 sec? 0 dd 
4 tan? 0 t tan? 0 VÀ 4-4 tani Ó FE tan? 9 


-f „cos O y, 1 lu vee 
Esing "TA sino 4x 


mt => 


[Put x = 3 sec 9; ; dx = 3 sec 0 tan 0 d0.] 


Integra] 8 sec Ban H d0 — - f E 
NA 27 sec 


1 i 
Ede 
O , sin 6 cost 


= gac () +1 1 3er 


(65: 
2 Ui, The expressions 


ee 
x—a 


“==> 5 MEC B=x 

dx € B NAUES — a) (B Y bstitution 
pog cn a, are all rationalised G the gu ; 
aa 0 B sin? 6, 
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Examples. 
Ex. 1l. J V (x —3) (7 — x) dx. 
UU ban Met 
dx —(— jeong sine ct: 16 sin. 9 cos 8] de 
= 8 sin 0 cos 0 d0. 
x — 3 = 3 cos? 0 -+ 7 sin? 0 —3 
= 7 sin? 0 — 3 sin? 0 = 4 sin? 0. 
7 — x =7 — 3 cos? 0 — 7 sin? 0 = 4 cos? O. 
. [V(s—3) (7 —2) de f V4 sin? 0 4 cost 0 x |! 
8 sin 0 cos ôdi |. 
= 32 f sin? 0 cos? 0 dd = 8 f sin? 20 d0 
=4f (1 — cos 40) dd = 40 - sin 40 
= 40 — 2sin 20 . cos 20 
= 40 — 4sin 0 cos 0 (2 cos? 0 — 1) 


= 4 sin fe —V(x—3) (7 E (15 


zc | 
mau) tete 
Ex. 2. = dx. Put x — 2 sin? 0 + 5 cost f 
J dx = — 6 sin @ cos 0 dé. 


3 6 
Integral EE 6 sin 0 cos 0) d9 
= — 6 f sin? 0 dd = — 3 f (1 — cos 20) d9 
[0-229]. sien 0cos0 


-3sin1 (q V5=3) + 1032 


Ex. 3. Evaluate | >>%___ 
In (8-7) pi 
(B >a). [Vide Qn. 12, Exerci ~ | 
Putting x = a sin? 0 + B cos? 0 ; | 
dx — — 2 (a — B) sin 0 cos 0 dd. T) 

x —a = (B — a) cosè 9 and B —x = (B — a) sit 
The integral reduces to — 2 f d0 = — 20 


= M 
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f dx 
In particular, if Vi —a) (Ps) 


, Case ix. Sometimes rationalisation of the denominator may 
| aid integration. \ 


El, [.. 5. “mar 
l J: es tee Vist — 1) dx. 


=i VO Ld 
= $x? — a + L 
dx = T L x 
Lam 
e$ (1-2) — 32. 


j Exercises LVIII. Integrate 
| l. 1 *— 1 


SII 9 Maza 
2. Mal... 10 Vai — xà 
AVI F x 
3 wr 1 ll. x 1—* 
BV a 
Id 12. [25 
Vai —ur S 
3 x 13. 
I. A PST T x 
Vit 1 
4 s. am S (x +1) Vi —3 
bo Urge NER 
§ 1, x 15. NE —X 
A par 1 
Sa oe 
CFDE=2. 16. ac b — Vase 
1, 3 
Evaluate 


dx 
Vix 6 a 
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18. Evaluate I= WSIS dx. (a<b). (B.A. Sub, 4) 


(B.Sc. 53 T.U) 


20. Show that dx —m[2. 
Integrate 
LS] 
HA RA: e 
Va — xi (B Y po M) 29. EZ 
E 1 xV1 +x i 
2 gage (BA. 2S (B-A. 510] 
my as A.3 Fi la? 
" WI Sa (B.A. 39 M) 30. (aa 
E > 0 Vx (1 +x) | 
24. ==. 1 M) 
mos (Bb: 5 
1 a? di—Ó, 
25. (A — Ay C 31. alta 2 ld 
26. Md == = 
— + x 
ad 32. j 5— , ds. 
27 af =. i 0 NEY 
à > , 
a- 4 a +5 ig 
28. VA 5 5 Eu Jem a ERAS 
34. l 


3 s 
35. Prove that d V (x —2) (8 — x) dx =r[8. 


36. Evaluate 1 [(x — 2) (3 — x) puede: 


Integrate 
1 E 
GT ABA ES 2 
GEN 38. gue 
b — 
s. f WE isl 


VES 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Colle 


e l 
Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. f 
INTEGRATION : 277 
7 
V2 — a 1 


Hy) d. OPERE 42. (avis 
1/y/2 3 i 
NG VET. (BA. 56M) 44. jl m | 
z sin x E 
5. IET LE SAEC CEP de (B.Sc. Comp. Math. 59) 4 


SS 
a+bcosx 


550. E. 
Put ¢ = tan? ; "SEIS sds =) 1+ tant? dx p 

95 2 2 2 2 ! 
it, de = == ee 


TFR Tie 


a+bcosx [nens d. 
Two cases arise. 


Case i, za a — b. 


} — al 
l 7 
T WEE 


fam ( WE =y) (by T 


<a 


Tet ale h dt 
. Jara TAOS =a) TEI ca 
t ipee 
2 ba, b-a 
Peay Nazis a+b 
b — by $472) 
Vis Aa 
Een Via tns VE a 
e used when the 


"The above substitution . can b 
of the integrand is of the fie d 
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Examples. 


H dx 
Ex. l. Evaluate / RIA CON 


a XI 
Putting ¢ = tan 3 the integral reduces to 


n Pra up e ) EU 


(The limits of the definite integral must be changed whentk| 
old variable x is changed to t. When x =0, ¿= 0 and x==| 
t co.) 


Ex. 2. Evaluate Ji NA 
acos x --bsinx +e 


Let a = r cos a and b =r sin a. 
The auxiliary constants r and a are thus give N 


re VLI +b? and a = tan-1 2. Hence the integral beng 


T CA f pra OF. h —a 
reos (x —a) Fe Jrcoydqc 0920790 
This reduces to the type considered. 


[/ 3 
Ex. 3. jl AT N BSc. OM 
¿ 9 cosx+ 12 sin x ( 12 


E 2t 
Putting ¢ = tan 5 and noting that sin x =7 Ff 


di as El 
Jsp L 


limits for ¢ change to 0 and 1 when x takes the values 0 and 
Hence Sr integral is 


e. zi faci tea xs 


1— 
cos x — TC TE P the integral reduces tos 
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Exercises LEX. Evaluate 


dx 
lL lz cos x” 7. 
(B.A. 51 M) 
9 J dx 8. 
~ J13 + 12 cos x 
dx 
: [zs cos x" 9. 
T 
J dx 
13 + 5cos x 
y (B.A. 36 M) 19 
5. dió 
I; + 5sin x* 11. 
vj4 
6. d9 
1 + cos a sin 20 
12. 


(0 < a < 7/2). 


113. Show that (a) [at : 
| cos 


do 
(b) Jara” 


* B 
y Means of the substitution 


y Yaluata dx 
(Fe cos x)? 


|: 15 
| - d0 
T a ES 
m 
Sina 


279 


de fore 
[veas (^s ) 
[5-5 
3 —4cosx 


J cos x -+ 3 sinx' 
(B.Sc. 44 M) 


f. dx 
sin x + 4/3 cos x' 
- dx 


]q3snx«-4cosx 
(B.A. 55 M) 


f dx 
]-Fsin x -coss 
zen) 

—4 

E. log (2+ V3)- 


Ej 
tanus 


(BA. Sub. 55) 


| (BSe.59) - 


pagi wd 
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dx 
§ 51. Evaluate Ir 
Multiplying numerator and denominator by sec! x, th 
sec? x dx 
a? + batan? x 


integral reduces to i 


Sap on putting tan x = 45 sec? x dx.— di 


Ha tani fA = tan” b tanx E 
ab a ab a. 


Exercises LX. Integrate 


joel 4 ] A 
| IET7coox " Ssinix p Scots | 
(B.Sc. 43 M) : - 0d 

m 


3. Show that f SE EA = (B.A. 37M ; 
0 


a? cos? x -+ bt sin?y ab 


Ja de s 2 
4. Sh sec?6d0 — 2v. 
ow that 9 cos? [pra j| mE 7 dus sec? a. = 8343 


ala 
5. Sh ie sec? x dx PAR : itive | 
low zr (CREE agr csl (n being pos : 


and greater than 1). [Hin. Put z = secx + tan x.] 
> (B 
L/ 
6. Show that J COPIER, TASA ib 
35 l Fa? cos? x + bi singa 


7. Show that ` | 
Si I —sin*z y tana | IA tan?! (V tan? E 
$ pa Properties of definite Bi zii: 3 | 
. ING de= T fl) dx. This is obvious pao? iu 
definition of a definite integral. DEP 
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9. las - fa x Las where c is some value 


N P aand b 


Let ife = F (x). ang 3 | 
Then f.f (x) de = F (b) — F (a). 1 i 
The R.H.S. = F (c) —F (a) +F (b) — F (c) 


= F (b) — F (a). Hence the result. 
3. is (x) dx = TU dx, if f (x) is an even function of x. * 
uf 9 is even, f) -f- 9. 
dod - JSO dx LL dx by (2) 


= Isad [fore 


= -IS D+ 70 dx (by putting 
— — x in the first integral) 


p 
Lue LL h< =2 ff) de 
“in a definite integral we can replace the variable y by *. 
* ley (x) is an odd function of S fwd =0. 
NY) is oda fA = -Sa 
ue IO de — 1 dg dx jue 


aia b+ TI ane biga) 


=0. 
Na fe ay” 


SIT puta — x =J- E : 
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0 a a 
R.H.S. — —SF0) dy = {f() dy = PAG) dx. 


This result is very useful in evaluating many integrals. 
Examples. 


n2 v[2 
Ex. l. Prove that [une xdx = ] cos! x dx. 


Let f (x) = sin” x. Here a => 
` f(a— x) = sina (E y *) M COM. 
By $ 52:5, sd result follows. 


(sin x)3/3 : 
Ex. 2. Ji (nay E (san =F (B.Sc. Sub. HI 


Let 7 be e value of this integral and f(x) denote el 
int d (sin x)3/2 1 
E (sin x)9/* 4 (cos aF 


CIE | 
Tel f(s) de Al 
Jla —x) = (cos x)3/2 : 


- (cos VTR F (sin 2195 asa =3 7 here. 
Also J -T Jla pe x) dx. 
adding P and (2), 


9] = Jassie us Jad Fu-(> 


(sin 1 + (cos 238 x)** + (cos x) 


Ha I=7n/4, 
7/4 
Ex. 3. J log (1 + tan 0) de — log 2. 
Let f (0) = log (1 +tan@). Herea =z. 7 


fU (F8) = 1e fı suits a 


c 
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T 
an > —tan 9 
tan 


2 
=log 4 1 + = log .— ——;. 
mm dent 


sli i 
SG log (1 + tan 6) d0 T L 
aft 9 : 

| NAE | 


2 v[4 n/t 
Adding, 27 = ¿ log 2 d0 = log 2 (0) 


T 
m log 2. 
Hence the result. 


T 
Ex, 4, f 25 020 ==. 


f(0) = O sin? 6, Herea = v. 
f (a — 0) = (m — 0) sin? 6. 


Hence 7 SLE 0 d9 and I =| (m — 0) sin? 0 db 


by $ 52:5- 


Adding, 27 =y i sin? 0 d9 
=r sin? 0 (— dy) puring a duc TA 0d0 = dy 


= 
=- —9)d4-2-2|2-$* 
«fa h<l 5] 
eat jes 
i [f (x) dx = aft (e) axitt (s - pate) 
s and = 0 ifea —5) =- EC 
TE 3 
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In the second integral, put 2a — x — y ; dx = — dy, 
When x =a, y =a and x = 2a, y — 0. 


Hence] f 5) de = — JS @a —5) y = [10038 
=f a — x) dx. 

. Tre de -[fe d +f f (2a — x) dx from (1). 

If Qa — 5) = f(s), (76) de =2 LUN de 

Tf f (2a — x) = -FIFO de 04 


Cor. [in x) dx = 3 (sin x) dx. 


Ex. 6. Evaluate J = log sin x dx. (B.Sc. 2M 
I Tig sin (7/2 — x) dx - flog cos s de (By 5) | 
_ Hence 27 -Fio in dx +1 og cos x d. 
T log (sin x cos x) dx 


= T (log sin 2x — log 2) dx 
E 
= [een tnis og, 
Put 2x =z; Basta = łdz; then © 


lZ 
[198 sin 2x de = is ft 


mi x TT log sin a de 


T . 
=1og sin x dx. 
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Thus, 21 = I — Flog 2 


i, I= — ¿log 2 = 5log (3). 
Exercises LXI. ra 
vJ2 : 2/2 
(1) Prove that f cos? x dx = f sint x dx —7. 
A oe 
(B.Sc. Sub. 44} 
sin x asinx +) cost y 
(2) Evaluate (i) z rt E (6): Pai paa E 
|) [iia xsinx 
T + cos. x 10 z< a 
Tes Na [s 
(B.Sc. 56 M) 
4 
N) [s (a — a)n de. "log (1:4) 
DE 
5 m 
NI VIa (B-A. 52 M) 
L 1 : NG AP: 
Oa (Hint. Put x = tan É and 
o pas use Ex. 3.] 
y b 
a (12) paaa 
| a (B.Sc. Sub. 51) 
O fa log (4: de 
K g Cx Ecos vr, as fi E Dre 
Bi. (B.Sc. 51 M) ; (Hin. Put x. = an a 
resin’ a : 
I l F cost &- (14) in zelog anz T 


às fee cac ots b 
| hence find alr xU -atd l 
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(16) — sae 


Prove: the following results :— 
(17) J log (1 + cos x) dx = « log (1/2). 
0 
2/2 


NE: nos de = Jp log (V2 + 1). 


sin 4 + cos x 


(19) J| tias mg 08 (V2 +1). 


xtanx E 
(20) TE Tel 3-1): 


(21) Show that T Pd de = f fla+b—a) de and ko 
A 

evaluate P yh x sin? x dx. (BAS 
zin | 


$53. Integration by parts. 
If u and v are Machop of d 


d 
gs w) SU PES T- 7; by the product rule. 
a both ar with eet to x, 


J Glo) a= fut 2 de fo Bas T 


“. uv = f u do 4 f v du. 7 
Hence f u de = uv — | v du. p 
Note. The success of this method depends on M 
choice ofu and y; the auxiliary integral f y du must be 
integrate than the given integral. 
uen 
. J xet dx. 
Wii a and u — x, v = f & dx =O 
« J xe dx = f xd (6%) = f u do =w — f o di 
= xet — [ex dx = xe — ex =t 
* 


- 
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Ex. 2. [xsin 2x dx. 


Here do = sin 2xdx, ie, p =f sin 2x dx = = and | 


I=. 


" J sin Be de = fad (<P) - Tum pois 
NE AE p J ea 2e de = 052%, sin de 


2 4 
Ex. 3. flog x dx. Put u = log x and do = x^ dx 
ie, o= f xa dx = xat [ (n + 1). IG 


4, a] mee xnH 
J #@log x dx logs a (A 


gat L len) L 

aucem acl p/m L 

| ntl => ff de b 

| mp1? 4.1/7 L 

EI xn i ant L 
nil 084 AFD 


Ex. 4, f sini x de, 
7 Put u = sin-1 and dy = = dx, te, DEL 

Bs de < TT [E 
= x sinl x — [sin 6 d0 on putting x =sin 0; 
Sx gini x 4 cos @ = xsinx + Vl — s. 
Ex. 5, J tan x dx. [Here u =tanlx and o — *] 
stants f, x dx = x tantx Hog (1 ++): 


14 
[ ^ A y ; do =x dx. 
f 23 tan-1 x de, BE. n o=] * 


= f tana NG rif at 
Es if (e Zal 


=F arty} am oo 
se 49M). 


| 
Í 
i 


| 3 no? ` J (log x)? dx. 
| Y = (log x)2 and v = x: 


m 
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*. J (log x)? dx = x (log x)? —fx.2 log x. é 
= x (log x)* — 2 f log x dx 
= x (log x)? — 2 (+ log x — #56) 
= x (log-x)? — 2x clog x ar 2x. 
Ex. 8. f Va? + 2? dx. E | 
(Vide Ex. 2. Page 263 for another method) 
[Here u = Va? + x Té and "T 


Integral = x Vai pat (ra 


Va + x2 
DA eh _ [e+e 
=x Va? + x2 Vals dx 


VER — Vat ade + | 


sxaVa Fè — [Va + xl dx + a sinh xfa 
Transposing, we get 


¡VERÁ dx = zL: V vats tear) | 


E sing. z yl 
Ex. 9. ELE E de. s E ^ (BSc. 60 


ure 


a xd. 2 sin5 cos5 
dagat data 
NC EN 
=< tan 3— [tang zd + fans xang 


#F1 E so 8” 
Ex. 10. Je Gy LA .(B M 


J ILE sf zx af 


c 4 (09) — Lc 
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a PA RETE Ide MS 
-f te FPE. (FDO: 
Ex.'11. fez (sin x + cos x) dx =f e sin x dx + f e£ cos x de 
= f sin x d (ex) fe cos s dx: 
= sin x eX — f e= cos x dx + [ eX cos x dx — sin xex. | 
Exercises LXII. : Integrate 2) =s eu pl 


l. log x. ala X : 
2. slog x. 16. Evaluate l 0 sec? 0 dé. L 
3. xlog (x + 1 a : A iy L 
5 17. Evaluate f sin yx dx. ix 
ES. / IA " mocny | 
5. xsin x, . 18. - ex (x + 1) log x. | 
jdm 19, Ramis ! 
asin x, “age l 
8. x sec x tan x. ; 20 x*tan-! x ha: 
EX XM Sepa b 
Mu mm 91, sinbi £ 
(l + x)" KE V1 — x E 
é. lI. Via F i 99 : log x 
poaa a i Page 262) E a 
A AA 
pls, CU L si 24. 3n (log x)*. - 
SAT Sin x) 2 
o E log (#29, 
TR (B.Sc. 40 M) of «tan i 
$ Evaluate Tea? x8 dx 4 ore "Ira x 
0 » 27., rs S 
; : B.Sc. Sub. 38) x3 sinis ES 
| 15. xsin ( UD E . (B.Sc. 53 M) pi 
pons 3. qoum Oe” 


jt 29. (sin xh 
TA (B.Sc. Sub. 39) 30. x% seci z 
$541 Reduction formulae. 
Here dp In = f x2 e2x dx, where 
= eax de, i.e., v= f ja 


1 L ^ che Za = : eax » eax. e Er 
3 X ¿ax n 


a 


nisa positive integer. 
dx = ja and u = «^. 
a H gas anl dx 

aJ 


b “lg : 
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The auxiliary integral is of the same type as the given integal 
but with index n reduced by 1. Such a formula is called a rx, 
tion formula and by successive applications, we can evaluate ], 
The ultimate integral is obviously 

J ex dx za. 
$542. I, = f x? cos ax dx (n a positive integer). 
Ia = f xà cos ax dx = f x? d (sin ax/a) 
(Hee u = x? and y = sin are] | 


Msinax n : 
EE - f oa sin ax dx 
a 


Asinax n — cos ax 
zL——- | a d| —— 
a a a 


xa sinay ,n A 
= ——_ + =, x27" cos ax 


a a* F 
SOS E cos ard | 
a $ 


.,Xhsin ax zieg TE (n — D KE 


The ae integral is either fx cos ax dx.or f cos ask i 
according as n is odd or even. 


(2) ee xx xsinax — : sin att 


_*sin ax 
a 


m si 
m f cos ax dy =. 


Exercises LXIII, Integrate 


+5 y COS ax. 


l. ex, 2. ex. 
3. & (x - 1): 4. xcos2x. 
5. xsin 3x. 6. x3cos (x +4): 


7. spes a reduction formula for f x? sin ¢ ax de. 
8. If; — T x2 cos x dx, show that Ta tn ti - 1) ha 
slt m 

= (7/2)2. Evaluate I x3 cos? x dx. 


1 
9. Evaluate ¿ xD eX de, < 
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$543. I, = J sin? x dx (n being a positive integer). 
= J sin?! x sin x dx = f sina- xd (— cos a). 
= — sin? x cos x + (n — 1) f sina! x cos? x de 
= — BIHA x cos x + 
(n — 1) J (1 — sin? x) sinn-* x dy 
= —sin® x cos x + (n — 1) In. — (n — 1) A. 
—^ ng = — sin?! x cos x + (n — 1) Ina. 
The ultimate integral is f sin x dx or f dx according as n is 


odd or even, i.e., — cos x or x. 


Corollary. 

sñ BET s[2 [2 
sin x dy = - 23 + ma [utes 
Ss n n 


LE) 
== JE dx as the first term vanishes 
n Ü 3 at both limits 


C 
R Ln 8 f... f 
" n—2/ sin? x dx 


OS 1n--3n--5 
Rau cds 


df . Ü 1 
75 even, the ultimate integral is 


T 
a =| « |=5 


If nj 
"15 odd, the ultimate integral is 


[2 7/2 
[ina (752) =l 
4 


n-in-3 when a is even and 


ve . b 
Sinn — = s.69 50 


Ban PAS 3 when nis odd. 
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7 6 42 
Ex. 2. f[5954&-2.$.$- (a 
0 


Ex. 3. In f sin? x dx, if n be an odd positive integer, w 
can directly integrate without using the reduction formula, Fx} 
instance, let us find f sinë x dx. | 

Put y = cosx ; dy = — sin x dx. 

J sin? x dx = — f sint x dy = — f (1 —52)* dy 
=—J(l — 2 +99 


IE 2y p y _ 1 2 costx co: 
miga 3 Ta 


1 . 
Ex. 4. Evaluate i x (1 — x2)42 dx. (B.Sc. Sub. 3| 


Putx =sin 0; dx = cos 0 dé. 
When x —0, 0 = 0 and x —1, 0 —«[2. 
The integral becomes - 


m2. a EMT: l E 
sin 0 cos? 0 dO = [ cos? 6d (— cos 0) [5 
0 


5 544. I, =f cos? x dx (n being a positive integer)- 
In = J cos x dx = f cost-1 x cos x dx 
uA | = f cost x d (sin x) aie A 
= cosn-l x T "ng n-i y L 
acn LR HI costs) cott | 
= cost- x sin x + (n — 1) Ing — (n — 1) 5. ig 
e nl, = cost“! x sin x + (n — 1) Ins q 
The ultimate integral is f cos x dx or [ dx, i6, 5 
according as is odd or even. 


a 
A. 


Corollary, 
2/2 2/2 
pensás =< = n + (n — D) f ott 
0 
0 
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NPA C 
n—la— 
—— NI f cost ede 
0 


n—ln—3n—5 


w gani ha. 
Te PO NEY 
The ultimate integral is 
B a/2 
[oss a = = [sn x ] = | when n is odd. 
. 0 


The ultimate integral is 


B | w[2 
d=[+|]= g When n is even. 
0/55 0 
Y 
Thus ese 2 AG 
0 n n-2 22 
| anda —1n—3 . 2 if ais odd. 
C Eram n n—2 3 
Ñ ples, 
| T 
Ex. 1 fs 7 5 3 1 2, 337 
EG 6 4 22 56 
AR 8 
[ 2 5 _4 2 0 
Jda =$ 315 


ositive integer, We 


Ex, 3, 
dines In f cosa x dx, if n be an odd P P eduction formula. 


pen integrate without employing the 
ple, take f cos? x dx. E 

L ty = si 

4 Cog? xd nz; ; dy = COS x dx í 
km [ costs cos x de = ra LPs $5 y 


SI a L 90 mg TEST 


TL 

E: “tins giga, + 28205 — LET 
54. being positive 
5, Imn =f sinn x cos? X dx (s? integers). 
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In, n = f sin™ x cosn-! x d (sin x) 
sinn y 
. costi x sinm+t! x 1 
m>+l Tari 
. cosh-xsinmtiz  n— l 
T m + I m +1 
cost! y sin. y 


J sint xd (cosn- x) 


J sinmt? x cost? x dx 


=z. m+ 1 
+254 f sium s cosn-? x (1 — coss) éf 
a mis UM x c 1 f sin™ x cos2-? x dx 
-2 sin™ x cos x dx. 
. cost !xsintx 2n—1 2-1 Inr 
TA PPM mpm ml mp 


4^ (m +n) In, n = cost x sin2* x + (n — 1) Ima? y 
Here, the power of cos x has been reduced by 2. We Wig 
by a similar argument, arrive at the reduction formula 1 "| 
form [] 
(m + n) In, n = — sint-1x cost x + (m — 1) Int] 
Here, the power of sin x has been reduced by 2. 
To apply this formula, we note two cases. 
Cass (i). Letmor n be an odd integer, say, n. integ" 
Applying the formula (a) successively, the ultimate” 


Im, 1 = T sin™ x cos x dx = TL 3 : 
If, however, m is odd, we can use (b) and the ultimate integ” L 


cosnti x 
atl" 
If both m and n are odd, reduce the smaller index- . ea 
. JVote.—When either m or n or both are odd, we ann 
sin? x cost x directly without recourse to a reduction Mi 
For example, take 


7 


J sin® x cos x dx =f 38 (1-1) 9-5-3 


I, n = f sin x cost x dy = — 


_ sin'x sin?x 


7 gay” 
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(2) J sin? x cos? x dx. Putsinx — y ; cosx dx = dy. 
J sin? x cos? x dx = Jp (1 —y*)? dy =f p (1 — 2y* 4-55) dy 
m yt Ryu J“ E sin? x sing sini y 
7 10: .6 14; 107 oa 
Case (ii). Let both m and n be even -ue integers. 


Letn <m. Applying (a), the ultimate integral is 
Im, o = J sin™ x dx which has been discussed in $ 54:3. 


Corollary. 
T S : 
| sin? x cos? x dx (m,n being positive integers). 


T 
¿ sin™ x cost x dx 


v[2 7 
-1 = 
[e0391 x sinmi =| n—l fins cost? x dx 


= "^ m+n min 
0 0 
DT 
n — 
PAIR inm n-2 the first term vanishes 
min SING OS at both limits 
al2 


TENES ata? J sin™ x cos 


ERAS Aa haa dix B Im, 1 OF Im, o accord- 
B ing as nis odd or even. 


G) Ifa is odd, Im, 1 =f int cos x dx. 


lZ 
sinat! x i 
When n is odd, ` 
i A 2g 2. um 
Sinu SX cost dx = BTT LA QU T TT 


(is) If n is even, 


T 
ln e m-im-3 ley, $543 Cor. 
20 3 MA 99 y 
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When n is even, 


Pip L 
` f sin™ x cos! x dx 


n—1 n-3 1 m-1 m-3 17 


Cmonm-n—2" mF m m-2 722 
Examples. a 
HE ao 
Ex. 1. [svt x cost x dx == “9 « 3 by (i) 
0 
; a 
~ 693° > 
la DUET 
: S) R at 
6 d ^ p am. NG = = == = sm: 
Ex. 2. [sin X COS xd =75-3-6°4°99 512 


0 ; ^ 
$ 5461 I, = [ tann x dx (n being a positive integer). 
Ij = f tann- x tan? x de 3 

= J tant x (sec? x — 1) dx 

= J tan2-? x d (tan x) — f tann-? x dx 

. fam x 

| n-i 
(i) When z is even, the ultimate integral is. dx = * 
(ii) When n is odd, the ultimate integral is sl 
ftanxdx =logsec x. (Wide 5 474, Bs L 
Examples. ves 


Ex. 1. fosa is tan? x dx by putting B 
: on —'4 in the formula f | 


E 


. tan? x 


=" tasa | 
5 — tana +a 
he MN. alt 
Ex. 2 tan? — | tana]. dx 
j n? x dx [ 7 ] fran: 
l KN 1 1 ) 
=- 1 Io? seal Ste At 2 
6 A 
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$547. In = f cot" x dx (n being a positive integer). 
J cot? x dx = f cotn-? x cot? x dx 
= J cota x:(cosec? x — 1) dx 
= J cotn-? x d (— cot x) — f cotu-3 x de 
Cotn-l y 
Say m] 


— Ling. 


The ultimate integral is f dx or f cot x dx, i.e, x or log sin x 
according as n is even or odd. 
$548. I; — f sect x dx (n being positive integer). 
S tao pail ye s 
= sec? x tan x — (n'— 2) f sect? x tan? x dx 
= Sec"? x tan x — (n — 2) f seci- x (sec x — 1) dx 
= sec? x tan.x — (n — 2) f seca x dx : 
+ (n — 2) f score de 
= sec? x tan x — (n — 2) In + (n — 2) Ins 
"^ AG —1)I, = secu? x tan x + (n — 2) Ins. 
D ac Y If n be an odd integer, the ultimate integral is 
m) log (tan x + sec a). (Vide $ 47:4, Ex. 5) 
m W Ifn be an cven integer, the ultimate integral is 


. I = [sec?x dx = f sec x d (tan x) 
= sec x tan x — f tan! x sec x dx 
= sec x tan x — J (sec? x — 1) sec x dx 
= sec x tan x — J + log (secx + lan 3 
"* 2I = sec x tan x + log (sec x + tana). 


Ex, 9. z[ü-c it dt 
J sect x de — J sect xd (tan x) Nina = tana) ; 


e 9p P 
(mf 4984+ datt 345 


: "d I, = f cosec? x dx (n being a positive integer). 
US f cosecn x dx = — J cosect-* xd (cot) 2x dx 
mo. COSeCh-3 x cot x — (n — 2) J ear x cot E] 
~~ cosecn-2 x cot x — (n — 2) J cose" Gala —1)dx 
+ (1 2) ha 


Pets ota Ar RE 


(n — 1) x, = — cosect-? x cot x + 


", 


Ya Ñ 
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(i) If n be. an odd integer, the ultimate integral y | 
J cosec x dx = — log (cosec x + cot x). (Vide $ 474, Exi) 
(ii) If n be an even integer, ultimate integral is f dx = s. 


Example. 
Ex. l. f cosec! x dx = — f cosec* xd (cot x) 
= — f (1 + 52) dy where y = cot x. 
NIME CM. . cox 
mg JI 3 = cot x 3 . 


Ex. 2. f cosec® x dx. 
Putting n = 5 in the above formula for In, 


3 
ldz - DEMOS SIE IT 


cose? xcotx 3 


x pda KA ENG 
—$ log (cosec x + cota) : 
55410. In; =f x" (log x)" dx (where m and 1% 


positive inter | 
Hence or otherwise evaluate f x4 (log x)? dx. 
T / (log x)n d GA) 


xm 
= (log a) T aT if am (log Ja”! dt 
zb (log x)n xml n 


ml eT ma 


LI E 
The ultimate integral is Im, o = Tm dx -ZTr 


Example. Ji (log x)? x4 dx = J (log +)* d (5) 


=F (log x)? =; f (log x)? x* de 


E 
= ROREM ria 
= oo» 953" (log x)? d (og © 
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: x5 E 
h 
à É (loga)? + o5 st logx EJ 
= x5 Jo T9 
=x of (log x)3 95 (log x)? ie. log x al: 
| Exercises LXIV. 
a 
l. Ifun nat x2 e7X dx, prove that 
— (n +a) ung + a (n — 1) una =0. (B.Sc. 50 M) 
2. If I MS D» show that 
2n 1, pA 
| nt = (2n — 1) Ih tamy Hence find 
f dx . 0 
, ST (B.Sc. 47 M) [Hint Putx = tan 0.] 
3 v[2 do F 
| IF uy = l xn sin x dx and n is a positive integer, prove 
ye 


that mn (n — 1) uns =n G) (B.Sc. Sub. 41) 


4. Find a reduction formula for f en" 


| 5. Evaluate (a) f sin? xdx. (b) Tatad. (c) J cost x dx. 

O cos? x dx (e) J sin? x cosx dee (F) oe 
OT sint Cos x dx.  (h) T f sinta eot x dx. () Ie Cossids 
O) J sina x cos x de (B.Sc. 45M) (D) 1 sin? 0 cos? 0 d0. 


4 


3 
| 
i 
m 
H V T sin! 0 (sins 9 = cos? 6) ih 
6. Evaluate (a) J tanx dx. (b) T Pask (LI 
quse (0) [aeta d 

b "Uds (BA. 5g M) (g) J cosect x ds. 

1160 x tant y dx. (B.A.51 M) 


ber 0. Bhagavad Ramanuja National Research Institute, Melukote Collectic 


(i) f cosec? x dx. 


(f) fsechxdes — 
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7. Evaluate f (log x)? x? dx and f (log x)5 x° dx. 


1 f T 
8. l x3 (1 — x?) 7 V? dx. 13. ¿ x sin? x cost x dx, 
9. [sc x8 dx S (B.A. 51 M) 14. li cos? x sint x dx. 
: x3 dx 
[Put x = sin 0.] 15. (a) [ores FA" 


1 
10. f sin x dx. 
0 


1 
#3 sin”! x 
11. Ji =e dx. 


':1 

s 2 

A20 
S. 16. : VpzAa4 

12. aa VI — x de = ET. 
0 a 

- 17. Val — xi dx. 

(B.A. 36 M) fee 


18. If T cos" x cos nx d= f (m, n), prove that f (n3 | 


=a as -1L Kil, Hence prove that f (m jg | 
(pA. 4M |. 
Solution. | 


foom %.COS nx dx = fm xd (==) 


cos x sin nx m 
Bo "n =F J cos x sin x sin ns dx 


COS x sin nx 
—— 


= TI cosm-1 x ( cos (n — 1) # 


COSI! x si 
C— us 
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7/2 
LAN sb 
APR xsin a) + 
0 . 
m2 | .- 
m T cos (n — 1) xde? 
0 


=p /(m+L, n 1) asthe as at 
both limits, 


Putting m = n, FG, n) = ¿5 (M1, er 


VIC -2, n —2) = =J (0, 0) 
by repeated application E Au same Pirma 


1 m 
EN 
0 


19. Show that, if 
2a 


la = ES V 20x — x3 dx, ty = T dii 


0 
(Hint. Put x — 2a sin? LR 
2a 1 
Find l x Vlax — x1 dx. Y (B.E. 46) 


7/2 : cid SY 
20, IT coum s sin nx de T prove that 


Eso. : 

A : FRE f (m — 1, 0D; Hence deduce that 
BALI 2 Ç 

p” “ami +5 +5 T. +2) (B.Sc. 49 M) 


21, th =f (1 — x2)2 dx, prove that Jp "ENS 


2. 1 Ta, n = fan (1 + x)2 dx, prove that 
In, y= x41 E ma 


2 
DARNA =/< da, show that 


Ina jo I: 
EEUU 
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a 
24. If Ij = f (a? — x°)? dx, prove that, if n > 0, 
0 . 


1 | 
25. If Ip =f xP (1 — x4)! dx, where p, q, n are positiv, | 
0 


rove that (p + qn +1) la = qn In- Evaluate J, * 
prove tak (A 7 7 (B.Sc. 52 TU) | 


I 
26. If Jn =J x* (1 —23)n dx, prove that 
0 


n 


n+1 


1 
Tn-1- Hence evaluate J x (1-8) a. | 


La = 

E. | 

aj2 y 2 

27. If Jn =/ 0 sina 0 dô and n > 1, prove that | 


n—l 


1 154 
a Haas + + Deduce that I; = 595° 


h= 


n]2 
28. If I, =¿ x cost x dx, where n > 1, show that 
2 ta 
In = Um p Iy... Hence find Iy 
[n 
29, If In = f Tapa d6 show that 
Ioa = t 


n+l - 
n+l — In. Evaluate Lo. 


30. If i, =] eX sin? x dx, show that 


ade 

(1 +=) In =n (n — 1) Ina Hence find | ems sint | 

0 «MI 

(B.Sc. poe! 

31. Find a reduction formula for f e2x cost x dx and d | Y 

r EX cos? x dx. (B.Sc. gi L 


$55. Type.[ ens cos bx dx, a and bare constant: | 

Let C = J e®* cos bx dx and S = [esx sin bx dt | 
G + iS = f etx (cos bx + i sin bx) de 

= J eax elbx dy (by Euler's formula . , 

ee GENTLE 
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ex(atib) 
a +ib 
em (a — ib) (cos bx + i sin bx 
a? +b? z 
(a — ib) (cosbx + i sin bx) 
a + 6 
zx 


= [ eiat) dy = 


C = Real Part of ex 
(a cos bx + b sin bx) 
(0 A.B c 
(a — ib) (cos bx + isin bi) 
dB o. 


$ = Imaginary Part of e»x 


a sin bx — b cos bx 


Examples. | 
Ex, l. [ex Cos 9x dx. 3 
C = [ £x cos 3x dx — Real Part of f e tix de 


3) T Ae dx 
2o CHU 
m Ba 243: 
E 
m » 5.2-9) 
(cos $x + i sin 3x) 
= fg (2 cos 3x + 3 sin 3). 
y IS 
Ex, 9. IE | 
Min no - 
REDI -3[ cos 2x dx i 


mea 1 ox 2e E 2a y pating a aa 
ws b 22 in the above formula. 

MS rex (cos (m 4-7) * 

J €x cos mx cos nx de = $f qe ru 


Spee f2 cos m e t (enin (rt 


di + (m +2) ens 03. 


Ex, 3 


ež 
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Exercises LXV. Integrate 
l. @sin 2x. 2 
9. ex cos 3x. 


XN 
&^X sin 5. 
2 


5. ex sin (bx +0): “4, s (BA do] 
(B.Sc. 58 M) 6. eXcostx. _ 
7. ecos (3x + 4). 8. ex sin 3x cos 2x. 
. € cos dx cos 4x. 10. ex sin 3x sin 2x. 
ll. a*sin x. (B.Sc. 54 M) 12. 3xsin 2x. (B.E. 53 


5 56. Bernouilli's formula. 


This formula is merely an extension of the formuh d| 
integration by parts. E 


Let dashes denote successive differentiation and sin) 
denote successive integration 5 . EE ; 


e.g 9x =u"; Pu u” 
? dx > dà = etc., and J vdx = Y; 
Jf v (dx)? = ga etc. 
Judo = w — [vduby $ 53. ; 
=w — TY" d (v) with the above notation byi” : 
= uv — u'o, 4 Sodu” D 
= uv — u'o, + Su" d (va) yl 
= 4y — u'u, + u"v, IA f vadu" by 5 L 
=w — VW T 4 
The advantage of the above formula can be seen in ex | 
where the tediousness of successive integration by parts is avo i 


Examples. 


Tafex de = xtex — 4xtex 4. 12x3 — D4xe + Mod : 
above fo \ 


Ex. 2. Evaluate J x3 cos 2x dx. 


Here u = x? and y = HDD 2* 


; u’ = 3x2 ; u” = 6x ; and u" = 6 while 


— C03 2x "gi X 6x5 2x 
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N fat cos 9x de & Sin 2s cg, =>) 
4 


2 


— $] Dx 1 9 
+ & (= | p003 2% 
8 6 16 


N : 3x1 c0s2x  Sxsin2x 3 cos 2x7. 
¿[sin 2x + 7 pium m | 
Exercises LXVI. Integrate a T 
l. xx, 2. x4sinx. 3. Psin3x 4, 22 (e + ex). 
9. x5 cos. 6. 23sinnx. (B.Sc. 55 M) | 


d | Miscellaneous. exercises on integration LXVII. 
4, (sind 


3 Sang %- E (B.Sc. 53 M) 
e [F (sin a) de = YT f (in s) d (B.Sc. 51 M) 


4 
The S sin x = y gives on substitution 


Tess de=[ VTE: 


5 he this parados .. (BSc. 52 M) 
^ og da d c IL T sig 0 Taide 
E 3 EI 12. LENARD 3 dz. 
[e P Vara Z U 

y y, Ta Se cos 3% d YA 
dl" O 


J cosh 2x cos 2x de. - 
(b) J cosh @x sin pa 14. fax F cos x 2 
(B.Sc. Anc. 61) 15. Show that ^ 
DL uie 
a O 
E guise s f 


T5 cost x d 


3 E J seca 


. 16, : | 
Lisa cd GL TI by the substitutions « = tan @ and 
l ang Verify that the results NS 


[OD 

Show that the transformation al = £i Conver 
E TES te lan TI a4 D 

: 0 
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. dx e 
18. at [Put u = an x.] 
19 Ji GG 
3 7 43 cosx-H4sinx 
dx 
a Sc. 51 T.U) | 
20. a $a CN 


7T H 
21. Ifm and n are integers, prove that! cos mx sin md 


n 
—mn—mn 


or 0 according asn P m is odd or even. 
=/2 Pp) | 
29. Prove that f sinat 0 d0 — f sina 0-d0 and hence sho} 
0 0 | 


that 5 lies between 


.5,:12.2.4.4.6.6 ... 2n.2n jon | 
335577..Ü0n —1).Qn—1). Qn p 274 uc 3 
obtained from this by omitting the last factor. in each of tk 
numerator and denominator, (B.Sc. 51 T.U.) Deduce Wall 
formula for 7, viz., Í ; ; 
NE ED 2.4.6 ... 2n i 
2 ngo 1.3.5... (2n —1) Vint! 
23. Iff (m, n) = f xm (1 — x)2 dx, show that 
am (1 — x) 


J (m, n) “mnl "eem ene pe Dr 9 
Deduce jan (1 = x)2 dx. e ee“ 
7/2 A Y 

E presa 


To ; o sañ Z "L 
25. Obtain a reduction formula for Im Te xm | 


e Ipa A 
where m > 2 in the f 1 Din = m m — 1) 
hence find J,. Sus acta) m L 
26. Show that - | 
x | c EP ; E | 
==. ] f «99^ | 
(a + b cos x)2 — (a2 — p3)32 3) 
0 i 0 
a cos x +b $ 
a +b cosx 
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27. [x a «dx. bani d (B.Sc. Anc. 59) 
X v 
28. EYA (B.Sc. Anc. 59) 
-29 [2m B 
d Du ( LA. Hons.) 
Vtan x ? 
30. sin x cosx dx. (B.Sc. Comp. Math. 59) 
NT idm EE a 
qu ff miu) REN ou 
Dae mf ula. (BA.55 M) 
ale 
33. Je (x + 1)? dx. COS 4/x 
(B.Sc. Sor 55) 34. f x dx. (B.Sc. 59 M) 
35. [x*sin? x dx. (B.Sc. Anc. 59) 
2 2 
36. Prove that fu de =u 0 k 
(B.Sc. 56 M) 
37. Eval 14 2sinx Sc. 60 
uate J 5 Sane (B ) 
8. [lx 4 f dx . (B Sc. 66 
f + cos x dx. 39. © a Apr (s TI EU (B ) 


3574. Integration as summation. 

| In$ 421, we have mentioned that integration may be 
| fs dered either as the inverse of differentiation or as a proces 
| pation, We now proceed to consider its second aspect. 
tf (x) be a continuous function in the closed interval from 


tox =t (i i e included). Hence the 
(i.e, the end points BT b a. Divide the 


is Pd the interval. iis 

) into n sub-intervals x, —@ 23 — *n "3 ^ "m$"? 

i CH Where a, x, Kay sve y Xip D are in, ascending order of 

Taking a Let Ex. be any point in the sub-interval (Xr=1 *r)- 
7 = and b =xp, consider the sum 


a demie 
Aa) +f E (ama) eH RR 


p R sum te E th number n of the sub- 
|. tent, | ends to a definite limit when the 1 ; 
l tends to infinity, t.e., the length of each perta ib: pal 
[Rp Sera, asa and b are finite. This limit is called dc dnm 
1 of f (x) with respect to x from x24 to x= an 1s 


Mi b a 
Ebr a ae bo IET. cwm 


ECC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. — a 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


308 CALCULUS . 


A definite integral is therefore defined as the limit of the sun 
of a series. Even in the case of simple functions, the evaluationd 
an integral from this definition is not quite easy. To simpli 
calculations, we can take all the sub-intervals to be of equal lengh 
and take E, to coincide with x;-,. If h denotes (b—a)/n, the | 
this definition leads us to the result 


IsO ds = Lt h E f (a 5—1 h). 


Cor. Put a =0 and b — 1. 
l l rzn-1 r 
Then J fR de= Lt UA HG 
0 = 


Examples. 


b 
Ex. 1. Calculate f x dx. 
a 


Dividing 6 — a into n equal sub-intervals each of length h 
INGAT =4 + (r — l) h asf (x) = x here. 


Jad Abt A la E (a+ E) +.. UG E iil 
DRAMAI. +n —1)] 


b- 
= Lt "AL (b.—a) QUE S 


=u [20294052 60-2] 


“When 4-3 0, n > co and 1/n > 0. 
b 


Hence f xd =a (b —a) + O59 =! eec 


[2 
Ex. 2. Evaluate | sin x dx. 
pares nh = 2/2, 


E 
Tsin xde < = Lt h [0 +sink + sin 24 + -- T : 
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= Lt% i 
h-»0 un 
h h 
cos 5 — cos (2n — 1 js 
E! 2 19 
G 2 si k 
Dg 
à 
h . (m hy) 2 
= Lt — iss 
h->0 feos 5 dos (5 =3)) mos 
sing 
reni] og is. 


Ex. 3. Show that Lt: 3 
n—»o rz nir + p 
(B.Sc. E Mand B.E. 47) 


r=n—] n r=n—]1 1 1 


Serj Ri IE. 
Aj mpre X n Frnt 


r=0 
1 
Consider / .7* 
12? 
Putting nk = 1, 
1 
dx 1 s) 
: . where rk =1 
1f1 Li 1 
= Lt Nen tut NTN 
peer H) 
r=n—1 = 
> >» 


1: 
Bu Jet PERS ES s ah. Hence the result. 
Aliter, 0 5 


E 


; | CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. — 


a NGA MO Gr” qn mE Gm A Q Gupta SO: 0G. — 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collec 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


310 ` CALCULUS ' 


r 1 
SG) =p 
l 
fe TTA 
By Cor. § 57-1, 


L ren-1 h dx 
EM FEDERE 
0 


1 
= (tens 9 =3 
0 
; UN Ale LAN 
Ex. 4. Find Lt uf UBI +) ( +5) 


` Let the requised 1 limit be A. 


"log A —Lt Le < {log(1 +; 1) +g (14 3) + 


.. flog U 0 
= Lt Lt 5log (1 +7) E | 
= It EOR E E | 


S: log A =| log (1 + x) dx by Cor. § 57:1 


atit eT 
- [log (1 +a] a 
0 0 


E cpa)“ 
1 sn] 
= log2 — “ete ro] enata 3 
‘ ; E 0 ba 


A . 
= log (5) z 


oe A = 4le. 


LE 
* Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 
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$572. Geometrical Meaning of integration as 
summation. m 4 , IOS 


Fig. 54 
: Without loss of generality, we can take £r of $57:1 to 
` Solncide with xr, the lower end point of the corresponding sub- 
f Eu l (#4, x). These sub-intervals need not necessarily be 
Let L, x, P CET 3n, M be ¿points on the x-axis with 

Pii Qy Xy Xg sss #n-1, b and let the corresponding ordinates 
| ie graph y = f(x) be LA, XjP3, XgPa ie XngPa- MB. 
Hits. their magnitudes are respectively f (a), f (#1) f (93) «++ 
Pay), f (5). 
n R e sum of the inner rectangles ARAL, D ATE 
í Ket MX = f (a) (e — a) +f D Gs — x) eet 
TB) (6 — an). | : 
Let this sum be denoted by:s. Let 4 be the area ABMÍ 
uy S the sum of the outer rectangles LQ,P:%15 XQ SPE 
t La BM, It is evident that $S > 4 > Ss 

Ssides, A —s=sum ofthe areas AR Pay PR i oe 

18. Ifa be the length of the greatest pn s 

SAP, e RIP, Paan T abl < L aney 
BS <i de number of ra E : , 
= s -> 0 as f (b) --J Va) 15 S speluaia 
EM us the area "ons ( L E "Ana value: othe sum of ie: 
ES rectangles. By a similar argument, the sum of the nag 
tangles also tends to. the area P. It will be hoy | 


| ide Las 07 losephi cote vr DEN 
d 5381) that area ALMB = J f (x) & “Thus 


ka 
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NG E uj (x2-1) (Ar — 5-4) and S "i xf (x) Ge — Xr); bol 


b 
tend to f (x) dx when x — œ. 


a LI 

Note.—In the above articles, we have assumed that f (1) s 
continuous in the interval (a, b) and that a and, b are both finite 
We have defined (5 =) f f(x) de as F qi —F (a), wher 


F' (2) =f (x). 


Certain difficulties will arise UM the above condition 


are not satisfied. For pe consider Ja E (a > 0) ani 


Nag ata In these integrals, the upper limit of integration i 


ui finite. In the general case, 
b 2 
lS =F) -F (a); 
if, as b — co, F (b) — a finite limit J, then 
l —F (a) is said to be the value of ff (7) 4* 
a 


x y 2 
(Here J f (x) dx is said to converge as x > @.) 
a 


o 
As b> eo, 10. Hence | S =>. 


b 


b 

EC d. -b 

Similarly, f a E za =: [tana :] - tan”; 
0 EE . 0 - 
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There arise, in certain examples, discontinuities for the 
integrand in the range of integration considered while the limits 
of integration remain finite. ; 


dx t 
VIEN 


1 
For example, consider f 
0 


At the upper limit x — 1, the integrand = is -dis- 


continuous as it becomes infinite. In the general case, let 
f) > co at one of the limits, say, at x = b, so that f(b) > œ. 
Let e be an arbitrarily small positive quantity. f(x) is continuous 
id therefore finite throughout the range (a, 6 — e). The integral 


I f) dx is d "m ided thi «s 
i. Is defined as et. J f(x) de, provided this latter limit 
28 E30 a > E 
TS. Similarly we can deal with an infinity for the integrand 
E : b l b 
* the lower limit. If f(a)-> co, T Fg dr s= Lt. f f(x) ds 
1 . a 630 ate 
Provided this limit exists. 


j 1 
Now, in the cxample considered, f ao we have to find 
0 


y lie ee 
y PEC Lt | sin 

| ——— m t 

| ak V1 z i ! [sin N 


- l E 
= Lt sin (1 — e) asin? 1 => 
e>0 i 


0 vi an example where becomes infinite at X — 0, the 


1 
YE 
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1 E i p 
na naa [eve] yaa 


€ 
Hence E —. exists and is 2. 


Exercises LXVII. g 
Obtain from the definition of a definite E as the limit 
ofa nas 


2 
l. f x? dx. (B.A. Sub. 42). 2. J x dx. 
i ; 
8. Jia ds: 4. J cos ds 


5. Using the definition of integration as a proces di 
summation, show that 


ISDN L L1] 1083. 

Ds [tul wa 
"^ (B.Sc. 53 M) 
: USA EE 1]... 
(i) mbes [its tte = log 2 al 
(BA, 47 M; BSe "I| 
m Ten 1 T 54 M 
GUAE a a Tai 


(v) Lt [1r +8] =3 


1 n n 1l =o 
"RLE atm tote E 


(vi) RR 1 Es > T sint 5" 7 L ... a 
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4 
(ix) A L git weet Agra logs: 
[Va +1 + Vn LS La - Vata] 
nyn 


(x) Lt 
n-ze 
E ; = § (27/3 — 1). 
1/2 1 1 ey 
(xi) IO { Lean T creat 
ma" ^c |l 
TT 


(adi) SB VETT ra Vni — 2 [^os . ton terms | 
| (B.E. 55) 


ee 


(si) Find Lt SU LL BB 56 M) 

n-o teù ror 

i 1: TA o 5 
no ln + 12 | n2 13-3 

| n ; 720 


ur 
E ee LS “a 3 : 7 M) 
6. Show that [$22 de> una ds. . (B.Sc. 51 
0 a2 "M 


M FEAE 3 
t. Defining log x — / E, 


E pr 
f Er log (L m 


8, O 
Evaluate: ; SA e. 


ue "ERES 
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CHAPTER XIII > 
GEOMETRICAL APPLICATIONS OF INTEGRATION 


$ 58:1. Areas under plane curves : cartesian coordintes, 

We shall find a formula for the arca bounded by the arc d 
the curve y = f (x), the ordinates x =a, x =b and the portion 
of the x-axis between them. | 


Fig. 55 


For definiteness, let us suppose that a <b. In the Lx 
the graph of y =f (x) is LPOM. Let 04 —a and MT | 
Then the ordinates AL and BM are y =f (a) and) =f ay 
respectively. 

We shall prove that the area bounded by the arc LM, E: d 
TE AL and BM and the portion AB of the 7^ | 
is f f (x) dx. | 

a EL agil 

Let P be any point (x, y) on the curve and pas el 
bouring point (x + Ax, y+ Ag) on it. Draw the ert E 
PC and QD and draw PR and QS perpendicular to QP SP | 
respectively. : 

_Let A represent the area bounded by the arc 
ordinates AL, CP and the portion AC of the x-axis: de t. 
area ALQD can be represented. by A + AA so that the a 
CPQD is AA. From the figure, it can be seen that gs 
CPQD is greater than the inner rectangle CPRD and 51^ | 
the outer rectangle CSQD. | 


LP, #4 
e Y 
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Rectangle CPRD — CP.CD =y Ax and rectangle GSQD 
=DQ. CD = (5 ar AJ) Ax. 


. AA 22 Ax but < LY + AJ) Ax. 
gs A < (2 + AJ). 


Proceeding to the limit when Ax — 0, 


A dA e 
DE, T andy + AJ >J. 


, 


. dA 
"d 


lies between y and a quantity which “tends to y in 
ak d4 YE 
the limit. Hence ie = 


x34 > 


+ 4 — f dx -- C, where C is the constant of integration, 
T Am pf (x) dx +G. 
Let us denote f f(x) dx by F(x). Then 


e 


A =F (x) +C. 
When x — a, A = 0 as A is, by definition, area ALPC. 
0 =F (a) +C. siae 
à When x = b, A = area ALMB which is sought. 


^ The required area ALMB =F (b) +C- - 
=F (b) — F (a) on substituting for G from (1): 


b b 
= [F(x)] =f £ (x) dz. 


i GR There is a point in the above proof which deserves 
‘Ty ie In the curve we have drawn, J increases with x. 
mula p. o 28 x increases, as in the figure below, the same 
pi for the area holds good.. | 


Y L 


Fig. 56 
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With the same notation, we find 'here that 
AA <y Axand > (J + A») Ax. 
. J A> A4 > (J + AD) As. 
ONAE UN 
"JD Ln +43). 


These inequalities are reversed in the case of an increas} 


function. But, in the limit, when Ax — 0 = y and the ra i 


da 

"dx 
of the proof is the same as before. Whether y increases a 
decreases with x, the above formula holds good. | 
(ii) One other point also deserves special mention. Wha 

part of the area is below the x-axis, the corresponding ordinati | 
are negative and Ax being taken to be positive, the area will | 
negative. 
(ii) The formula for the area under a curve, the J*?| 


d 7.2 
and the lines (abscissae) y =c, y =d is f x dy by a Sm | 
c l 


argument. 
Examples. H 
Ex. 1, Find the area bounded by the curve)” = 40, HY 
x-axis and the ordinate x = h. pan i 
The curve is the parabola which, we know, passes ; 
the origin. The limits for the area in question are 0 
Hence the required area is 


h - 
f Vias dx — V (m) E a 
0 


(The area bounded by the above parabola and the d 
ordinate x — h is twice the above area by. symmetry.) aff 

Ex. 2. Find the area bounded by one arch of E 
J = sin ax and the x-axis. get 

The curve crosses the x-axis when x = 0 and mal bie p8 | 
a positive or negative integer. The limits for one 
z|a. Hence the area is 


aja 
fs 1 nla 
sin ax dx = — = (cos ax) = 
0 2 mi 0 


2 
a 
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Ex. 3. Find the area bounded by one arch of the cycloid 
12a (0 — sin 0) ; y = a (1,— cos 6) and its base. 
(For the tracing of the curve, vide page 230.) 


Ás the point P describes one arch, the parameter Ó varies 
from 0 to 2r. : 


ng an 
œ ". Area required = J: y Bdo 
0 
181 Qn of 
| _ =J a(l — cos 0) x a (1 — cos 6) dd 
ha Y 
ul i 27 2r 
tel =4 ¿anar (1 — 2 cos 0 + cos? 0) de 
| 2w x 2n 
9 =a f (1 EE) das foosd = bin 0 =0; 
10 0 l s 0 
Qa n nG pa 
= Sra? as. f. cos 20 d9 = [= | =0, 
B ; 0 G 
b Ex. 4. Find the area of a loop of the curve 
d y septi 
| 


(For the tracing of the curve, vide similar Ex. 4 on page 221.) 
€ limits for the loop are — a and 0. PTER 

hop. the curve is symmetrical about the x-axis, the area of the 

a twice the area of the loop above the x-axis 

i =a c 


| Srta fs VER 
1 0 


il To integrate, put x — a cos 20. 
i E Au ee 
y hs integral reduces to — 2 Ji a? cos 20 aa p sin 28 d 
| aft | í 


1 a72 i 
| te] cos 20 cost 0 d9 = 20 ‘cos 20 (1 + cos 26) d? 
TR 2 : 
d (2 cos 29 + 1 4 cos 40) d9 
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eet 46) 
= a [n20 404 m ]=-*[5=1=3] 
l alt: ` 
=a? ( ] — 3 5 ; a 


Hence the area required is 2a? ( 1- 3 : 


Exercises LXIX. 
l. Find the area bounded by the curve a? — 4, the xax | 
and x —2. 
2. Find the area of an elliptic quadrant. : i 

$ 


3. Find the area bounded by an arch of the ari 

y = cos 2x and the x-axis. ; 
E 

| 


7 Find the areas of the portions into bic the ellips | 


2th = | is divided by the line x = c. 

(B.A. 49 ; B.Sc. 52 T0) 

5. Find the area included between the curve 47° = 25k | 

x-axis and the ordinate x = a. j 
6. : Find the area bounded by the x- and paso and le 

curve (i) a? + 99/3 — aP, (ii) Y + Vy =1. 


7. Find the area ‘bounded Paa J = 9% eee —4 mi 
x-axis. 
8. Find the area of the loop of the curve A 
ne 20+) E p.s. 51 T 
===> (B.A. 46; 
pad 


DA mala O), 
(ii) 22 = H — a) (1 + 895, 


(iv) 4* = (x — 5)2 (x —1 Ju 
S M mg + 2 « ) . Gs 2 Tu 
(vi) = (x +1) (x —2)2. (BSE "m 
(vii) y = (x — a) (x — 5a). E i) 


47 
9. Show that there is a loop of the curve J` d | 
between x — 0 and x — 2 and find the area of. E af | 


de 
10. Trace the curve ay? = P (a ES x) and show pae E 


of its loop is 8a?/15. 
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11. Find the area bounded by y = asin x and y 2a cos x 
between the two successive intersections. (B.Sc. Anc. 59) 


12. If A is a vertex, O the centre and P any point on 
2 2 : 
the hyperbola E -— =1, prove that x =a cosh m 
| a b ab j? 


KS o 
| jy=bsinh (5 ) where S is the sectorial area AOP. (B.Sc. 53) 


$582. Area of a closed curve. 


Fig. 57 
Let AL and BM be the tangents to the closed curve parallel 
i 3 © J-axis. Let an intermediate ordinate meet the curve in 
TRR Py and P, where P is (x, Ja) and Pa is (x72). Let 
; Denoting OL and OM by a and b respectively, 


b rug 

à 18M =f y, dx and area LAP,BM =! Ja dx. 
a 

Po” Subtraction, we get the area of the closed curve to be 


K 
t ! Di 7724) dx. 
E H integra] gives the area whether the a-axis cuts the curve 
7 € values y, and y, corresponding to any value of Xx are 
i Y solving the equation of the curve asa quadratic in y. 
Ple. Find the area of the ellipse 
this as a quadratic in J, 
T D + By Hat — 6x +9 — 0. 
and b L ; : 
Ja be the roots, xs Gees = 


+54, —2 and Ia TG 


Writing 


€—91 
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Hence y, —y2 = V a +I)? — Vide 
= V4 — (a — öx + 9) = Vör =X =5 
= /(I —x) (x — 5). 
The two values y, and y, are equal when x = 1 and x =5, 
These are the abscissae of the points at which the tange 
are parallel to the y-axis. 


5 
Hence the area of the ellipse = f (y, — J2) dx 
1 


Gina. co m 5/2 

=ù vU —x) (x — 5) dx EXT cos? 0 dé 

(on putting x = sin? 0 + 5 cos? 9 5 dx = — 8 sin 0 cos dli | 
T7 L 

232.3. 5 (p = 20. 


$58:3. In some cases, two or more curves form the conto | 
of an area. To find this, we must draw the curves and find the |. 
limits by solving for their points of intersection. The method if 
best exemplified by the following examples. 
Examples. | 

Ex. l. Find the area bounded by the parabolas J xi 
and x? =4by. y? = 4ax has Ox as its axis and x? = 40, 0j £ Ñ 
axis. To find the abscissae of their points of intersection, d Ol 
y between the equations. We get x4 = 16b? . 4ax, Hence A 4) 
or 4a/952/3 ; x =0 corresponds to O the origin. *= | 
corresponds to A the other point of intersection. 

Area required = Area OBAL — Area OCAL. 

4a 413,213 
Area OBAL — l y dx where y? = 4ax 5 


Fig. 58 
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401133213 4q1/3p2[3 


= rel Vx de =e =P ab 


ed 


4a per 
Area OCAL — [ J dx where x? = 4by ; 
0 3 


4a 13723 4a I S 


MUS up c 
~ 4, x dx = 15, [*]=3u. 
0 


“. The required area = Sab — £ ab =e 
Ex. 2. Find the area enclosed between the parabola y = x? 


| and the straight line 2x — y +3 — 0. 


The straight line cuts off intercepts — 3/2 and 3 from the 


, and its graph is drawn. Let it cut the parabola at two points. 


Fig. 59 


E abcissae of these points, viz, 
| Tadau ng y between the two equations and 
“this n ^ From the straight line equation, 7 = 
_ 7 = 35, we have at = 2x + 3, $6 * 7 
` *=83o0r —]. Hence 0D =3 and OF 
is the ordinate of the 


OD and OE are got by 
solving the resulting 
9x43. Putting 
x —3= 0. 


— Ib 


: 3 
“taj “suited = T Ln — Ja) dx where Jı 
: = Ho corresponding to X, 16s Ji =2 + t AN Ja thi 
of y = x*, ie, yg = x" by § 582. | | 
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3 
Hence the area -fe + 3— a dx = (x2 + E | 


S a oiy —3 +43) = 
Exercises LXX. 
1. Find the area bounded by 
(i) the semi-cubical parabola y? = x3, the y-axis, the lins 
= ] and y — 2. 
(ii) the curves y = sin x, y = cos x and the y-axis. 
(idi) the curves y = x? and y? = 9x. 
(iv) the parabola y? = 4x and the straight line | 
l 2x — 3y + 4 =0. BANG 
(v) the parabola x? = tay and the curve y — zr m | 
(B.A. 29 | 
(vi) the parabolas 32 =2x and x? = 3y. (BA: 409 | 
(vii) the curves y = 3x — x? andy = x? — x. (BA. 465) 
(viii) the parabolas (y — 1)? = 4x and x? = 4 (J — I). f 
(B.Sc. Sub. 9I | 
2. Show that the area included between va paral i 
35 = 4a (x +a) and y? = 4b (b — x) is 8 (a+ b) Vab: 
3. Find the area cut off from the parabola y AEn. bak 
straight line y — mx. 


4. (i) Find the area common to the circle x GR. il 
and the parabola 3x2 — 16y. BE 


(ii) Calculate the ratio of the larger to the sae d | 

two finite areas bounded by the curves 92 i 

x? + ya —25 and x? = 4y — 7. (pes A 

(iit) Find the area common to the two, curves 

and bh ad J? = Bax. : E 
. Find the za common to the two ellipses 


Ael "and dh cr 


6. Find the area between tue curve Y =] E 
line 4y — x. ` 
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i 7. In the curve 3 (a — x) = xa (a + x), show that the area 
| between the curve and the asymptote exceeds the area of the loo 
of the curve by za*. (B.Sc. 52 T. U) 
| (Vide worked out Ex. 4, Pagc 221) 
8. Show that the larger of the two areas into which the : 
circle x? + 33 = 64a? is divided by the parabola |)? = 12ax is 
16a? X 
im (8v — 4/3). (B.Sc. 53 M) 
9. Give a rough sketch of the curves ay? = E and 


| a (2a — x) and show that the area enclosed by them can be 
| £xpressed in the form i NÉ 


a doc y 
2a? — y2 f - 
2 f( Mu, cant yh) dy and is equal tofs e 
0 SC 


3 Pilani 51 Eng. 
l0. Find the area of the ellipse Hua N ; 
d n Find the area enclosed between the parabola x3 = 2y, 
A ngent at the point whose abscissa is 3 and the x-axis. .- 
| 12 : . (B.A. 55 M) 
| ^ Prove that the area of the loop of the curve 


| AEE) z2? (a — x) isa (2 =3): 
- 13, Rae curve y? (a + x) =x? (3a — x) and prove that 


| ad the satie loop and the area included between the curve 
- 14 EDD tote are both equal to 3a*4/2. 

i Find the area enclosed between the curve J (x2-+-4a*) =8a* 
5 asymptote, (B.E. 55 M). 


ig, Areas in polar coordinates. 

e «Propose to .find a formula for the arca bounded by the 

lose polar equation is r=f (9) and two radii vectors 
OB. 


j Let x0 A, De TE . 
A t > U d U 
E leto Nd #0B be resp S K 
> : ote the area AOP by 4, 
Ar, 0 + A8) on it. m MEE so that area POP 
> a dius OP cut "at 4 
-*t the circle centre O and cut OP produced at JV. 
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Area POP" lies between the areas of the circular ‘sectors OPN | 
and OP'N, i.e, jr? A0 and5 (r+ Ar)” A0. 

=. 4 (r+ NAG S AA $n AD. 

Dividing by A0 and proceeding to the limit as A00, | 


h dA lj; 
wc aveo) . 


Fig. 60 


~- A=} 40 C =F (0) +C 

where F(0) =} f r° db. 
Putting 0 =a, 4 —0. ~. 0 =F (a) +C. 
Putting 0 = B, A = area OAB =F (p) +C. 
.. By subtraction, area ,OAB = F (B) — F (a) 


B B 
= [F (0)] =} 51%: 
a a 
Examples. s al 
Ex. l. Find the area of the cardioid r =° (L^ y| 


(vide Ex. 8, Page 228, for the tracing of the curve). UE 


curve is symmetrical about the initial line, the area 


Cr : Li de | 
= 2 4 rèd m a f (1 -+ cos 07240 cde [ont L 


=8 atl cos $ d$ (on putting 0/2 = 4) 


=8a2. ? lr 32a? 


">= 


42:37 9” 
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Ex.2. Find the entire area of the lemniscate of Bernouilli 
=a cos 20. 
The area consists of two loops and each loop is symmetrical 


about the initial line. (Vide Ex. 9, Page 229 for the tracing of 
the curve.) 


The area required — 4 x the area of one half loop of the 
curve above the initial line 


NW [4 4 
=4 i tr d0 = 26] cos 20 d0 = a? [sin ai} z at, 
| Exercises LXXT, 


| 1. Find the area between the equiangular spiral r = as? cot 2 
! and two radii vectors of lengths 7, and 73. 
2. Find the area of the circle r =2a cos O by integration. 
3. Find the area of one loop of the curve r =a cos 30. 
4. Find the area enclosed within the curve 
r — 4 (1 + cos 6). (B.Sc. 53 T.U.) 
: * Find the area of the parts into which the curve 
=4 (1 4 cos 0) is divided by a line through the pole 
t B to the initial line. 
| S ind the r=3 --2cos. 
| RE vase OLD Wide Ex. 8, Page 227) 
7. Draw the curve r=2-+3cos@ and find the area 
| td between the two loops. (B.Sc. 51 d 
: TM Show that the area ofa loop of the curve 7 œ p ^ i 
ng of the curve.) 
= ay2 and 


sxa 


L tng] 
| 


(Vide Ex. 6, Page 225, for the traci 
* Find the area common to the circles 7 

Sa cos 6, 

do, 

| ig 


$ E 0and 
Find the area situated outside the circle 7 Be “Sub 59) 
" Prove that the sum of the areas pike woe 


Mr = a + b cos 8 (b >a) is 5 04 +: 
19 bola T cost 5 =< 
* Show that the area included by the para 2 


Va —4) - (Qa+r). 
quce 


nd .- a 
the focal Vectors of lengths a and 7 5 i ‘Sc. 39) 
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$59. Approximate integration. 
We now give two rules for evaluating f f(x) dx approximately. | 
a 


These are useful when integration is impossible in terms of know 
functions. | 
$59-1. Trapezoidal Rule. 


b 1 
The exact value of T Sf (x) dx gives the measure of the ara | 


bounded by the curve y — =f (x), x =a, x = b and portion of the | 
x-axis, We shall dissect this area into trapezoids and by adding | 
their areas, evaluate the total area approximately. | 

Divide the segment b — a on Ox into n equal parts, each of | 
length Ax. Let us denote the abscissae of the successive point | 
of division by 


xo (— a), xj Kg, -..... s 3n (=b). 


Fig. 61 
Let the corr cimus ordinates be 
Jo =f (Xo), Jı =f (o ee yn =f (a) 


By joining the extremities of consecutive ordine soit | | 
trapezoids. As the area of a trapezium is one half j 
of the sum of the parallel sides and the altitude, We E 

area of the first trapezium =} (Jo +31) A? 

area of the second trapezium = $ (91 TA). 2H 


area of the last (nth) trapezium = 4 (Jn +7 a) pa 
Adding, the sum of the trapezoids 


= N4 (8yo Hi t» nao 201A ar E as 


This expression is an approximation to the requi 
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6 
Example. Calculate J x? dx by the trapezoidal rule, 


n | We shall, for illustration, divide the interval (1, 6) into five 
| equal parts each of length 1. .. Ax _6 = Wet 


| When x = 1,2, 3, 4, 5, 6, the corresponding ordinates y are 
1,4, 9, 16, 25, 36 as y = x2. 


By the trapezoidal rule, the area 
=(}.1 449-16 +25 45.36) x1 = 725. 
6 - 6 


The exact area = fas = [5] = 71%. 
a NG 
1 


Hence the error in the approximation is roughly 1 per cent. 


3592, Simpson’s .Rule. A closer approximation to the 


| S than the trapezoidal rule is furnished by what is known as 
hann s rule. Here we join the extremities of successive ordinates 
| 7 arcs of parabolas and sum up the areas under these arcs. 


E Let the three points 4, B, C on the given curve have ordinates 
l ie Js Whose abscissae are —h, 0, hrespectively. ` Let us takeh to 
‘mall. Ifwe pass a parabola through these points with its axis 


E. ISa bhth; Ja Rai Ja =a + bh + chè- o ng 
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The area bounded by this parabola, the portion of the z-axis ; 
and the ordinates x = + his 1 
+h i h 
femme ax + 4 E 

—h —h | 
hN 2h 
=2 (ah +5 = F (Ba +a) | 

From (1), J, +93 = 2 (a + ch*). 
". Ja + Yeo +Y = 6a +2ch? = 2 (3a + ch?). 
Hence, the area under the parabolic arc i 

“ h 

=3 L bi A 


This area is a close approximation to the area ALMC. 
Let us take an odd number, i.e., 2n + 1 equidistant ordinal | 
of the given curve and let the successive ordinates be denoted by 
Ji Ja +++ Fanti: E 
The area under a parabolic arc passing through the extremi } 


of the ordinates y,, ya and yy =i Y + Y. +J) by (2)- 


Similarly the area under a parabolic arc passing through g | 
extremities of the ordinates yy, Ja y = 2 (s + tr) na j 


The total area under several parabolic arcs so drawn 


h 
Tj { (91 F 4. +) + (33 + Y, 4-79) 
+... (DA + Yao Ts 


-$Un Agana +2 (Ja +95 + + +J) BI 1 
+4 NG MG n MA 
Thus Simpson's rule is: To find an approximate d 

area under a given curve, divide it into an even number of " 

equidistant ordinates. Multiply one-third the distance between VP 
tive ordinates by the sum of the first, the last, twice the sum Y 
odd ordinates and four times the sum of all the even ordinates. 
If the curve crosses the x-axis at one or both 


required area, one or both of the extreme ordinates 
taken as zero. a 


aH 
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8 1 
Example. Compute J EA by Simpson's rule. 
FA T 


We shall divide the range 0 to 8 into 8 equal intervals. 
q Corresponding to the abscissae 0, 1, ... 8, the values of the ordinates 


x 12 3 
TF ; and they are 0, > 510 


A 
LIP 36 37 50%" 65 


By Simpson's rule, the area ; 
zi 8 2,4,6 a 2)] 
=3[° +5 +2(5 +i tay) + (atte t5 
= $ [1231 + 1:5950 + 45292] = 20824. 


| are got from the equation y = 


8 
i : : dx 1 
| By actual integration, Ü qu” L (+ #)] 4 

0 0 
=} loge 65 = 4 (10379 65 X loge 10 ) =2:086. 
Thus the error in using Simpson's rule is :2 per cent. 


: | Exercises LXXII. 
l. Applying the trapezoidal rule and dividing the range into 


1 
f : dx : proximately- 
our equal intervals, show that f TER = 7828 approxima g 


| Hence determine an approximate value of- (B.Sc. iE 
E "a Plot the function 4y + a? = 64 for values Na S and 
: and 8 ; then determine the arca bounded OY grato L 
“axis (1) by Simpson’s rule and (ii) by & (B.Sc. Sub. 45) 
i he curve 
Ja *, Find a so that the point (5, 10) ps ae 
m Using Simpson's rule and taking 0 tween the curve, the 
ay E values of x, calculate the area Eds does this differ 
E from Ee lines x = l, x =5. BY how (BSc. Sub. 46) 
P € area ? 
9 10 O ; 
4, Evaluate f dx by the trapezoidal rule dividing the ird 
h 


SEN 


LU 
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into nine equal intervals. Check this value with the result obtaing | 
by direct integration. eco | 
BL 
5. Compute] V125 — x3 dx by the trapezoidal rule, dividing 
the range into five equal intervals. 
10 po 
6. E dx by Simpson's rule, taking ten interval. | 
7. Find an approximate value for logo 2 and thence fu | 
2 
e from f x-! dx. 
E 1 E 
8. Estimate, by Simpson's rule, the area between xy =12 | 


the axisofx, x =landx=4. Check the accuracy of the result | 
by integration. Kt. | 


H s . 5 
9. Calculate the approxi Beng. 
I e approximate values of 86 a 
1 H 
by the trapezoidal and Simpson's rules. Check their am 


by actual integration. (The number of intervals may 
taken as 4.) 


n[2 . E 
10. Evaluate f x cot x dx, taking six strips. (B.S 56 NO | | 


0. 
$60. Volume of solid of revolution. 


a When a curve rotates about an axis, it generates the | 
ofa solid of revolution. The section of the solid at right 218 | 
to the axis is always a circle. | 


Fig. 63 
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We shall; for the sake of simplicity, suppose that the genera- 
ling. curve does not cut the axis of revolution. 

The curve y = f (x), the ordinates x —a, x — 5 and the 
portion of the x-axis between them enclose a certain arca. 

To find a formula for the volume generated when the above area 
| moles completely about the x-axis. 
| Let the ordinates AL and BM be x = a and x =b respec- 
; tively. Let R be any point (x, y) on the curve and Sa neighbour- 
| mg point (x + Ax, y + A y) onit. Draw the ordinates RP, SQ. 
“When the curve rotates about the x-axis, every point on the 
| curve describes a circle whose centre is the foot of the ordinate 
| and radius the ordinate. Thus R describes a circle, centre P and 
dius PR =y. The circles described by L, R, S, M arc indicated 
|n the figure. 
: Let V be the volume of the solid of revolution between the 
th | circular sections through A and P. Then V + AV is the volume 

‘hesolid between the circular sections through 4 and Q so that 

AV represents the volume of the solid generated by the revolu- 
p of the arc RS. The distance between the two faces through 
a and Q is PQ = Nx and the areas of the circles described by 
“and Sare my? and ya (y + AJ)? respectively. 
pr the volume of the inner cylinder of height Ax s 
me cing the circle PR, and « the volume of the outer cylinder 
I! “ight Ax, the base being the circle QS. 
te, AV> 7)? Ax and KH (y + Ay)? A+: 


TERNATE AV <a (y+ Ad)? AE 
Hence << AJ 
“Asoo, AY, Wana A ties between Gg ANG 


pa ( + A 5 é x dx a Pita EN 0. 
| 2 which tends to xy? as A J 8/50 -*. 
j LI 7 ° 3 T Li 


e ~ 


dx 7), 


le V—spyde Ces ASO pato. 
T MNG a de =P, 
E 

* Max = a; V =0 (by definition of P). - 


0—F(a) C. ant OR 
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into nine equal intervals. Check this value with the result obtaind 
by direct integration. 


5 UY TT NA . Le T 
5. Compute f M125 — x3 dx by the trapezoidal rule, dividing 
0 | 


the range into five equal intervals. 


10 z à 
| 6. Calculate f x2 dx by Simpson's rule, taking ten interval. 
0 
7. Find an approximate value for loge 2 and thence fit | 


2 
e from f x dx. 
I 


| 8. Estimate, by Simpson's rule, the area between 47 “Ik 
H the axis of x, x = l and x =4. Check the accuracy of the rem) 
by integration. : | 


| 
j 


5 
9. Calculate the approximate values of (¡E P 
- Calculate the approximate.values o: If V36 —* 


1 | 

by the trapezoidal and Simpson's rules. Check their ben E 

by actual integration. (The number of intervals may a 
taken as 4.) Le 

E) 7 NM 

10. Evaluate f x cot x dx, taking six strips. (B.Sc. z 1 

d ng 

560. Volume of solid of revolution. sit 


: When a curve rotates about an axis, it generate s* can. 
ofa solid of revolution. The section of the solid at ™ 
to the axis is always a circle. 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collecti 1 A 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 
GEOMETRICAL APPLICATIONS OF INTEGRATION 333 


We shall, for the sake of simplicity, suppose that the genera- 
l ting.curve does not cut the axis of revolution, 

The curve y = f (x), the ordinates x =a, x = b and the 
portion of the x-axis between them enclose a certain arca. 

To find a formula for the volume generated when the above area 
| moles completely about the x-axis. 

Let the ordinates AL and BM be x =a and x = b respec- 
tively. Let R be any point (x,y) on the curve and $ a neighbour- 
| ing point (x + Ax, y + A 7) onit. Draw the ordinates RP, SQ. 
| When the curve rotates about the x-axis, every point on the 
curve describes a circle whose centre is the foot of the ordinate 
| and radius the ordinate. Thus R describes a circle, centre P and 
| radius PR — y. The circles described by L, R, S, M arc indicated 
| in the figure. : 
| — LetV be the volume of the solid of revolution between the 
| circular sections through A and P. Then V + AV is the volume 
| othe solid between the circular sections through A and Q so that 
j AV represents the volume of the solid generated by the revolu- 
4 "nof the arc RS. The distance between the two faces through. 

P and Q is PQ = Ax and the areas of the circles described by 
| Rand $ are wy? and # (y + AJ)? respectively. 
| AV > the volume of the inner cylinder of height Ax; the 
L r being the circle PR, and < the volume of the outer cylinder 
| “height Ax, the base being the circle QS. 
(00, AV> my? Axand « (y + AJ) As 

NAG Ax c AVe (y+ A AS C 


Hence <A <a (y + Ar 


AS Ax>0, Aa, aF and x lies between y! and 

E O+ Ap: which tends to nyt as A 7 also = 0. 

ty . dV : 5 

Ng =v 

| NER V—a[ydsp Cams {fe} dct C 

b mI dE. | 

When x = a; V =0 (by definition of V). HE 
0=F(a) +C Dau (D 
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When x = b, V = the required volume = F (b) +C. (9 ; 
The required volume = F (b) — F (a) on subtracting UE i 
from (2) | 


b b 
=[F 0] BAGS 


JVote.—The volume generated when the area bounded by | 
a curve, the y-axis and abscissae y = c, y = d revolves about the * 


d 
_y-axis is f wx? dy. 
c 


Examples. 


Ex. 1. A sphere of radius a is divided into two paris b | 
a plane distant a/2 from the centre. Show that the ratio ofthe | 
volumes of the two parts is 5 : 27. 


When a semicircle of radius a revolves about its bounding . 
diameter, a sphere of radius a is generated. The plano, n 
distance a/2 from the centre, divides the sphere into two sph 
segments, major and minor. 


The equation of the generating circle referred to its 


S 
origin is x? + y? = a. J 


a 
Volume of the minor spherical segment = Ah » d 
a 


= fe de =r (a -5) = 
a[2 3 a[2 


Hence the ratio of the two volumes — 5 : 27. 

Ex. 2. Find the volume when the loop of the 
J? =x (2x — 1)? revolves about the x-axis. 

The curve crosses the x-axis when x = 0 and 4 = zh 

Thus the limits for the loop are 0 and 3. 
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The volume generated when the loop'revolves about the 
| zaxis is 


i 
dek =a [x (29 — D*d = mf (ot — at +x) de 


i 
2 43 x T 
0 
Ex. 3. The area bounded by the curve x =a cos 0; 
[724 sin? @ and lying in the first quadrant revolves about the 
| "xs. Find the volume of the solid generated. 
m" The curve is known as the four-cusped  hypocycloid 
Wide page 234 for tracing of the curve). 

| The Curve crosses the x-axis when y = 0, i.e., 0 = 0 and the 
{78 when x —0, ik, 6 ="/2. These are the limits of 
| niegration for @ in the case of the solid of revolution required. 
€ volume of the solid generated =a J y? dx 


0 
pe pag aag 0 cos? 0 d0 as y = a sin? 0 and 
dx = — 3a cos? 0 sin 0 d9 ; 


T 6421 _ 16xa? 
ES 8783 5 a 
Via. The part of a parabola cut off by the latus rec 
Dor (6) about the js rectum (ii) about the axis. nv 
une generated are in the ratio 16:15. (B.Sc. 52 M) 
() n Parabola be y? = 4ax. 
© equation of the latus rectum is x = 4 
€ area of the parabola cutoff by the latus rectum 


al ; S la describes 
© of radi it, any point (x, y) on the parabo 


ten CC the volume generated by revolution about the latus 
^ +2 | 
a 
fe-m] (-2ye 
n ta = +2a — 
Sa | 32ra? 
E. a 33 5 ye sa = 
NG me ta) dy =r [576 + anal ki 
E —2a 
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(ii) The volume generated by revolving the above ara | 
about the axis of the parabola, i.e., y =0 is 


a a a 
a fy» dx a iede = 2a (x?) = 2na. 
0 0 
Hence the required ratio is 16 : 15 


Exercises LXXIII. 
1. Show that the volume a spherical segment of height, | 


the radius of whose base is c is © 6 h (3.2 + k’). 


2. A solid hemisphere of radius a is divided into two pars | 
of equal volume by a plane parallel to the plane face al [| 
a distance x from it. Show that x satisfies the equation 

x? — Sa*x + a? = 0. | 
` (B.Sc. 52 T.U. ; B.Sc. Sub. 4) 

3. Find the volume generated by revolving the area d | | 
the parabola y? = 4ax bounded by the ordinate x = ^ about its 
axis. Verify that this volume is half the volume of the circu 
scribing cylinder. 


4. The area included between the parabola y* eet 
y-axis and the lines y = +his rotated about the y-axis. ^ nt 
the volume thus generated. (B.A A.M] 


the} 


5. U) Compare the volumes generatcd when the clip l 
“a ga | 
ai +2 bR 1 revolves about the major and minor axes. 


@ ding the volume of the spheroid generated by guis] 


the ellipse — Ap = l about the minor axis. E 
6. Find the volume of the solid generated: when M 
included between the curve y3 = x? and (i) the stralg 


x = h, (ii) the curve x? = y3 revolves about the x-axis. gl: 
(B.Sc. 52 T.U. BY j 


7. Trace the curve)? = x2 Cart + 7 and find the nita 


the solid obtained by rotating (i) the loop, (ii) the grea pe "1 $ 
the origin and the asymptote about the x-axis. Li 
(BA. 36 M ; 3500 
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| 8. The segments of the rectangular hyperbola x? — y? = af, 
| at off by x = 2a, revolves about the x-axis. Find the volume 
| generated. | (B.Sc. Sub. 38) 
9. Find the volume generated by the revolution of an 
| quilateral triangle of side a about one of its sides. 
(B.Sc. Sub. 45) 
10. Find the volume of a right circular cone by integration. 
| Ul. Find the volume generated by the revolution of the loop 
| Wthe curve (i) y? = x4 (x + 2). (B.A. 47 M) 
(ti) ay? = x? (a — x) about the x-axis. 
| 12. The figure bounded by the quadrant of a circle of 
[ius a and the two tangents at its ends revolves about one of 
| lise tangents. Find the volume of the solid generated. A 
(B.Sc. 51 M)- 
| 13. Find the volume generated by revolving the cycloid 
534 (@- sin 6); y=a UL cos 0) about its (i) base, 
| H tangent at the vertex. : 
TA The tractrix x = a (log cot 0/2 —cos 0) ; y=asin? 
Hec about its asymptote, viz., the x-axis. Find the volume 


l5. Find the volume formed when the area bounded by the 


| 205 of x the catenary y — c cosh and the ordinates 4 = kc 
c 


In 

| ates about the x-axis. 

| rie 1 The segment of the parabola y* = 
| atus rectum revolves about the direc 


. 198 
Name of the annular solid generated is 15 me, 


4ax which is cut off 
trix. Prove that the 


(B.E. 50) 


| | dh ES sector of a circle of radius a and angle S une ^D 
| 1g adiu. Find the volume of the solid, . and the curve 


Find the area A enclosed by the 4-axis 


i t 0, 7 5 
A.X +4 sin 3x + y sin 5x) between the ordinates at 0, v 

r Volume y obtained by rotating this area about the x-axis- 
lin (B.Sc. Sub. 50) 


t 4V = anA. 
3 the x-axis 
ha If the hyperbola 5 =A — 1 revolves about X S 

k cat the volume included between the surface thus generated, 
Brent generated by the asymptotes and. the two planes 
Na = Cular to the x-axis, at a distance & apart, 38 equal to that 
tu 2 T cylinder of height h and radius b. 
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2 2 k 
20. The part of the ellipse 5, a= 1 cut off by the lans | 


rectum revolves about the tangent at the vertex. Find the volum | 
of the reel thus, generated. (B.A. 36M) 

21. A segment of a circle of radius r cut off by a chord d 
length 91 is rotated about the chord. Find the volume of the 
spindle so formed. i (B.Sc. 41 M) 

29. Prove that the volume generated by rotating the | 
loop of the curve 5 (a + x) = x? (a — x) about the xaxi 5 | 
2« aè (log 2 — 3). 3 

93. Find the area between the curve (a — x) 3? = ax andit 
asymptote. If this curve revolves about its asymptote, find the | 
volume of the solid generated. (B.E. 55 M) | 


94. Determine the volume generated by the revolution of the | 


3 
loop of the curve x = i$, y = t — 5 about the x-axis. i 
! (B.E. 555) | 
95. The curve y? (a +x) = a (3a — x) revolves about tht | 
x-axis. Prove that the volume of the solid generated by the 539 
of the curve is 7 (8 loge 2 — 3) as. (B.Sc. 339] | 


26. The smaller part of the ellipse 3 T = 1, cut off by i 


i tf 
$ is rotated about this line.” Prove tha 17 


2 
the volume generated is ratb we =3) (B.Sc. 66 N | 
$61. Length of a Curve. 
$61-1. Cartesian coordinates. We have already A 
that the length of an arc of a curve y = f (x) is giv 7 | 
formula s = VA 1 +(Z). The length of the curve bets i 


two points (x,,y,) and (x, ya) on it is : 
w X Se. 


[+ @ 
‘Examples. Ls 


a? 
Ex. l. Find the length of the arc of the parabola Y 
from the vertex to any point (x, y) on the curve E! 


: ds = Vd + dx. 
Differentiating, y = dax, J dy = 2adx.: R 3 
g Guns AO) d a 
^ ds NG T Agi = =5, Via TX A, Ew 


pu 


the straight line x — 
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1 Y 
^ i=, | Vie +) dy 
0 


L1 dai A inha J 
= |» VETA + an sina Z 


Cha a 


1 — 
=r E Via J? + 4a? sinh zl 
(It is to be noted that x has not been taken as the independent 


x — 
[able for s, in that case, will be = f N/ &* d, The 
| x 
SAT 


|#tcgrand has an infinity at the lower limit and the discussion of 
|, “vergence of this integral is, strictly speaking, beyond the 
- *pe of the book.) 
Ex. 2, Find the length of the complete arch of the cycloid 
1 (9 — sin 0), y =a (1 — cos 0). 3 
| 19 (l — cos 0) d0 and dy = a sin 046: 
B 7 “Hence ds = dx? + dy? =a d0 v = cos 0)* -E sin? 9 

` 7.2 sing di. 
` Length of the complete arch 


2r : RT i 
= [2a sin 6/2 . d0 = 4a G cosz) = 8a. 
0 d 0 
! Ex 3, Find the .curve 
Sx X — a)*, (B.E. 50) 


We not Pasia 

hein os that the’ curve ‘is symmetrical about the x-axis an 

ky it for the loop kal O and a. The length of the arc of the 
twice that of the arc of the loop about the 2-ax55, by 


t= 


the length of one loop of. 


Z 
Z 


4 Dm... 

Seating the equation of the curve, 
| mo = (x — a)? + 2x (x —4) = (x — a) (9x — 2). 
PS of the loop above the x-axis - 


E E 
p 1 ON a 
VEEN: AN 
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(x — a)” (3x — a)? ~ (xa (3x — a)? 
zi ui Tarl 


= J d L+S d NA EET dx on substituting x (x — a)? for 3g” 
wal 12ax + (8x — a)? 
d x 5 


5/2 “avaJ ("ve n) 


l 
SONG 28" +20 vd = Zy 


-. The entire length of the loop = 4a] v3. 
Exercises LXXIV. 
1. Find the length of an arc of a circle by integration. 
2. Prove that the length of the arc of the parabola)” ate! 
cut off by the latus rectum is TUN 
2a [V2 + log (1 + 4/2)]. (B.Sc, 51 1 
3. Find the length of the curve y = log sec * between E 
oints given by x — 0 and x = 7/3. l 
EC o (sse 53 T.U. ; II 


4. (i) Find the length of the arc of the catenaryJ ^ m |: 


measured from its vertex to the point (x, 7). (B.Sc. 33 Fi p 
(ii) Show that y3 = c* + s2. pru gas 
(iii) Show that the area between the catenary» 
and the ordinates of two points on it varies as the! 
intervening arc. 
(iv) If 5, is the length of the arc y = 
between x = a and x = 5a and sy is the length ofthe 
between x = 3a and x = 7a, prove that s, cosh 54 "as. c 


5. Find the length of the curve y = log x be zs 
whose abscissae are 1 and a (a > 1). e 
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6. (a) Show that the length of the arc ofa curve 2753 = 
measured between the origin and the point (6, 44/2) is id 


2(4/3 — 1). (B.Sc. 49 M) 
(b) Show that the length of the curve 43 = J? from x = 0 
br=1is as (13 VI3 — 8). (B.A. Sub. 56) 


7. Find the length of the boundary of the loop of the curve 
Sy? = x (x — 3a)*. ` (B.Sc. 50 M) 
Io 8. ; Show that the length of the arc of the parabola y? = 4ax 
| which is intercepted between the points of intersection of the 

parabola and 3y = 8x is a (log 2 + 15/16). . (B.Sc. 51 M) 


3. end the length of the curve 9x3 = 4 (1 4-32) from the 
p e 0) to the point ( Hys 2). (B.Sc. 52 M) 


10. Find the length of the portion of the curve 


(i) 3y = yx (x — 3) between x = 0 and y — 9. 
q (B.Sc. Sub. 48) 


(i) y = log coth 5 between the points (x, J1) and (Xa; Ja): ( 
(B.Sc. Sub. 51) 


my Show that the entire length of the astroid x3 + y** 
a, 


Sa 


| ( Show that the whole length of (m)!? + (5)'^ 

| [^e = 0252 55 4, a ba (BE. 51) 

iN p EAS 

[wes If p be the radius of curvature at the point @ = 45° of the 

ls e log sec 6, y =a (tan 0 — 0) and s the length of the 
"a from the origin to the same Taya OSOS 


in : Curve is given by the equations 

Na, L (cos 0 + 0 sin 0) ; y = a (sin 8 — 6 cos 0) 
la, “agth of the arc from 0 =0 to 0 = a. 
ind the length of the arc of 


1) the curve 451 = (x + 2) from x =2 to x = 7. 


(B.E. 53) 
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(iii) 6xy = 3 +4 between the points whose ordinats | 
are l and 4. (B.E. 39 | 


E Use ds — A/ (3 (EY #15] 


15. Trace the curve x 2-20 — sin 20 ; y= 2 sin? bu | 
0 varies from 0 to v and find its length. (B.A. a M | 


$61:2. Polar coordinates. 
In polar coordinates, the element of arc is given vj 


a= =/*+(%) s) de i $39:6). The equation die 


curve 7 — f (0) being known, z can be found in terms of L | 
Hence the length of the arc between the points whose vectorial | 


angles are 0, and 6, i Si 
IN r + (5 "+ (a) d9. 
pr 


Example. Prove that the perimeter of the ret) 
r =a (1 + cos 0) is 82. (BA. 

Since the curve is symmetrical about the ini 
perimeter is double the length of the curve above the initia 


=- dnl ] 
Differentiating. the gapatian of the curve, dr [d9 = 3 


Hence the perimeter 2 j VÁ r + "+ (5) * de 
: 0 


=2[ VB cos Dj aa di 3 


itial linc wj 


= 2a] V2 (1 + cos 0) d9 = 4a f cos 9/2 d? 


T ^ 
= 4a [2 sin J = 8a. 
: E 0 L 
Exercises LXXV. 


1. Find the length of the arc of the MEUS f T 
cut off by the latus rectum. 
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2. Find the length of (i) the spiral of Archimedes 7 = a6, 

|| fom 0 —0 to 0 =0,, (ii) the hyperbolic spiral 19--a from 
| (1, 01) to (res 02). à > 

3. Prove that the length of the equiangular spiral 


r=«e0 0064 between two radii of lengths 7, and 7, is (7, cs 73) sec a. 
(B.Sc. 51 T.U.) 


4. Find the length of the curve r — a cos? 6/3. 
5. Find the length of the arc of the cissoid 
r = 2a tan @ sin 0 from @ = 0 to 0 — «4. 
|. 6. Show that the upper half of the cardioid r =a (1 - cos 0) 
| #bisected by the line 9 = 7/3. 
$62. Area of a surface of revolution. 


_,,,4 surface of revolution is generated by revolving the arc 
po of the curve y — f (x) about the x-axis. ` 

| (Vide Figure 63, Page 332) 
K Ler the arcual distance of R (x, 7) on the curye m 
ET 1 point on the curve be s and let arc RS be As. Let NG 
brn of surface generated by revolving arc LR about ie 
| Sd S + AS be the area obtained by revolving the arc 


| This “solid generated by revolving the arc 


Faia is 
f TEL L 25 (y + AJ) HRS approximately 


= za anproximatel 
"12 tA»! As as chord RS is approx 1 arc RS 


z As + APANG M 
As 7290 +r AZ As 

In eo. U L dS J 
the limit when As => O 7 rn 
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dy\ 2 
In cartesian coordinates, ds = NA 1+ (2) dx ; the area 
of the surface of the solid generated by revolving arc LM about 


x-axis is 
b ——_—_—< 
PING 
s=2 [5/1 (2) dx. 
a 
à dr)? | 1a gp 
In polar coordinates, ds = ( d + 7? d0. 


fan: 
$ — 2v [rsin 0 A+ (a) do between | 


suitable limits for 8. ~ 


Note.—If the arc rotates about the axis of y, the uc E 
surface of the solid formed is obtained by writing 2rx for 4%) 
the above formulae. 


Examples. ; pag 
Ex. l. Find the area of a belt of a sphere of d | 
intercepted between two parallel planes at distances b and e| 
the centre on the same side. h 
; is) 
A sphere is generated by revolving a semi-circle ae s] 
bounding diameter. The equation of the generating pot | 
4) =a. Let P be any point (x, y) on the A s zi | 
arcual distance from A on the circleis s. If ZAOPbe P | 


Fig. 64 
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Let OL =b and OM =c, 

The arc CD of the circle revolves about OA and generates 
the belt. 

Let ZAOC be a and / 40D =B. 

Area of the surface generated 


=2r f yds GA 0 .a db, as ds =ad0 
a Á 


= 2wa? [— cos d = 2ra? (cos a — cos B) 


a 
= 2ra (OL - OM) as OL =a cosa and OM = a cos B 
|. =2%4 (b —c). : 
Cor. The curved surface of a hemisphere is got by putting 
1 =g and c =0 in the above result. Hence the area of the 


surface of a hemisphere = 2z2a*. 
Ex, 2. Find the area of the surface generated by revolving 


the arc of the catenary y=C cosh = from x = 0 to x-c about 


axis, 

E Wan? 
a= /1+ (2 ds. 
: x dy xt 
Asy = c cosh 7, Sii 


rag x 
staid me A/T + sinh de = cosh 2 de. 
Hence, the area of the surface required ` 


c. . 
=2n fy ds =20e [ostias 
A ciae 


5 9 We la 


Card A 


c ^ 76 inh 
MM 
0 i : 


= PE 
Ex, 3. Find the surface of the 


L un sof the loop of the curve x =t; 
E Ta the a-axis la (B.Sc. 44 M ; B.E. 52) 


solid generated by the 


i 
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The curve crosses the x-axis at-the points given by y= L 
i.e,t--0andi-- V3. These arc the limits for the loop. 


[This is otherwise evident ; by eliminating t, the equation of | 
the curve is 9)? = x (3 — x)*.] 


al (4) + 2)+ (a Gye 


a dx 
Asx = 1, - 


ds = V4? + (1 — 12)? dt = (1 +12) dt. 


The area of the surface required 


v3 i 
= on [yas =% [(+-3) (1 4p £) dt 
: s 
v3 N3 
n #8 

Ka? Ges xm wb Hs -s&] 
i 0 
=r a +3— “IS | 
Ex. 4. Find the area E the surface of the solid eod | 


by rotating the cardioid r =a U + cos 6) about its line 
symmetry. 


The initial line cuts the curve at 0 = 0 and 0-7. 

Differentiating 7 — à (1 3r cos 6), 2 == CEE a 

NG I 

s= (5 de va apa Tea | 
OBRERO 

The surface area S = er [ads = = 20 fr sin Pa Za cos pa 

E (1 + cos 6) sin'0 cos 0/2 d0. ` ` 

= eee cost 9/2 sin up 

i EE ata? 

aa = 16008 | — Roos ig]- Bee 

KA EE ose 0 
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| Exercises LXXVI. 
l. Find the ratio in which the surface area of a sphere is 
divided by a plane distant x from its centre. 


9. Find the area of the curved surface obtained by revolving 
about the x-axis 
(i) the arc of the parabola y? = dax between the points 
| whose abscissae are O and x. 
x up el gt 
(i) the arc of the ellipse z3 TR l. 
i = x= 1ltox =4. 
(ii) the curve 6xy = x4 + 3 from Se. 51 TU) 
(iv) the loop of the curve 8a?y? = xt — xt. 
(0) the loop of the curve 3ay! =x (x — 4)* 
| 3. The arc of a quadrant of a circle rotates about 
| @a tangent at one end of it (ji) its chord (iii) the tangent 
atits middle point. Find in each case the area of the surface 
Etnerated. 


S > xis in its own plane 
4. A circle of radius r rotates about zum the volume and 


| ata distance c (> r) from its centre. Fin Se. Sub. 50) 
€ area of the surface generated. (B.Sc. ‘ 


(The above solid is called an anchor ring-) 


lution 
5. Find the surface of the solid generated by the revolu 


T the cycloid x = a (0 — sin 0) ; y =a(l — cos 0) G E 


[ .A. 51 M) 
(i) about the tangent at its vertex. ed x revolving 


6. Find the area of the surface obtain (Asc. 61 M) 
Sa cos? 0; y = a sin? 0 about the 20%: 
7. Find the area of the surface formed 
aD tos 4: acu M t off by the latus 
t tee 8. The arc of the parabola y lw find the area of 
| deam rotates about the tangent at (DE YT 
f ace described 
| A = t ít 
4 by 9. The portion of the parabola f at um E kopa 
as latus rectum revolves about the axis. (B.E. 46) 
oF the solid formed. : is. Find 
Iu 0. The curve r =4 + 2 695 0 rotates about its “GE 49) 
i E Surface area of the solid formed: 


by rotating y* = *° 
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11. The curve r = c? from 0 = 0 to 9 =z rotates aboutthe | 

initiallinc. Find the area of the surface of the solid generated, 


12. The curve r? = a? cos 20 revolves about the initial line, 
Find the area of the surface generated. (B.Sc. Sub) 


13. A circular arc revolves about its chord. Prove that the 
area of the surface generated is 472? (sin a — cos a), where ais the 
radius and 2a the angle subtended by the arc at the centre. 


14. Find the curved surface area of the zone of a sphere of | 
radius a cut off by two parallel planes at distances a, and a, from | 
one end of a diameter. (B.Sc. Comp. a 
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CHAPTER XIV 
PHYSICAL APPLICATIONS OF INTEGRATION 


$63-1. Centroid. Let a system of particles of masses 


| my Mo, ...... be situated at points in a plane whose coordinates are 
(to Ja), s: 33), ...... with reference to fixed axes. The point 
3 mx 


whose coordinates are (x, y) given by the equation x = Sm” 


LI = S called the centre of mass of the system. 
|. IF instead ofa finite number of particles, we have a continuous 
| distribution of matter, as in the case of a lamina or a rigid body, 
the summations in the above formulae become definite integrals. 
us the centre of mass of a body of mass M is given by 
the equations Mz —[x dm and My = fJ dm, where dm is an 
‘ment of mass of the body concentrated at the point (2,3). Ifthe 
na or the body be of uniform density, the centre of mass is 

| “own as the centroid. 


$632. Centre of mass of an arc. 
Let P be any poi whose arcual distance 
| y point (x, y) of a plane arc, l 

| li ma fixed point on the curve is s, and p be the line density 
E mass per unit length of the curve) at P and let PQ prem 
| enian arc ds, Then the elementary mass dm can be ta 


| a ds and supposed to act at P(x, 7). The formulae for the centre 
mass of the arc are 


a = _ 52857 petween suitable limits. ds is 
| Jek and  — "rd; 

4 3 . LI HEN 
| Sven by the formula ds = ak 1+ (2) dx in cartesian coordi 


a 


1 Mates and ds = / (3) + 73 dô in polar coordinates. When the 


| d | the 
i “tation Of the curve is given, 2 or dà can be calculated as 
a constant and the 


| ES May be, If the arc be uniform, P is 
A troig Ludo A ELS 
of the arc is given by erg, 9042 f ds c 
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Examples. | 
Find the centroid of the arc of the parabola y? = 4ax between | 


the vertex and the point (x, J). 


Here 52 = 2a. 


zy (tang 
. x 
x x € 
(cac [Yes a) dx 
Hence x = > —— 
f ds 
a 
x x 
J yds SVx+ a dx 
and j => = 24a — ——. 
dias 


(4) The denominator s 
=; [98079240 is 2] | 
j sa 
by $ 61-1, Ex. 1, page | 
= Via) + a log (vet rt + Vet a) 
on putting zu 4ax. 


(ii) as IJET 3) cdi 


E sinh? 0 d on putting x +5 = 5 cosh 95 
0 


de =$ TI 


0 € 
.24 sinh 20 0) 
FJ (cosh 20 — 1) de — 2 (> | 


a... 
=z (sinh 8 cosh 9 — 0) 
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£ —————. T ES 
l a aN a q 2 
|^ (+5) a/ (= +5) magat 
[x +5 V3 ax 


Ex 


i( +5) V+ a pon — 3 
2 


(i) / Vip de = 3 [(s + a)" — dn. 


Substituting these values of the integrals, 

x and7 are got. 
$633. Centre of mass ofa plane area. : 
|. Let 84 be an element of area surrounding or at the point 
| 2) and p be the density at the point. The element of mass 
=pdA and the formulae for the centre of mass take the form 


fpddx .. fpdA 1 
Al - paa) (1) 
pag and7 T pad: 


| muli the area be of uniform density, it can be dissected into 


gular strips as in $ 58:1, page 316. : 
| ordi t the ordinate at distance x cut the curve in points whose 
| as are y, and ya. Now dA can be taken as (1) 65 
A th in the limit 


à Whos 
| “ centre of mass has coordinates x and 


Dis 8x - 0, Hence 


CESP 
x ad (a — y) de - J Or 9) Ae) 
TO, Ti) dx and y =— TO J) d d 


From th $ lues of 7; and y, are 
€ equat f the curve, the valu i : 
E n the lia for x are E as to cover m ) Ss denis 
ja € area ; "the arc y =J V5, È 

| “and x= dbi pt of the x-axis as in § 58:1, then 


i “3 dx and this acts a(3) - Hence the centroid is given by 


b T 
> J x de 3 I. 34 6) 
=p andy=35p— "0 

Sy de pc ere 
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If polar coordinates be employed and the area be uniform, 
dAcan be taken to be almost a triangle and equal tojridl, 
(vide $ 58:4, page 325). Its centre of mass is the median point of ! 
this triangle practically, i.e., the point whose polar coordinatesare . 
(#7, 0) in the limit when 80 — 0. 


Hence the centroid of the area is given by 
fir*dó$rcos0 2[r3cos0d0 


= > m —B—Óá— y 


tyra “5 ]ridé | 
[ir*dü$rsinü _ 257 sin 0d0 i 
adj = ST Lim E ao N 


where the equation of the curve r = f (0) is known and the limits 
for 0 to cover the area required are determined i in any problem. 


Examples. 
Ex. 1. Find the centroid of an elliptic quadrant. 


The equation of the ellipse is% +2 = 1 
e equation of the ellipse P. Tg zl. 
Using the formulae (3) above, 
a 

dx 
[9 


x- 


as x varies from 0 to a in the elliptic quadrant 
[yde 


fol TERA | 
NG? 


eat? | 
Putting x = a sin 0 and dx = a cos 0 d9 in both then! | 
and denominator, | 


nama ca ngg. cle 
i ds Js] 4a 
LT R 

i cos? 0 d0 


X =a 


m 
4 


emn Pris 
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Cor. The centroid of a circular quadrant i 4a 4a 
quadrant is $m) 
Ex. 2. Find the centroid of the arc and sector of a circle. 


Fig. 65 
Let the arc AB of a circle subtend an angle 2a radians at its 
centre O and let OC be the radius bisecting the arc. 
By symmetry, the centre of the arc lies on OC. 


i Taking OC as the x-axis, let P be any poi 
| j L y point (x, y) on the arc 
| and let COP be 0 and arc CP bes. 


Then x — a cos 0 and s = a0. 


+a 
J acos add 3 
Hence, for the arc glad mga? 
Q J ds -Fa > 
Sado 
—a 


For the sector AOB, the centroid lies on OC by symmetry. 


“Me ele E 
| of § pagi of area is j al d9 and hence, by formula (4) 


Tad 0 
EC $ a cos Zo 
ANG Era 
NT 
—a 
L Gr. Putting a = z[2, the centroids of a semicircular arc and 
| area lie 


9n the middle radius at distances E ando 202 
entre, E 3 


b. = 3. Find the centroid of the area enclosed by the cycloid 
toc, U sin 8), y =a (1 —cos 0) and the x-axis from cusp 
C (B.Sc. Sub. 45) 


o's cusps correspond to $ — 0 and 0 = 27. (Vide Page 230.) 
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As the cycloid is symmetrical about the line x =v, the | 
centroid lies on the line of symmetry. Hence ¥ = and y ned | 
only be evaluated. 


23 
fea E ga — cos 0)! dé 
From (3) of $ 633, y = ———— =5:%% 7 
LESS fi (1 — cos 0)? db 
0 


2 
[Bcoss G/2d0 [cost pdp 

=; aaa =; on putting 0/2 =¢ 
Feast 9/240” fcostd dp 


DLL Pee 


TI PEERS 3 Ta 

DTE 4'9:9 

Ex. 4. Find the centroid of one loop of the abar 
r? = a cos 20. 

For the tracing of the curve, vide page 229. 

By symmetry, the centroid lies on the initial line. 

Hence y 7 = U and x ip only be calculated. 


“e r3cos 9 d0 
From (4) of$ 63:3, ¿=3 Z4 —— a 
Tad 
—n/4 
2 (cos 20 cos 848 Ta 
COS Cos Co 
. 2a 0 _ 2a 4 
ELE 8 


7/4 
2 EDSA d0 
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$63-4. Centroid of a solid of revolution. 


Let the arc LM of the curve y =f (x) (vide Fig. 63 of $ 60, 
page 332) revolve about x-axis and generate a solid of revolution. 
The element of area RSQP between the ordinates at distances 
x and x + Ax from O generates the clement of volume which is 
almost in the form of a cylinder. Hence the element of volume 
isay? Ax and its centroid lies on Ox at a distance x from O, when 
| Ax-0. Taking the solid to be of uniform density, 9m is 

proportional to zy? dx. 


b b , 

Jm dex  [y*xdx 
a La 
b TB 
S my? dx Sy dx 


a a 


X= 


and y — 0. 


Example. Find the centroid of a uniform solid hemisphere. 


A hemisphere is generated by revolving the quadrant of the 


| circle <2 T.D = a? about one of its bounding radii taken to be the 
#-axis, 


a 

J y? x dx De mess E 
J 

i=? =? as yt maa, 

i» dx [ (a? — x3) dx 
0 

(«5-7 2 

= NUES E o nye Obviously Y = 0. 


a 8 


=< 
k^ 
R 
| 
ox, 
A 
e 


3635. Centroid of surface of revolution. 

T By revolving arc LM (vide Fig. 63, page 332) about the 
E. > We get a surface of revolution. We saw in $ 62 that the 

ae ay area dS generated by the revolution of the arc Rs 
Lagon, US Maxis is 2my ds and this is almost a frustum o 
“Whe, , T'S centroid lies on the x-axis at distance x from the S 
Le Ar - 0. Taking the surface to be of uniform density, om 
at Portional to Qny d5. i 


Hence, *= J 27y ds. x dos ds and y = 0. 
S2nyds T de . 
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The limits are to be fixed suitably in each case by drawing 
the figure of the generating curve. 
The formula 


is used according as cartesian or polar co-ordinates are employed. - 


Examples. 

Ex. 1. Find the centroid of a hollow hemisphere. 

A hollow hemisphere is generated by revolving the arc AB of 
a quadrant of a circle about Ox. (Vide Fig. 64 of Ex. |, 
page 344.) 

Arc AP = s = ab and y = asin 0 ; x = a cos 0 and from4 | 
to B, 0 varies from 0 to 2/2. 


n2 
f cos 0 sin 0 d0 
0 a 


5 AID 
X TAE AA 
Jaro da 
[E qr 
pg 2 Jo a 
A = =>: 
coin 


ANg 


Evidently y = 0. 
erated Bf 


Ex. 2. Find the centroid of the surface gene. jue | ? 
ui the cardioid r =a (1-]- cos 6) about the in m 
= 2a cos (0/2) d0 (vide Ex. 4, page 346). ja 
la 
2 si .d9 | 
ABT ed: fr sin 0 cos 0 cos 6/2 |: 
x= = Uam Sa 
Jy ds D. 
i 7 sin 0 cos 0[2.40 E 
as x car cos band? aa | 
T ' 
J (1 + cos 6)? sin 8 cos 0 cos 0/2 d? 
=a 


T —— 
f (1 + cos 6) sin 6 cos 6/2 d? | 
on substituting f — 4 U + 
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f cos? (8/2) sin (0/2) (2 cos? 6/2 — 1) de 


=2a 


f cost (0/2) sin (6/2) de 
as cos 9 = 2 cos? 6/2 — 1 and sin 0 =2 sin (0/2) cos 6/2 5 


_% 80, 9 cos 8/2] 
ET: 


= 2a 3 0 
[- 5 cos5 vd 
(6-3) 
977 50 
0-915 63° 


Ex. 3. Find the centroid of a hemispherical distribution of 


| mass in which the density varies as the nth power of the distance 
| from the centre. 


S Fig. 66 
4 35sect the solid hemisphere into a number of thin concentric 


E as in the figure. Let the radius of a typical shell ABG be x 
i a thickness dx. The density p of the material of this shell 
*, Where k is a constant. Hence, the element of mass 
n S dma? de k gn and its centre of mass is at a distance 5 from O 
note normal at O to the plane base, as this p may E 
| as : : de Ex. 
| Page 356). a hollow hemisphere of radius x (vi ; 
the te .Th8 centre of mass of the aggregate of the shells, i.e., 
| — "Üisbhere lies on OD and its distance # from O is given by 


a a 
J tra dx kang fant de 


D l0 La ni3 
a “da =g a +4 
[me de kan Tena dx 
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Exercises LX XVII. 
]. Find the centroids of the following arcs :— 


(i) the catenary y — c cosh : from the origin to the 


point (x, y). 
(ii) the arch of the cycloid 
x =a (0 — sin 0) ; y =a (l —cos 0). 
(iii) the curve x218 +- 32/9 = a213 between the successive | 
cusps. 
(iv) the cardioid r = a (1 - cos 0). 
2. Find the distance of the origin to the centroid of the ac 
of the curve 478 = 23 from y = L toz — 4. (BS. 40M) 
3. Find the centroids of the areas bounded by : 
(i) y? = dax and the double ordinate x = h. 
(i) ANS + y2/8 = a?! and the axes. ` E A. 41 M 


(iii) the smaller segment of the ellipse 5, M A =l at 
off by the chord through the positive ends of the axes unos 
(BA. 


(io) y? = 4x and x? = 4y. (B.Sc. 52 S | 

(v) the cycloid x = a (0 + sin 0), y =4 SG "7 

its base and the y-axis. 
(vi) x? = 4y and the straight line y = x. (BSc sub. 4) | 

(vii) y = sin x between x = 0 and x =7. | 
(viii) 32 = x? between the origin and (1, 1)- 
(ix) a loop of the curve y? (a + x) =" ji d g. 50] 
(x) y = (+ —2) (5 — a) and the a-axis E 


(xt) y —c cosh = ~, the x-axis and.x = +4: 


(xit) a loop of the curve y? = 4x? — 2°. "n 
(xiii) the elliptic area enclosed between the 9 
and a double ordinate parallel to it. 
(xiv) the area in the first pa 
curves y = 4x? and y = xt. " 
and th p 


(xv) the area bounded by the axes 
xl? 4. yi/2 — gl/2, 
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4. : Find the centroids of the areas bounded by 
(i) the cardioid r = a (1 + cos 6). 

(ii) a loop of the curve r = a cos 20. 

(iii) a loop of the curve r — a cos 30. 
| 5. Find the centroid of the volume of a spherical cap of 

height h. s 
6. Find the centroids of the solids formed by the revolution 
| of the following curves :-- 
a (i) y? = 4ax cut off by the ordinate x = h about the 

x-axis. TE 

(ii) the quadrant of an ellipse about its major axis. 
(iii) the circle about a tangent line, 

(iv) x* — y? = a? and x — 2a about the x-axis, 

(2) one arch of the curve y = sin x about the x-axis. _ 
Uu (vi) the area bounded by the parabolas y? = 4ax and 
| # =4by about the axis of x. (B.E. 50) 
2 (vii) the area bounded by y = 3? — 4x + 6 about the 
taxis between the sections x = 1 and x —4. (B.E. 52) 

7. Find the centroid of a right circular cone. L 

S 8. Find the centroid of the solid formed by the revolution 
ie ia the y-axis, of (i) the area in the first quadrant bounded by 
: Baga: J = 0,.x =a and the parabola y? =4ax, (ii) the area 
ed by x? — 33 = 1, y= 0, y — 1. 

tion ba Find the centroids of the surfaces formed by the revolu- 
| axis, (i) the parabola yê = 2ax cut off by x = c about the 

(ii) the cycloid x =a (8 + sin 6), y =a (1 — cos 0) 
axis of y. - : 

(ii) one loop of r? = a? cos 20 about the initial line. ; 

of m Find the centre of mass of a hemispherical distribution 
dm pin Which density varies (i) inversely as gi us 
Base SE 3 (ü) directly as the distance from the axis ol symm try 


| 5 (ii) di distance from. 
the ub. 44) 5 (iij) directly as the square of the di | 
| the Pane base (B.Sc. Sub, 44) ; (iv) directly as the distance from 
e agar base (B.So. Sub, 44) 3 (i directly as the dimes fon 

solid right circular cone; 


n 
the y. “tod the centre of gravity of a s ht ci 
the E at any point being proportional io its distance ran 


| about the 
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12. The density of a circular lamina at any point varie | 
as the distance of the point from a fixed tangent to the circle, ' 
Show that the centre of mass of the lamina is at a distane - 


34 from the fixed tangent, a being the radius of the circle, 


$63:6. Pappus’ theorems. 

l. If an arc of a plane curve rotates about an axis in its om | 
plane, the area of the surface is equal to the perimeter of the arc multiplied 
by the length of the path described by the centroid of the arc. | 

2. If a plane area rotates about an axis in its own plane, th 
volume of the solid generated is equal to the product of the area and ik 
length of the path described by ihe centroid of the area. 

Let the axis of rotation be taken as the axis of x and let it 
not cut the curve. Let us suppose that the curve 
a complete revolution. | 

(1) Let PQ be an element of arc ds and let it revolve about 
the x-axis. Let P be the point (x, y). P describes a circle centre 
L and radius y. The element, of surface generated by are 
PQ = 2myds. Hence the whole surface generated 

=f nyds = 2 f yds =2my x L 

as f yds = y 5 ds = y L from 5 63:2, pad 
where Z is the perimeter of the given arc and y is the ordinal? | 
of the centroid of the arc. The length of the path describ 
the centroid of the arc is 2ay. Hence the theorem. 


Fig. 67 he ordi? 
(2) Let 84 be an element of area RSTU, where ^. of 
of R is y. If this area revolves obout Ox, the de 
volume of the solid generated = 27 dA. 
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| The total volume of the solid generated = 2» Sy dA 
| =20A y, where A is the total area and J is the ordinate of the 
centroid of the area as f y dA — y f dA = ÁJ from $ 63:3, (1). 
The length of the path described by the centroid of the area is 
2). Hence the result follows. 


Note.—The above results are evidently true if the arc or the 
area does not make a complete revolution but only turns through 
an angle whose circular measure is a. We have only to replace 
an the above argument the factor 27 by a. 


Example. Find the positions of the centroids of the arc 
and area of a semicircle. : 

| . (U Let the arc ofa semicircle revolve about its bounding 
| diameter. The surface of the sphere generated = 4za*. 

The centroid of the arc lies on the middle radius by sym- 
| metry. Let its distance from the centre bey» The arc of the 
semicircle = wa and the length of the path described by the 
centroid of the arc = 27). ; : 


By Pappus’ theorem (1), 4ra? =a X Dry. 
Hence y = 2afr. 

(2) When the area revolves about the bounding diameter 
= Volume of the sphere generated = 47a*/3. The area of the 
| wuicircle = ma?/2. The centroid of the area lies on the middle 
| im by Symmetry. Let its distance from the centre bey. The 
“ngth described by the centroid — 2:7. By Pappus’ theorem (2); 


3 a M ^s 4a 
ae => .2ny. Hence) =z 
Exercises LXXVII | 
at l. A circle of radius r rotates about an axis in its own ins 
distance ç (> r) from its centre ; find the volume and sur 
Senerated of the anchor ring. 
ES 2. A 
| Wo PPly Pappus’ theorems to 
Num Of a frustum of a cone in terms o 
zm Circular sections. COR 
the, A triangle, of area A, revolves about an axis in its plane; 
E Perpendicular distances of its vertices from the line being a, B, y: 


L 


find the surface and the 
f its height and the radii 
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Show that the volume generated is A (a +B + y). 


4.” A circle of radius a rotates about a tangent. Find the 
volume formed. . (B.E. 49) 
5. An ellipse revolves about the tangent at the end ofthe | 
major axis. Find the volume of the solid generated. 
6: The lemniscate 12 = a? cos 20 revolves about the tangent | 


3 
at the pole. Show that the volume generated is = : 


7. Find the area of the surface generated by the revolution 
of the cycloid x = a (0 — sin 0) 5 y = a (1 — cos 6) about the | 
line y = 0. 

.8. A square with a semicircle on one of its sides rotates about e 
the opposite side. Find the volume generated. | 


9. Use Pappus’ theorem to find the volume of the solid 
generated by revolving r = a (1 + cos 0) about its axis. 


§ 64:1. Moment of Inertia. 


Def. Ifm be the mass of a particle and r be its distance Fo? 
a given line, the product mr? is called its moment of inertia about, 
given line. For a lamina or a rigid body, the sum of zx 
expressions for all particles of the body, i.e., 2; mr? 15 call 1 
moment of inertia of the body about the given line. m 

If a system consistsof only a finite number ofisolated ies d | 
X mi is calculated by addition, But if the system COM | 
a continuous distribution of matter as in the case of 2 2 | 
a rigid body, the number of particles is infinitely great E masa 4 
Z mr? is effected by integration. If dm.be an elemento momen | 
a body at distance 7 from a given straight line, then Kai | 
of inertia of the body about the line is f r*dm taken © the mas | 
the body. If this integral be written as MÁ?*, where mae abo | 
of the body, k is called the radius of gyration of the 007 — 
the given axis. calci | j 


We give below two theorems which often facilitate 
of moments of inertia, 


$ 642. Theorem of parallel axes. E n ip] 
... If I denotes the M.I. of a body about an 3*7 d^ axis, 
Que of inertia and J’ its M.I. about any para pe 
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I! =I + Md*?, where M is the mass of the body and d the distance 
between the parallel axes. 


Consider the case of a plane lamina. Let its moment of 
inertia about the axis Oy’ be Jy’ and about the parallel axis Gy 
through G, the centre of inertia be Jy. 


Fig. 68 , v 
, Take any origin O on Oy" and draw Ox’, perpendicular to Oy’ 
in the plane of the lamina. Let Gx be the parallel through G to Ox". 
Consider a typical element of the lamina of mass m at P whose 
co-ordinates referred. to the axes Ox', Oy' are (x', 9’). Let G be 
(57) referred to Ox', Oy’ and P be (x, y) with reference to Gx, Gy: 
en x’ = 00 = 054 SQ =3+x. Similarly Y =) +): 
By definition, Jy’ = x m2 = 5 m (+3)? 
=3m?+4+2 3 mx. + 3 mx 
: =l; 42x3 m43 3m 
25 in the last two terms, Z bang ana for each term can be 
removed out of the summation sign. 


lamina f^ 3 mx | 3, miis the abscissa of the centre of gravity of the 
E referred to G as origin and hence vanishes. 
Si dyi = ly + Mz? where M is the mass of the lamina. 
ine pay the proposition is true for parallel axes Ox’ and Gx; 
ER E Mp! 
cular e M.I. of the lamina about an axis through O perpendi- 
to Its plane E 
= Z mOP? 3 m(x 49) = 3016 +2 + 0499 
TX m (324-33) 4.0% 3 mo 9 A79 X (FI) 
= (82 4.52) M4 3 m (x2 HYE) as X mx and X my vanish 
hie y, ALOG? + M.I. about a: parallel axis through G- Thus 
Sorem is proved for lines normal to the lamina. - 
ny due argument can be extended on similar lines to the case of 
Sid body in three dimensions. maka 
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$64:3. Theorem of perpendicular axes. | 
If Ix and Jy be the moments of inertia of a plane lamina 
about two rectangular axes Ox, Oy in its plane, its moment of 
inertia about an axis through O perpendicular to its plane is +h, 
Consider a typical element of mass m at P whose co-ordinates 
referred to Ox, Oy are (x, y). Then the moment of inertia of the 
Jamina about a normal through O is | 
Sm OP? = 3 m (ê +P) Im + 3 m* li +l2 d 
Note. —The above theorem is true only for a plane lamina while 
the parallel axes theorem is true for any rigid body. 


Moment of inertia of simple bodies. 
5644. Thin uniform rod. 
Let AB be a thin uniform rod of mass M and length 24 | 
Let O be its midpoint and Oy the perpendicular to the rod 
through O. Let us calculate the M.I. about Oy. 
Take P and Q two neighbouring points at distances * and 
X-]-0x from O so that the length of the element PQ of the rod is dx: 


4 


A P 

Fig. 69 js the | 

Its mass is p dx (neglecting the thickness of the rod) whet Pig 

line density (mass per unit length) of the rod. 
Hence its M.I. about Oy = p dx . 2. 


The M.I. of rod about Oy = $ pdx tap] xe 


= Ma?*[3 as p = Mite. de al | 
Cor. l. M.I. of the rod about an axis throug Ji 


2a Ww 
ws”? i 
ALAB p f de e 97, Ma (This result also P " 
j 3 3 
the parallel axes theorem on Moments of Inertia-) 
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Cor. 2. M.I. of the rod about an axis through O inclined 
ta 
at0 to AB =z / x? sin? 9 d9 — Ma? sin? 9 
i 2a r 
—a 
Cor. 3. If the rod be not uniform but the density at P 
be a function of its distance x from O, then the M.I. about 
. ta 
Oy isf P dx .x*, where p is given by the law of density. 


Cor. 4. 4 The M.I. of a rectangle of sides 2a and 2b is Ma?/3 
about an axis through its centre'of gravity parallel to the 2b edge. 


$645. Uniform elliptic lamina. 


Fig. 70 


na Let p ( y) and Q (x + ôx, y + dy) be two neighbouring 
ms on the ellipse + ^ =1. Divide the lamina into strips 
ach "O! . . 
sin 2 PP'Q'O perpendicular to the major axis, the width of the 
the ERE ôx. The mass ôm of the strip is 2y ôx p, where’p is 
is pra oo density (mass per unit area) of the lamina. This strip 
BY" masali in the form of a thin uniform rod of length 2y and 
About the axis OA is 2 py dx 73/3 by $ 644. 


b P Summi F d A 
| i i HL bout . 
: its major eae for all such strips, the M.I. of the lamina ah u 


ta 
a s 
dy 4 
KE Ñ = L | sae by symmetry. Pasia 
4 | 
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a 1 o a £ U K A 

ERATIS: If ( == We ds on substituting for y from the 
NG equation of the ellipse. 

7/2 j 

Putting x = a sin O, the M-I. is 12493 J cost 0 dà | 

q 0 ^ 


T a ns as M (the mass of the | 


lamina) is v ab p. . EN 
Similarly the M.I. of the elliptic lamina about its mmo | 
axis can be got by dividing it into strips parallel to the major as 
and is Ma?/4, Ee 
Cor. 1. A similar procedure can be adopted for a circular 
lamina. It will be seen that the MJ. of a circular disc about i 
any diameter is Ma?[4, where a is its radius. d 
Cor. 2. By the perpendicular axes theorem; the MI o 
a circular lamina about a normal to its plane through its centres 
Ma?/2. gS . 
$646. Solid sphere. "dr 
A solid sphere is generated by the revolution of a semi i | 
APA’ about its bounding diameter AA’. Let P (x J) ix | 
Q (x + 8x, y + 8y) be two neighbouring points on the genera 


E Fig. 71 = eS 
circle x? +52 = a, Divide the sphere into such slic% e 


vx ces: 
bounded by circular sections through P and Q at dis here 


x- ôx from O. The mass ôm of this slice is 1)” Ps 
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the volume density (mass per unit volume), of the sphere. Since 
the typical mass is ultimately in the form of a circular disc of 
radius y, its M.I. about OX = ay? ôx p 3/2 by $ 64-5, Cor. 2. 
Hence the M.I. of the sphere about the diameter OX is 

Ta a 


P [7de =p (a? — x*)* dx by $52 and as J3 =a? — x2: 


—a 0 


a a 
AG ee lov - +5] 


0 
8rpa 2 4 3 
= Es + 5 Ma? as T — M (the mass of the sphere). 
Cor. The M.I. about a tangent line =e E by the parallel 
| axes theorem. | 


$647. Hollow sphere. By revolving a semi-circular arc 
| ABA’ about its bounding diameter A’A taken as the x-axis, 
a hollow sphere is generated. Divide the hollow sphere into 
“ircular bands perpendicular to OX such as PO Q.P'. i Let the 
Point P (x, y) be on the circle whose arcual distance from A is s 


and let AOP = 6, 


20 Fig. 72 : 
Let po be a neighbouring point on the circle so that arc 


na dnd [T ee 
8 às and POP: is 30. The element of the surface PQ Q'P 
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is 9m y Bs (vide $ 62) and its mass is 27 y 3s p, where p is the 
surface density of the sphere. This mass is in the form of 
a circular ring of radius y and its M.I. about OX is 2% sds pf. 
(In a uniform circular ring, each element is at the same | 
distance from its centre and hence the M.I. of every element of 
the arc about the axis through the centre perpendicular to the | 
plane is its mass multiplied by the square of the radiw. 
Summing up for all the elements, the M.I. of the ring is Me, 
where M and a are its mass and radius.) Hence the M.I. of the | 
hollow sphere about the diameter OX 


= 2e p 17 ds =2p at | sin? 0 do 
as y = a sin 0 ands ed 

7/2 3 

= darpa) i sin? 0 d by Ex. 5, page 283 


2 2 Ma 
= 47 pal 3 = 3 
Exercises LXXIX. 
1. Find the moments of inertia of : 
(a) a uniform right circular cylinder about (i) 
(ii) a diameter of one of its ends. id. 
(6) a lamina bounded by one arch of the Rien j 
x =a (0 — sin 0), y = a (1 — cos 0) and the base, about the 
(c) a square about a diagonal. a is (isa 
(d) a paraboloid of revolution about its AS y | 
a solid generated by revolving a parabolic segment about HS% | 
(e) a solid right circular cone about it | 
(ii) a line through the vertex perpendicular t0 paa M | 
(iii) a diameter of its base. 3e 3b | 
2. A thin uniform parabolic plate of mass m 15 pet! " | 
the y-axis and the parabola y? = 4a (h — x) ; find 15 ^" 40) | 
the j-axis. Un of 3 l 
3. Show that the MLL. about the x-axis of the PO igs | 
the parabola y? = 4ax bounded by the x-axis and the beer it | 
supposing the surface density at each point to vaty P ¿int | 
of the abscissa is 12 Ma?/11, where M is the mass of ‘BA 96 
Ta t 


as 4ra? p = M. 


its axis, | 


4. Find the M.I. of a lune of a sphere of angle 5 n. 
bounding diameter. e E 
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5. A uniform ring-shaped lamina bounded by concentric 
circles of radii 5 cm. and 7 cm. is cut into two equal parts along 
a diameter. Find the M.Z. of either part about the line of section, 

_ if the mass of the entire piece is 32 gm. (B.A. Sub. 47) 

6. For a solid hemisphere whose density at any point is 
proportional to the distance from the base, find the radius of 
gyration about the axis of symmetry. (B.A. 42 M) 

7. Find the moment of inertia of a lamina of uniform 
thickness of the form r = a (1 + cos 0) about an axis perpendi- 

| cular to its plane through the pole. 

8. Find the moment of inertia of a circular plate in which 
the density varies as the distance from the centre about the axis 
through the centre perpendicular to the plate. 

9. Find the M.I. of a paraboloid of revolution bounded by 


| * = L about a tangent line at the vertex. (B.E. 46) 
10. Find the M.I. ofa triangular lamina about a line through 
a vertex parallel to the opposite side. (B.A. 53 M) 


ll. Find the M.I. about its axis of the solid of revolution by 
rotating the curve J ze cos (0 <x < 1) about the x-axis. 
| (BA. 44 M) 
12. Find the M.I. ofa hollow circular cylinder about its axis, 
the externa] and internal radii being R and 7 QE à b 
$65. Centre of pressure. 
No It is proved in any text-book of Hydrostatics that the pressure 
| Mtensity at any point of a plane area exposed to the action of 
i. "Vy homogeneous fluid is pgz, where z is the depth of the 
[point below the surface of the fluid and p its density. If dA 
; 2 an element of area at depth z below the surface, the 
ist on 84 = pezdA and the resultant thrust on the area 
| mil 2dA taken over the whole area. The point of a plane 
| pas at which the resultant pressure acts is called the centre of 
| - It is proved in Hydrostatics that the depth Z of the 
gate Of pressure of a plane area acted on by a heavy homogeneous 
tean, Even by the formula 2 =f ztd4 |] z dA 
I Ples. i 
Votre 1. Find the centre of pressure of a vertical circular area 
E S 4 wholly immersed with its centre at depth A. A 
ho O be the centre of the circle at depth & below thesu are 
as the origin and the downward vertical through o 


C94 
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the x-axis. Divide the area into strips like PQ Q'P' parallel w | 
the surface of the fluid. Let P be the point (x, y) on the cirde, 
Let the width of the typical strip PQQ’P’ be dx. Tha 
SA —2ydx. The pressure intensity at every point of the strip is 
pg (h + x) and hence pressure over the strip = pg (h + x) 29d. — 


À Fig. 73 y 
By symmetry, the centre of pressure lies on OB. 


Na (^ + x) 2y x dx 


— 


Its depth x (below 0) = = 

T pe (ht 2) 29 de 
[ bra > de 

EM +x) Va E 


ara Va — x? dx x 


Putting x = a cos 0 ; dx = - a sin 0 dé, 


T (h+ a cos 0) cos @ sin? 0 d9 
X =a 


— 


i (h + a cos 0) sin? @ dé 


ins 
ah [m +a? T cos? 0 sin? 0 d9 


Ecco STRE. iS LO Pe DAA 
"T. .. (sin? 0]* 
hi] pina 005: a 3 
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Hence the depth of C.P. below. the surface = h + - 


Ex. 2. Find the centre of pressure of a rectangular lamina 
immersed in a liquid vertically with one side in the surface. 


Let ABCD be the rectangular lamina with AB in the surface 
and let the sides AD and AB be a and b respectively. 


Dissect the lamina into strips like PQ Q'P' parallel to the 
Surface, Let AP be x and let the width PP' of the strip be dx. 

The area of this strip dA = b dx. 

The pressure intensity over this strip — pgx. 


Hence the pressure over this strip = b dx g px and acts at the 
midpoint of PQ. The centre of pressure of every such strip and 


D 


A B ‘ 
P a 
p! a! | 
f Fig. 74 
| therefore of the lamina lies on the line joining the midpoints of 
and Cp. 
a o. C4 
[gpbatdx El 9 
0 i 3^ 


Iis depth below 48 =? ns 
i gpbxdx bah 


Trercises ; 
Find the centre of pressure in the following cases EE 

sides a and b, immersed vertically 
the upper one 


U 


Bol oA : 

4 nap. ^4 rectangular lamina 
J o liquid, with the sides a parallel to the surface, 
SAL depth Â. 
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2. A triangle immersed with vertex in the surface ang 
opposite side horizontal. S 

3. A triangle immersed in a liquid with a side in the surface, 

4. A parallelogram immersed in a liquid with one sidein | 
the surface. 

5. Asemicircle with its bounding diameter in the surface, 

6. An ellipse with its major axis vertical and one vertex in 
the surfacc. 

$66. Work done by a force. 


When the force F is constant, the work done by it isFXs| 
where sis the distance moved through by the point of application 
of thc force in the direction of the force. 

When the force varies with time L, we proceed as follows to 
calculate the work done. Let P, the point of application of the 
force move along a curve BC. At time t, let the arcual distance d 
P measured from a fixed point A on the curve bes. When the | 
point P moves through a further small distance 6s in time at, the 
elementary work done is, to the first order of small quant 
Fds (for during 8t, we can take F to be practically constant th 
it actually varies). Hence the total work done as the point 


d! 


A j 
application moves from B to C is fF ds, where AB =s and AG=ty 


Ç | 
To calculate the integral, F PAO first be expressed as 4 func | 


tion of s. | 
Examples. ud |. 
Ex. l. Find the work done by an elastic string, of 0977 | 
length a, in stretching it from a length b to c (c > 97 a). gih sf 
Let T be the tension of the elastic string when 18 len | 
and let A be the modulus of elasticity. 


By Hooke’s Law, T = AG =2) : 


| 


d 
Work done in stretching the string from length b to € 
s c 


c c 
E a A 7 
fra- Edo fe -a 
b b b 
A 
=z (6 — b) (b +c —2a) "n; 
5 tmd, initial © go 
= Extension x Arithmetie mean of the 1n! i 
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Ex. 2. A volume v of gas at a pressure b is contained in 
2 cylindrical vessel ; if it be allowed to expand so that the length 
alters from x, to x,, the temperature remaining constant, show that 
the work done is pu log (x,[x,). 

If it expands adiabatically, i.e., so that no heat passes into or 
out of the gas and the relation between the pressure p and the 
volume v is therefore po? = constant, show that corresponding 


| work is -?? F7. fy 
y y—1 X 7 


If P is the pressure when the length occupied by the gas is x, 
= = Prad, where A is the section of the cylinder. When the 
ength changes from x to x + ôx, the work done = T Pay, (where 
| Fis the volume of gas = Ax). 


xi 
= [$x 


In the second case, PV” = po", i.c, px” = pn. 


Xx 
The work done = f Pay = f 555 A ds 


x, 
s 1 1 ]- po if -(& “| 
| 4 Ax, NG Mat m3] 7-1 ^ 
Mereises LXXXI. 


Ja E : An elastic string, whose natural length is 6 inches, has 
14 gth 12 inches when it supports a mass of 5 ]b. Findthe work 
em stretching it from its natural length to 20 inches. — 
Ong C spiral spring requires a force of 1 Ib. weight to stretch it 
Ich. How much work is done in stretching it 3 inches more ? 
was” An elastic cord, natural length 10 inches, can be kept 
[5 ched to a length of 15 inches by a force of 5 lb. weight ; find 
fo ER of work done in stretching it from a length of 12 inches 
es. 


ig. ^ quantity of air with initial volume of 200 c. f and 
1 of 15 Ib. per square inch is compressed to 80 Ib. per 


sage ich Find the work done if the isothermal law (po — 9) 
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5. Gas at pressure of 15 lb. per square inch is compressed 
from 200 c. ft. to 50 c. ft. Find the work done if the adiabalic 
law, fu” = constant, holds good. - 


§ 67. Compound interest law. 

Suppose a sum P of money to be invested at compound interest 
| 
j 


at the rate of r% per annum, interest payable n times a year at 
equal intervals of time. After the first payment of interest, the | 


= ZS E i ount is the 
amount =P + 1005 =P € + 100» l: This am 
principal at the beginning of the second period. De amount al 
T 
the end of the second period is therefore P ¢ + ms ) and so ot 
The amount at the end of t years, i.e., nt such periods 
T nt 
=P (1 + T002) 


Ifn-» co, ie. the interest is added to the principal e 
instant continuously, the amount A at the end of years 58! 


n 
100n > 100 
THO 


at j oT 
A=LtP (1+ WR L NAG ) 
No ( T 100; nso 100a 


T 
=P ons Lt (14 vx) 
no 


Pr T 
maki mL 100 .. * 
Nat EST) Coe 100% We 
i i is spoken of 9 
od ky, where k is a constant, 1s Spo 


compound interest law. : 
Cor. 1. If t increases in arithmetic progression» 
in geometrical progression. pent | 
2. The present value of a sum potio due! gu K 
is P. The present value of one rupee due + ye? T 


5 1 | 
erm, Ze, f a rupee. | 
a (m) ai nd in | 

Two examples can be given where the compo E 
law functions in nature. ic t 


ich W° 
(i) Newton's law of cooling : The rate at pr erat 
perature T° of a hot body in a room of constant 122 
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falling is proportional to the excess of the body’s temperature 


above that of the room, i.e., a —k (T —c). If 0 represents 


the excess of temperature, a = — kô. 


(8) The variation in pressure due to change of altitude is 
: d, 
given by A = — kp, where p is the pressure at height 4. 


Exercises LXXXI. 
l. Find the compound interest on a sum of Rs. 500 for 
10 years at 6 % per annum, interest being added to the principal 
(i) once a month, (ii) every instant. 
Ç 2. Show that a sum of money accumulating at the rate of 
r% p.a. interest being compounded annually will double itself 


in approzimately ( o + 3) log 2 years. (B.A. Sub. 37) 


| hei 3. Assuming the density P of the atmosphere at any given 
} a Varies as the pressure f, show that the pressure at height z 
de the surface of the earth is given by p= fo e TEP. zlpo, 
th “te po is the pressure and Po. the density of the atmosphere at 
© carth's surface, (B.A. Sub. 33) 
d A spherical metallic ball of radius 2 cm. expands under 
Qu Ir the coefficient of linear expansion of the metal is :00002, 
PG *increase in volume when the temperature is raised from. 
to 20° C, (B.A. Sub. 35) 

3. A tree in a period of 20 years of its growth is found 
Bow in any one year to 1:02 times its height in the previous 
T. IE it was 3 fe. high at the end of the third year of the 


od, how hi illi d of the fifteenth year ? 
igh will it be at the en (B.A. Sub. 36) 


1 
i 
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CHAPTER XV 
DIFFERENTIAL EQUATIONS 


$ 68:1. Definitions. 

A. differential equation is an equation in which differential 
coefficients occur. f 

Differential equations are of two types :—(i) ordinary and : 
(it) partial. 

An ordinary differential equation is one in which a single 


independent variable enters, either explicitly or implicitly. Fo | 
example, i 


2 
andat 9 0ng 2 4- y = sins jq 
are ordinary differential equations. Y 
A partial differential equation is one in which at EA 
(two or more) independent variables occur and the 


differential coefficients occurring in them have reference 
one of these variables. 


For ext O24), 06 = 
or example, x Sx +7 T z 


det H Vox 0» 
are partial differential equations. j 
The order of an ordinary differential equation 5 
of the highest derivative occurring in it. lng? | 
If a differential equation can be expressed asa Pieria | 
equation in the derivatives, the degree of the highest dicals s 
when the differential coefficients are cleared of ™ F 
fractions, is called the degree of the equation. sl equat | 
The term ‘degree’? is not applied to different? "^ PT 


which cannot be expressed as polynomial equatio 
derivatives. 


Thus, in [2 3r (DT = a94, the order and AE F 


and 94 az = 9%z y 


ie o | 
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ate d? 3 
both two while in 2 3 + (2) = x, the order is two and the 


degree is one. 

$ 68:2. Solutions of differential equations. 

A solution or integral of a differential equation is a relation 
that exists between the variables, (without their differential 
coefficients) by means of which and the derivatives obtained 
therefrom, the equation is satisfied. This solution is also called 


the primitive of the differential equation. 
Consider, for example, the differential equation 42 + ny = 0. 
A solution is y = A cos nx, where A is an arbitrary constant, 
for Ey 
dx3 


= — An cos nx and hence 


diy 
di + n?y = — An? cos nx + Ant cos nx = 0. 


LN Similarly, y = B sin nx where B is an arbitrary constant, is 
| also a solution. More generally, y =A cos nx +B sin nx is 
| 4 solution, 

The solution, in which the number of arbitrary constants 
Occurring is the same as the order of the equation is called the 
Seneral solution or complete integral. 

Thus y =A cos nx +B sin nx is the general solution of - 
dat y= 0. By giving particular values to the constants 
occurring in the general solution, we get particular solutions 
9r integrals. For kii. y =2 cos nx — sin nx is a particular 
integral of the above equation. 

$ 68-3, Formation of differential equations. 

. We shall consider the derivation of differential 
&ven their solutions. Q) 


Uppose y = A sin x + B cos 4; sika 
te 4 and B are arbitrary constants. Our object is to form 


differential equation whose solution is (1). 
Differ entiating twice, 
D =Á cosx — Bsinz; 


dx 
nay. Asinx — B cosx ==) 


equations 
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On eliminating 4 and B from (1), 

E + y = 0 is the differential equation sought. 

Thus, to eliminate the number of constants from a given 
solution, we differentiate it as often as is necessary and then 
eliminate the constants. The differential equation is thus obtained. 

Consider d (x, y, a) = 0 (1) 
where a is an arbitrary constant. 

Differentiating (1) with respect to x, 


M MO. T 
APAT 0. (2) 
Eliminating a between (1) and (2), we get a differential 
equation of the form f ( x, y, 2) z 0. 0 


Equation (3) includes all the values of y arising from (1) 
corresponding to the various values of a and therefore represent 
the differential equation of which (1) is the general solution. 
Examples. 

Ex. 1. Form the differential equation by eliminating € . 
and f from (x — a)? + (y — gj = r°. Q 


Differentiating with respect to x twice, 


Kd LG H =0. 


(2) 


d? i 
LEU Peat (E) =° E 
Eliminating a between (1) and (2), 


r 4 
o (8 + (len d 
Eliminating B between (3) and (4); | 


d*y N3 dy 273 
Or — 
„q equatiom™ — 
JVote.—We have, in fact, formed the differential equ? | 
of circles of given radius, 5 
Ex. 2. Form the differential equation that represe are 
parabolas each of which has a latus rectum 4a and Wh 4 
parallel to the x-axis, "a 
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Ifthe vertex of any parabola of the system be (a, B), the 
equation of the parabola is 
(» — B)? = 4a (x — a). (1) 
We have to eliminate a and f from this equation and the 
derived equation. 
Differentiating twice with repect to x, 


d 
(3-7 = 2a. (2) 
d? dy\? 
o-Bgat(£) =0 G) 
Eliminating 8 between (2) and (3), 
dy (dV 
2a dat dx =0. 


This is the required differential equation. 
Exercises LX XXIII. 
l. Eliminate c from y = ex +¢ — & 
2. Eliminate a and b from (i) y = ae + be 
(ii) xy = a& + be. 
3. Form the differential equation which has y = a cos (28-45) 
as general solution, where a and b are arbitrary constants. 


4. Form the differential equation having for its general 
Solution 


(i) y = ax? + bx (B.Sc. 51 T.U.) 


(ii) y = ax? + bx? 
Where q and 6 are arbitrary constants. t 
5. Find the differential equation of all circles passing 
through the origin and having their centres on the x-axis. 


6. Show that the differential equation of all parabolas 


ng their axis of symmetry coincident with 
d GN! B.Sc. 51 T.U. 


: < : by the 
Obtain the differential equations Mese 43 TU) 


havi the axis of x is 


7. 
| curves G) » = c (x —0)2 


(ti) y = ax cos E) 


Wh 
- “tea and bare parameters. 5 
_ CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. A - 
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8. Obtain the differential equations of 

(i) rectangular hyperbolas which have the axes of coordi: 7 

nates as asymptotes. (B.Sc. 41 T.U) 
(si) circles which touch the y-axis at the origin. 

(B.Sc. 42 T.U) 

(iit) parabolas having their focus at the origin and mi | 

along the x-axis. (B.Sc. 44 TU) - 

$69. Equations of the first order and the first degree - 

$691. Tyre A :- Variables separable. 

Suppose an equation is of the form SF (x) dx 4F. (99 zi. | 

We can directly integrate this equation and the solution i$ 

SS (X) dx + [ F ( dy = c, where c is an arbitrary constant. 


Examples. 


d == 
Ex. 1. e 1—y? _ 
x Solve at i T —— cu 
d, dx 
We have — 2 RGAE ya 
Cata) — x2 0. 


Integrating, sin-1 J T sin x =c. 


Ex. 2. Solve ydx — xdy + 3x3? ex” dy = 0. (BE. 48) 
This equation can be written as 
2e x + 3x2 ex? dx = 0. 


x 
The solution is Z +e?=c, 


dp path | 
Ex. 3. Thestress pin thick cylinders is given by 7 7; +4 A 
where c is a constant. Find pin terms of 7. (B.Sc. S 


ET. 
— T . 


db , de 

T br = 2 (c — p) 3 c -h pi 

; Integrating, — log (c — p) = 2 log r — log A, whe 8 
arbitrary constant. 


4 (c — p) r* = A is the solution. 
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Exercises LX XXIV. 
Solve the equations : 


d Jj? 
loda x—r 


2V e tan y dx + (1 — eX) sec? y dy = 0. 
3 x VIF Pj Vi FAL =o. 


4. tan y sec? x dx + tan x sec? y dy = 0. 
95 VI Pade Vi dy — 0. 


6. VI — x sind x dy +y dx — 0. (B.A. 41 M) 
d 
7. (1 — x2) 2 Hay = 5x. (B.A. 46 M) 
8. Find the curve whose gradient at any point P (x, y) on 
nm. *—a 
1t is 


j and which passes through the origin, (B.A. 41 M) 


9. The subtangent at any point of a curve is equal to the 
square of the abscissa. If it passes through (2, 1), find its 
i equation. 


10. The subnormal at any point of a curve varies as the 
abscissa and the curve passes through the points (2, 3) and 
(1,2). Find the equation of the curve. 

A particle moves in a straight line with a velocity given 
by d US +1, where sis the distance from the starting point 


measured in feet and the unit of time is one second. Show that 
. e time taken by the particle to traverse a distance of 33 yards 
52 log, 10 seconds. (BSc. 53 T.U.) 
Hg An equation in the theory of stability of an aeroplane is 
| &=8 cos a — ko, where g, k and a are constants. Solve the 
"Tation given y = 0 when 4 = 0. (B.Sc. Sub. 33) 

l3. The distance x descended by a person falling by means of 
Parachute satisfies the differential equation 


dN? gik? 


iw Baya 
| seb and g are constants ; and x720 when / — 


M 


0 ; show that 


ES 
#108 cosh E. 


ac 


(B.Sc. Sub. 34) 
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14. The angular velocity w of a heavy flywheel rotating in 
.rough bearings is given by I = = — kw*, where J and k ar 


constants. If the angular velocity at the end of one minute i 
90% of the initial angular velocity, show that the angular 
velocity at the end of the next minute will fall to 81%, %. 
(B.Sc. Sub. 34) 
15. A rocket of weight 10 Ibs. is fired vertically upwards 
- starting from rest. The effect of the gradual burning of the charge 
is to produce an acceleration ui ft.[sec.? at time ¢. The charge | 


is consumed in 5 sec. What is the velocity of the rocket at time! ? 


(B.Sc. Sub. 54) | 
Y 16. Solve Z —xtan (y — 1) — 1. (BSc. 54 M) | | 
Sapa put z =J — x.) ; 
v 17. PR 0. ( 
18. jg) 
19 E oar pones, (B.E. 59) | 
/ 20. (x? 2 + LS +132) = 0. (B.Sc. 49 M) 
21. A curve passes through the point (2, 1) and its subnormal 


and | 
is always given by 3x +2. Find the equation of the A M. 
the subtangent at the point x — 3. (Boh: | 


22. (2x —y +1) dx + (2y — x + 1) dy = 0. 60 
z (B.Sc. Comp. Math: i 


23. y dU t02). (B.St. Ano a! 

24. (41) ydy + (y +1) de =O. pet 

25. (x9)! Das 
(Hint : put z= x — y.) 


d 
26. d. (4x +y +1) 
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$69:2. Type B :—Homogeneous equations. 


dy f (x, J) 
dx Ja (x, J) : 
functions of the same degree in x and y. 


“+ fi (9, J) can be written as x2 4 (i) and f, (x, J) as 


Consider where f, and f, are homogeneous 


al y (2) » ifn is the degree of homogeneity. If we put y = vx, 


d 
2 =0+x a The given equation becomes v +x 2 -t o 


The variable can be separated ; thc equation is 
dx Y (v) dv =0 
x vVi()—éQ) ^" 
Integrating, 1 J EM NOLO E 
eiae = + fog gi) s 
The solution is got by substitution 2 for vafter the integration 


is over, 
Examples, 

Ex. 1 B CA 

X. l. Solve y? TT A 


Put y sox Fao ted 
' - dx 

The equation reduces to ou dum =0. 

Integrating, logz —v + log x = log €: 

The solution is PE IX, : 

Ex, 2. xdy — ydx = VE FJ dx. 

Put y = ux ; dy = v dx + xd0, 


(B.Sc. 50 M) 


es 
=. 


The 1 odds = 
€quation reduces to VI 


Integrating, log (0 + Vi + 0) =108% + 108% 
The solution is y +- VEFÝ ze. 
(This can be reduced to the form ext — L + 29) 
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Exercises LXXXV. 
Solve the following equations :— 


AA 

M EID 

2. (y? — 2xy) dx = (x? — 2xy) dy. (B.E. 49) 
3. e 2 = s. ` (B.Sc. 45 MJ 
4. (x-- y) dx = 2x? dy. (BSc. 4M) 
5. (x —9) Don given that y = 1 when x — 1. 

d Pisay - M 
A (B.Sc. 52 M) 
7. xdx 4-3 dy =2 (x dy — y dx). (B.Sc. 49 M) | 

d j 
8. T PA | 

o al 3p | 3M) 
9. de 3x8 Lt (B.Sc. 5 ) 
10. (x? — Qxy — y?) dx = (x +3)? dy. S 
11. x(»—2)dy = (y + x) y dx. en 
12. (x — 29%) de — (x2 — 37) dy — 0. (Bc. 57 


13. 2- DESEE (B. Sc. Comp. Math. PI 1 


$693. TYPE c :—Non-homogeneous equations of ar 

first degree in x and y- 
f 

Consider (ax + by + c) I = Ar + By +G, where 6, b^ 
4, B, C are constants. 

Put x = X +h and y =Y +k. 

The equation becomes 

(aX + bY + ah + bk +0) TE = AX +BY + Ah 


If h, k be chosen to satisfy 
and Ah + Bk +C —0 (ii) 
the above equation reduces to S 


(aX + bY) = AX + BY. 


| 
Ng 


e 
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This is homogeneous in X and Y and can be solved by 


putting Y = 2X. 

Note 1. The above solution pt only if h ani k can be 
solved from (i) and (ii), i.e., if^ A 20 5 If, however, 5 Y => and e 
be different from each of these EE h cedi k cannot be obtained 
from (i) and (iz) ; rapi the following method is adopted.: 

Put a = b se 

A B 3 


The given equation is A 
(ax + by + 37 = [m (ax + by) +C]. 
Putting ax + by = v, we have 
lu mu +G 
d; ato ER 


The variables separate ; hence the solution is 
v 


b (mc 
atom + EE ka 0 Him taiata 


1 

2. Suppose further that ^ zem t= a= m the equation is 
oF 
Gon. 


“+ J = mx + c where c is an arbitrary constant. 


í Examples, 


Ex. 1. dj x#49-3 B.Sc. 52 M 
a 1 Solve 7 = Ep ane (E ) 
at S = XK hs eT Hk. 
e equation becomes 
dy X+2Y "or aL) 
dX Yr 
h and k are chosen to satisfy k+ 2k -3=0 and. 


CRM k-31, 


No h=l and kl. 

Hence x= y +1 and y =Y +1 

To solve (1), put Y — maka (1) reduces to 
du do (2--v) . 


. E e — pi 
; CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. — 
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5 INI 3 1 _ aX 

io (arta) mF 

Integrating, 1 -+ v = c? X?(1 — 9), 
Hence X + Y =c? (X —Yy. 

S. x T —2 =0 (4-9). 


Ex. 2. Solve (2x — 4y 452.4 (x — 2y +1) 20. 
(BE. 4) 


(Here 7 = A Vide ‘Note 1.) ; 

Put x —2y = v; the equation becomes 
(4v +5) dx — (20 + 3) do — 0, 

2v +3 

dis F5 


: Til 

$.6., dx — (s + 2 mo) dv. E 
Integrating, z+ L log (4o +5) 2 x +0. 

The solution is log { 4 (x — 23) +5} —4(x F2) t © 


Ex. 3. Solve (2x — y + 5) dy = (x — 2y + 3) d. | 
J + 5) dy = (x — 2y (B.Sc. Anc. 9) 


du — 0, 


Regrouping, the equation may be written as 
2 (x dy +y dx) + (— y +5) dy = (x +3) &- 


a 2 2 
Integrating, 29 —7. + 5y - $e 


Exercises LXXXVI. 
Solve the following equations ;— 


dy , 10x + 8 — 12 ¿En 4) 
bout Aa =0 E | 
o P 449-13 psc 8M 

Fc S BESSY. EUN 
3. («y —1) dy = (x +y + 1) de Ge 
4 D_ *+7+2 se PM | 

de 3x + 5y k6 24] 
9. (By — 7x + 7) dx + (y — 3x + 3) dy =0- Wai | 
5. (z +y +1) de + (8x 4- 4y 4- 4) dy EO. as” a 

ah 
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7. (2x + 18y — 14) 2 — 
- (2x + 18y — 14) 2 = 6x 4 5y — 7. (B.E. 53) 
d ; 
8. (6x + 2y — 10) 2 = 2x + 9 — 20. (B.Sc. 53 M) 
9 dy. 2x +y +6 
AG y EL (B.Sc. 55 M) 


10. (12x + 5y — 9) dx + (5x T 2» — 4) dy =0. 
(B.Sc. Comp. Math. 59) 


[Hint. This can be also done by proper grouping. 
(12x — 9) dx + 5 (7 dx + x dy) + (2y — 4) dy — 0. 
Integrating, 6x3 — 9x + Sy +3* — 4y = c.] 


$69-4. Tyre D :- Linear equation. 
Definition. A differential equation is said to be linear when 


ra dependent variable and its derivatives occur only in the first 
sgree and no products of these occur.: 


| The linear equation: of the first order is of the form 
| SLR = =Q, where P and Q, are functions of x only. (1) 


Consider Y + Py = 0, 2.6.5 ri TPdx zz. 
[P dx 


The solution is jè =c 
c P dx 
Differentiating J 2 +. Py = 0. 


This shows that Y D dest Py =0is rendered an exact differential 


j sation, ie, one ET can be deduced from its primitive by 
differentiation and no further operation, on multiplying it by 


| th P dx 

La Actor A . Such a factor as this is called an integraling 

mat So an integrating factor is one which changes a differ- 
“quation into an exact differential equation. 


P dx E 
Now d is an integrating factor of (1) by the foregoing 
P dx 
Multiplying (1) by J , we have 
pos (Pax 
(2:5): P". 
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JP dx TP dx. 
Integrating, ye : =J Qe dx +c. 
_ This is the solution of (1). 
Examples. S 


dy sis 
Ex. 1. Solve 5. +) cosx = 3 sin 2x. 
Here P cos x ; Q — sin 2x. 


Pd 
§ Pdx = sin x and e = mx, 
The solution is pesin x. =f} sin 2x #02 de + c 
= fesla X sin x cos x dx +c 
= f ex zdz + c, on putting z =sinz; 
=e (z—1) +c 
ex (sin x — 1) + c. . 


Ex. 2. Solve nG = Zh log x. = e. yl 112108 x, (BA. 4M 
Reducing the equation to the standard form, 
d) Jue. — anel 
gat zlog x = EX og x, 


Here P =E AEE Q= gx x — 1/2 log x, 


fer- [iu = (og. | 


log x)? * log x logx * 
pa Cy» ep 
e 6 = (eloE x) =x% 
log x z ¡a 108x de +6 


The solution is ya 9 2 =f gxix — Mà log x xl 
—[ede-e-e6cte 


haty”? 
“Ex. 3: Solve (1-23) Z + 29 ca T — A given 


when x = 0. 
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The solution. is D = y Tm Lc 
sin 0 d9 
y E K +c on putting x sin 0 
= f tan 0 sec 0 dð 4- c 


s l: > 

= sec b +6 = — c H €. 
x + Vian’ 
When x —0,»—0. .. c— — 1. 


Hence ; J == -— 
Exercises LXX XVII, S 
d c E i 
l. z T tan x = cos? x, (B.E. 48) 
j dy xy l TENET 
2 p- =e (B-E. 53) 
3 dy -1 ; 
. (l + x3) de tI = ptan”? x, (B.Sc. 52 M) 
4, DRE 3x3 — sinix 
[R lad 
dy 2 
5. O 2 = 1 ox ,E. 51 
d x Oa) [uer deci 
6. dy 2x : po zl. 
det pu) qu gaa sven thaty = Owhen 
(B.Sc. 52 M) 
(icons bud (Be 48M) 
q dZ (a 48) 
9. D Say "7 Lane (B.A. 47 M) 
MET mer | 
a ds ` ytan x =esecx —— (B.A. 42 M) 
u. x (1 —2)2 + (2x8 — 1) j 2-20. 
19. NE 1) Bi. da (B.A. 51 M) 
- (BSc. 50 M) 


1 $ 
3. *(e—1)2_@—9 RD 
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dj» li - - 
14 5 +5 =ja8iven that y = 2 when x = 1. 


15. à + Pas (B.A. 48M) | 

16. Z + y cot x = 4x cosec x given that y = 0 when x sgp. 
(B.A. 38 M) 

17. 2:2 4c EE (B.Sc. 53 T.U) 


19. S +) cos x = (1 + sin? x) sin 2x. (B.Sc. Sub. 4) 


dy 
EE haram (B.A. 45 M) 
S z T» + 2?) = 1 42%. (B.Sc. Sub. 42) | 


d a c 
21. x (x — 2) 2 (x — 1)y = (x — 2) given that y=? 
when x = 3. (B.Sc. Sub. 40) 


d; 
22. a+ 2xy = ex! 2 
23. The differential equation of an electric current contains l 
a resistance R and a capacity C in series with an electromou | 


. nad i : 
force E is RS LE Solve the equation if E= cos pl y 


(Ey and p being constants) and i = 0 at t = 0. int 
24. The gradient of a curve which passes through the p 


(4, 0) is defined by the equation y -— taqa 6-39 | 
Find the equation of the curve and find the value of 7 & | 
X —5. : (B.Sc. Sub. n. 
25. Solve” ilL. EDS [S ^ : 

dx "xlogx  logx' A 41M) | 

26. y" +y =l. (Hint. Put y' = z.) NZ | 


27. J" —»' tan x — sin x. 54 M 
d Ar 
28. * cos x Z - (xsin x + cos a) = 1. pe E: 


29. E+)? -yne («4100 
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30 D 19 cot x = 3x2 1 
. +B = da? cosec? x. (B.Sc. 44) 
s1. 242 | 
- Z T 2x = 2x (1 + x3). (B.A. 50) 


dy 3 
32. aE + 2y tan x = sin x and show that ify — 0 when 


x = 2/3, the maximum value of y is 1/8. (B.Sc. 51) 


33 d 
^ Em + (y — 1) cos x = ein x oot? x, (B.Sc. Sub. 55) 


d 
34, A + 2y tan x — sin x. (B.Sc. 55 M) 
35. 14 (x tany — sec I) 2 =0. . (B.Sc. 53 M) 
d 
36. (x + 2») Z =y. (B.Sc. Comp. Math, 59) - 
(Hint. This is linear in x.] 
d 
37. A —J = log (x + 1). (T.U. 55) 
d 
38. 2 =? us y log x +1). (B.Sc. 53 M) 
39, (= 22 Ft Oxy =x (1 — apn, (B.A. 57) 
40. (1H a2 y Dry = 4t (B.Sc. Anc. 59) 
(B.Sc. 60) 


41. x2 (x -)2 Lasa Dy 223— I. 


$ 6955, Bernoulli's equation. 


Consider 2 + Py = 0». where P and Q are functions of 
Only, This ¢ can be reduced to the linear form. 
Dividing by Ju, PEDIR d + bop = Q. 


1 x 


Put z =J , this equation reduces to 


He Q(—2. 
| TR being linear in z, can be integrated by the method of 
hence y can be got. l X 
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Examples. : 
Ex. l. Solve 2 — tan x LOU 


Malipiying by 9, p? diim J tanx = sin x cos? x. 


: Put z =y? Eri 


Here P = — 3 tanx5 Q= 3 sin x cost x 
“JP dx = 8 log cos x = log cos? x. 

fP dx 
27€ - cos x. 


x 
- Hence -z cos? x = 3 f sin x cos? x dx + c = ET T6 


4033 coss 
Ex. 2. Solve (x +1) 2 241- 203 a Sub. 51) 
Multiplying by ey and putting z= PA G + nz co EE =i. 
dz z Ki? | 
ty Fl #-Fl' 
ced 2 
a ET 


JP dx 
= 08 (40 — x +1. 


~ (x d 1) —2x +c. 
Exercises LXXXVIII. 


Solve the equations : ( J' stands for Ay 


6l) 
p.c 
l. y' +) cos x = y^ sin 2x. ian 
paga L 
3. y = xy — xy. >. x (BSc 


4 (1—32)5! — xy — 23. 
"5: y+ wy = xy. 
6. xy’ + => log x. 
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7. 3x (1 — x?) Jy" + (242 — 1) = ax. (B.Sc. 51 M) 
8. 2 (1 +) —y +3 —0.- (B.Sc. 45 M) 
9. (x307 — 2m?) dx + 2m xy dy = 0. (B.E. 51) 
10. xy’ +y Ay (B.E. 53) 
l.5'—1—x(»y—x)—23(»—2x).  (B.Sc. 53 T.U) 
E t 
12 29 9 4 a, (B.Sc. 54 M) 
13. 5' + y[x = yu[xn. (B.Sc. 38) 
14. hB + Ly — 1. (B.Sc. 47) 
dy tan E 
15. 2 iz. + x) & sec y. (B.Sc. 48 M) 
d ; E 
16. Z 2y cosy? - 3 j sing? = (eI © (BE. 58) 
17: 42 — 3% +93) 2 =0. ` (B.Sc. Sub. 57) 
dx 2 
| 18. dy — 3 y= xps. (B.A. 59) 
d 1 e E 
19. Zie : 
$$ 41-4. (B.Sc. 59) 
dy 
20 75 E = x pes Anc. 59) 
21. 90. 1 . Math. 59 
L 2 a. +% t (B.Sc. Comp Math. 59) 
d 
22. aZ ty=Ž. (BSc. Anc. 60) 


$70. Linear Equations of the second order with 
t coefficients. - ie 1 
A typical linear equation of the second order with constan 


Clients is [ ; 
; 1 
a A +6 x t64, (1 
iste a-b, c are constants and X is a function of x. 
tus consider (1) without the second member, a 
i.e., aQ po peut. ( 


1 Ju, The solution of this equation (2) is called the mp 
Eom on): BR secto 
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To solve (2), assume as a trial solution y= etx for some 


d d* ^ 
value of m. Now E = mx and Ta = m*emx, Substituting 
these values in (2), we get e™* (am? +-bm + c) =0. 
Hence m satisfies am? + bm + c = 0. (9) 


This equation in m is called the auxiliary equation. 


Three cases can arise in the solution of the auxiliary 
equation. 


Case i. Let the auxiliary equation (3) have two real and 
distinct roots m, and ma. 


". y 20x andy = e™,X are solutions of (2). 

Hence Ae™,* and Bem, are also solutions of (2), where 
A and B are arbitrary constants. Thus y = Aen + Bey 5 
the most general solution of (2), as the number of constan 


occurring in this solution is two, equal to the order of the | 
differential equation. 


Case ii. Let the auxiliary equation (3) have two roots equal - 
and real. | 


- 


Let m, — m,. The solution y = dons +- Bent p f 

(A + B) ex — cem (4) where c isa single arbitrary con 
equal to A + B. Thus the number of constants is reduced d í 
one which is one short of the order of the differential equation, ! 

, and therefore (4) ceases to represent the general solutions 
Hence we proceed as follows :-- 


Let us put mg = m, -+ e and allow e to tend to zero. 
The solution is y — Aem,x +. Befm,+6)x 

; ; = mx (4 + Beex) 
3 4 233 
1 Rd L T. 1 
by the exponential er l 
=X (A+B + e«Bx); the other terms tending uc 1 


"TE 
We can choose B sufficiently big so as to make Z nur 
e>0 and A large with opposite sign to B so that onding | 
finite. If 4+ B — C and eB =D, the solution POE 
to two equal roots m, is em,x (C + Dx). 
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Aliter. 


Let the auxiliary equation am? + b LE 
roots equal to my. ju em ia mc 0 have both 


am* Haman a (n — my. 
ED stands for 4. de (vide $ 71) and D? for da the given 
differential equation is 
(aD? 4- 5D -- c) y =a (D —mj*y-0 
ie, (D — m) (D—m)y=0as a 40. 
Put (D — mj) » =z. 2 (2) 


Then (D — m) z = 0, ie, mg 0. 


z = Amx, 
Hence (1) becomes 2 — m, J = Aenyx, t 
Solving this linear equation y eX =f A dx Er B= Ax +B, 
Le, y= (Ax + B) m. 
Case iii. Let the auxiliary equation have imaginary roots. 
3 As imaginary roots occur in pairs, let m, =a T. where 
and B are rea] ; ; then m, — a — ip. 
The solution is y = Ae(aHAx 4 Be(a-18)x 
= ex [Aelóx 4 BerlBx] 
= e% [A (cos Bx + isin fx) 
+ B (cos Bx — ¿sin Bx)] 


Í By Euler's formula . 


= eX (C cos x +'D sin Ba), 
where G and D are arbitrary constants. 


Examples. 
Ex. l. Solve 2 52 + 4y =0. 


4 The auxiliary equation is m? — 5m +4 = = 0. 
ins, m = 1 and 4. 
^ Jom ex it Bex. a 


Ex. 2. Solve 22 B 42 47-0. 


The auxiliary a is m" +2m+1= 0, ive, (n +1) 
ea IDE 2 
=e (A + Bx). 


d =0, 
mul - 
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dy $0 = 
Ex. 3. Solve qe O t 5y = 0. 
The auxiliary equation is m? — 3m +5 — 0. 


EE 9 VO 
Solving, m A 


E L fa cos( ) +8 sin “NP 
Exercises LXXXIX. 
Solve the following equations, :— 
l. E — 2 T8) =0. 
2. B+ 44-0. 


dy d), oz 
8. (D* —2D — 15) y = 0 given that Y = 0 and E 
when x — 0. (BSc. Ave ! 


$71. The operators D and D-2. : 


and 7 
4 


dà 
Let D stand for the operator E and D? for 7a: 


: This symbol D satisfies the commutative, associative 
distributive laws : for 
(Da + Da) u = (Da + Dm) u = Diu +D”* 
Dm, Dau == Dn. DR y = Dmt yu 
and D (u- 2) =D (v +u). | that vi^ 
. . We can define the inverse operator D-1as one such operate | 
at operates on any function of x and subsequently the qiu J^ | 
by D is performed, the function is left unaltered: '' 
represents an integration. Lv 
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We shall define the operator FO) as the inverse of the opera- 


tor f (D), i.é., FJ» X is that function of x, Which, when operated 


upon by f(D), yields X. : 
We shall assume that the order of the f open f(D) and 


U 


f» z D) can be interchanged. 


:] : 

Then f(D) Can) x} = 79 f 0) X) =%. 

$72. Particular integral. 

Consider equation (1) of 5 70 which can be written symboli- 
cally as (aD? -- 5D +0)y =X duca U) 
or shortly f (D) y =X where f (D) = aD? + bD Te. 

Let y —u be a particular solution of this linear equation. 
Let y be the complementary function of (1) (vide $ 70). 


Then y = Y + wis the general solution of (1). 
u is called the particular integral of (1). 


: st Gaan 1 
In symbolic form, it is written as Fo) X 


ie, PL =r s 
$73. Special Methods of finding. PL 
(a) Let X be of the form e“. : 


Mi D ex = a ex, ; 
ore generally, Da gx =a" e?*. AR 
: S(D) ex =f (a) 63x as f (D) is a quadratic use 


a 


Operating on both sides by Foy S 


1 
ex =f E Fo 
I f (a) 0 aaa 
a) yt o^ Pia) 
Case i, Hence the rule is :— 


es, replace D by a if f(a) #0 


la n equation f (m) = =0. 


ie, a is not a root of the auxiliary 
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Case ii. If f (a) — 0, a satisfies the auxiliary equation 
f(m) =0. Then we proceed as follows. 


(i) Let the auxiliary equation have two distinct roots m, and 
ma and let a = m. 


Then f (m) = a (m — m;) (m — ma) 
=a (m — a) (m — m;). 


l 
P.I. = a (D Za) (D —m;) mj) eax 
EE | E 4 
a (D — a) (« — m) ex by Case i above. 
1 U 
To find Di” let us put z = 


1 
D- ans 
Operating on both sides by D — a, 

dz 

dr —az= 6%, 


This is a linear equation of the first order ; hence 
ze 9X = f e-ax eax dy — x, 


[e must bc noted that no constant of integration is added as we are 
evaluating only a particular integral. i 
If the constant be added, there will occur in the genel | 


solution 3 constants as there are already 2 in the C.F. and thus 
one constant will be too many.] l 


C Z=xex, 


(i) Let the auxiliary equation have two equal root, ad 
equal to a, te., Mg =m, =a. a 


<. f(m) =a (m — a)? 


pps 1 
a (D —aj Ta (D — a) (D — a) s 
Y xex 
a Dia: 


seul d 
NI yee E Raza xem, 


Solving, z e-«x — J x dx == (no constant is added): 4 
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FA Za, 
P.I. -i Ze, 
Examples. 
Ex. 1. Solve (D? + 5D + 6) J = ex. (B.Sc. 48 M) 


To find the C.F., solve (D? + 5D + 6)» — 0. 
The auxiliary equation is m? + 5m +6 =0. 
Solving, m = — 2 and — 3. - 
G.F. = Ac-x 4. Be-sx, 


PIL = 


1 
DI+5D+6" 
1 
=p ** on replacing D by 1 ; § 73, Case i. 


J = Aem Be-3x 4. E 


Ex. 2. Solve (3D? + D — 14) 7=13ex, (B.Sc. 50 M) 
To find the C.F., solve (3D? + D — 14) y =0. 

The auxiliary equation is 3m? + m — 14 —0. 

Solving, m — 2 and — 7/3. 

“ CF, = Aex 4. Ben, 


PI. 2x 


ES 1 
(D —2 65-7) la 
3 1 
T13 D=> ex by 573, Case i 
1 
=p 3** = xex by $ 73, Case ii. 
Ex e I = etx BeN xe. 
a 3. Solve (D? —2mD + m°) y — ex. — (BSc. 52 M) 
O find the G.F., solve (D? — 9mD + m?) y =0. 
© auxiliary equation is &$ — 2mk + mè = 0. 
;, ^ Æ is used here instead of the usual m as there is already another m) 
y (K—m)? =0. . kem twice. 
$. =emx (4 + Ba). 
Py 


ES x zrah 
œan Ee 


VRT = ¿mx (4 +5: +5). 
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Exercises XC. Solve the following equations FÉ 
1. (D3 —5D +6) y = ets. (B.A. 47 M) 
2. (D* —6D +13) y = 5e. _ (B.Sc. 49 M) 
8. (D? +4D 4-6) y —5e7. (B.Sc. Sub. 45) 
4. (D! -2D +1) y = 28». (B.A. 52 M) 
5. LDS —3D + 2) y = &* which shall vanish for x =0 and 
for x = log 2. 
6. (D? —13D + 12) y = e?* + Sex. 
7. (D? — 12D + 16) y = (es + a°). 


8. (D1--6D +8) y = ex. (B.A. 43M) 
9. (D? — 6D +9) y =20* + ex. 
10. (D? + 31D + 240) y = 272e7*. (B.A. 36 M). 
1l. (4D? -16D +15) y = 4e-?x/* given that 323 and 

Dy = —55 when x = 0. (B.Sc. Sub. LE 
12. (D?+3D +2) y == given y =0 when #20 


x=. (B.Sc. Sub. 42) 
13. (D?+ 5D +7) y — ext? +5. 


14. (D? + 2pD + $8 + 93) y = et where p and g are EN | 
stants. B.A. 47 7 
15. (D? —2D +1)» =e + ex. (B.Sc. Sub. EE 
16. (D*+ D —6) y = exe. in 
17. (D2—3D +2) y — 26x, such that.» z0 ae M 
and x — log 2. (B.Sc. al) 
18. (D* — a?) y = eux 4 eax, . . Qe S a 
19. (Di-F4D 4-8) y — (1 Ha). (po 


ab 
(b) Let X he of the form cos ox or sin ax) wee i 
a constant. ; 


y ail 


| 


Dsinax = a cos a x, z 
D'snax- —a*snax.' zs 

20 5. $ (D!) dn es —$ (— of) sin a x, as d (D°) B 

integral function of D?. . — | 


Operating on both sides by tae 


sin as = EL sin a x. 
Case i. If (— a?) 40, 

palan rud b ded 

$09) ""$4(—d) 
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Hence the rule is :— 
Replace D? by — a?, provided 4 (— a?) 40, 
The same rule applies if sin ax be replaced by cos ax 


: I 
"$05 COS ax = n (= aj COS ax. 
Case ii. Ifd (— a?) = 0, D? + atis a factor of $ (D3). To 


1 à 
evaluate Dra sin ax, the above rule fails. Hence the following 


procedure is adopted. 


e: 1 
DIF inex — y Fai X Imaginary Part ex as 


eax — cos ax - i sin ax by Euler's formula ; 


E : 1 
Imaginary Part of Dra elax 
Es SA Abs 
d (D - at) (D Hai) 
a 1 
= 5 (D ai) Dai elex by $ 73 (a) 
zt xe by S73 
33 Tai Y $ (a) 
= 2 — # (cos as +i sinas) 
. XCOS ax 
2a ` 


Ng l. Solve (D? — 3D +2) y =sin 3x. (B.Sc. Sub. 46) 
9 find the G.F., solve (D* — 3D +2) y =0. ' 
a © auxiliary equation is m? — 3m +2 — 0. 

olving, m = 1 and 9. 


Di gnis e 


zc de: 
—9— 3D +2 ; $73 (b) 


—1 
=> : 
3D KI 7 ain 3x. 
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In order to apply the above rule, we must aim at getting 
JD? terms al in the denominator ; hence we write < 
3D — 7 3D — 7 


3D +7 + 7 (8D —7) 8D 4-7) | 9D3 — 49 
and proceed. 


IP: 5 = Es 3x 
— 3 2. (in 3x) + 7 sin 3x 
9(—9) — 49 by 573 (5) 
- --9 cos 3x + 7 sin 3x 
a — 130 E 
y =GF. + PI. 


Ex. 2. Show that the solution of the differential equation 


d 
p J 4 dy = Asin pt which is such that y = 0 and d =0 wa 
Zas. 4 nt —1psin2t) . 
i ES 2t 
If p — 2, show that y = A (sin 2t — 2t cos?) i 
(B.Sc. 51 M) 
Let D stand for d here. | 
To find the G.F., solve (D? + 4) y — 0. -4i : 
The auxiliary equation is m? +4 — 0. Solving, ^ arbitrari | 


“. G.F. = À cos 2t + p sin 2t, where Nani pag 
constants. 1 


(Note that the independent variable is ¢.) 
PI. = 


p: qa sin pt 


=p ie z 4 by § 73 (b) 


+. J = À cos 2t + p sin 21 + 


sin pt. 


A 
7- 
To determine the values of À and p, We note 


— zx dy 
=0 =0 == 
y J and li 0. 
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mon | : (0) 
d — 2A sin 2t + 2p cos 2; mes cos pt. 
A 
2.02 2p + P 
Wc, APR 
2 —5 el 

Hence: y —4A (sin ^ — i sin 2t | 
Ifp =2, P.I. - pi Asin 2t 

— Imaginary part of LS get 

= a t 

E 5 Dino=2** 

y A at 

= 3) di is 

Ba z = i (cos 2t + isin 21) 
_ — At cos 2t 
MARRE 


J = À cos 2t + p sin 2 E cos 2 
When #=0, 720, . ALO. 


A 
0 = 2p =$ di pg: 


A(sin 2t — 2t cos 21) 
Y e DE 


Ex, 3, Solve (D3 — 4D + 3) 9 = sin 3x cos 2x. 
To find the G.F., solve (D? —4D + §) = 0. 
e auxiliary equation is mi — 4m + 3 0 
Solving, m = | and 3. ^ 
CF. - Aex + Bets, 


Dy 1 ; 9% 

: Drap $505 se : 

3 = 1 gin Bg SUE. aga 
| DS —4D4- $ 2 


e 'Melukote Collection. - 
MES 9 + 


.CC-0. Bhagavad Ramanuja National Research Insti 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


404 CALCULUS 
Sti 1 sin 5x + 1 sina 
TESS! F$ 2 —1—4D+3 2 


2D —11 : 1+2D . 

= —ZD:- ij?" Bx + ra 4D") sin x 
. 10 cos 5x — ll sin 5x | sinx +2 cosx 

zx 984 20 

y =C.F. + PI. 

Ex. 4. Solve (D? + 16) y = ex + cos 4x. 
To find the C.F., solve (D? + 16) y = 0. 
The auxiliary equation is m? + 16 = 0. 
Solving, m = + 4i. C.F. = A cos 4x + B sin 4x. 

1 
Dula 

1 


=z" by § 73 (a). 


P.I. corresponding to cos 4x = 


P.I., corresponding to ex = 


1 
D34-16 9 4x 


1 
= DF 16 Real part of eis 


1 
= A Su 
Real part of Dra (D — 4%) 
1 


= 33 ái xetix 
= 3 — E (cos 4x + ¿sin 4x) 


r X. , 
"^ J = Ácos 4x + B sin 4x Zeng gan 


Exercises XCI. 
Solve the following equations :— 


l. (D? + 4) y = sin 3x. S 

2. (D?+ D+ 1) y = sin 2x. OF 

3. (D?- 8D + 9) y =8 cos 5x. ON 

4, (D? —2p — 8) y = 4 cos 2x. (B. an» 

5. (D? m) x= cos nt +3 sin nt (n being UA. 46 NI 
6. (D* —3D 4-2) y — cos 3x cos 2x. 
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7. (D? —4) y = sin? x. 
8. (D? + 5D — 6) y = sin 4x sin x. 
9. (D? + 9) y = cos? x. 
10. (D? — 4) y = sin? x — cos? x. 


11. (D?— D — 2)y = 20 sin 2x H4. B.A. 50 M 

12. (D? —4D — 5) y = ex + 8 cos 4x. 3 
13. (D? + 5D + 6) y = ex + sin 4x. (B.Sc. 51 M) 
14. (D? + n?) x — f cos (nt + a). (B.Sc. 52 M) 


15. (D*-F ED +p) x = a cos (nt + a). 

16. (D? + a?) y = cos ax. 

17. (D? + 9) y = cos 3x + 3sin 2x. 

18. (D? + 9) x = 4 cos (t -- w[9) which is satisfied by x =0 
when ¢ = 0 and by x — 2, when ¢ = v6. 

19. (D? + 1) y =2 cos? ¿/2. (B.A. 45 M) 

20. (D* — 9) y — cosh x + cos x. 

21. (203 — 7D + 3) y — sin? x. 


22. (D? +4) y — ex + sin 2x. (B.A. 52 M) 
23. (D? — 4D — 5) y = Ax + 4 cos 9x. (B.E. 50) 
| 24. (Da pp + 1) y = cos x. (B.Sc. 44 M) 
25. (3D? + D — 14) y =8ex + cos 5x. (B.E. 50) 


26. (D? — 6D +13) y = sin 2x. (B.A. 55 M) 
HG (D? + 25) y = —sin 6x. ` (B.Sc. Sub. 55) 
8. (D? —2D + 1)y = etx — cos 2x. (B.Sc, Sub. 57) 
29. (4D2 + 5D) 3 pa d (B.Sc. 61) 
30. (D? + 2n cos aD + n?) x =a cos nl, given that x — 0, 
Dx — 9 at t = 0 where D = 8. (B.Sc. Anc. 61) 
(c) Let X be of the form xm (a power of x), m being 

4 positive integer. 


To evaluate am, raise f (D) to power — land expand 


ie expansion of { f (D) T3 operating 
E Examples, | 
1 Ex. 1. Solve (Di D +1) 74% 


To find the G.F, solve (DL D +1 S 
€ auxiliary equation is mt m+l=% 


(B.Sc. Sub. 40) 
J = 0. | 
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Solving, m — TIERE 
CF. a (4 csi E + Basin +). 
1 
PBL——LDIDU 


=(14+D+4D%)7+ 

= { 1 — (D + D?) + (D + D1)? ) x°, the powers of D 

: higher than 2 are dropped 
= (l1 — D) x = x? — 2x. 

y -GF.-rF PI. 


Aliter for P.I. 


Assume y = 4x? + Bx +G for P.L, where 4, B, C are 
constants. 


d 
A =24x + B and $Z = 24. 


Substituting these values in the differential equation j 

24 + 24x + B + Ax? + Bx + C — x. b | 

Equating coefficients of 4%, x and constant term on py 
sides, 


4 —1;24-- B — 0 and 24+B+C=0 
B = —2 and C — 0. 
Hence P.I. = x3 — 2x. 
Ex.2. Solve (D? HAD +5) y = = 4 x9 + cos 22 
To find the G.F., solve (D? + 4D + 5) y =0. 
The auxiliary equation is m? + 4m - 5 — 0. 
Solving, m = — 2 i. 
C.F. — e-?x (A cos x + B sin x). 
1 


——Á 


P.I. i = 
1 corresponding to ex = 7 FAD ES e 


n I 3 ex 
ao O 
1 
ELLEN 
5-r4D--D* na a 
LP iD S 
-s( +5 s 


P.L, corresponding to x? = 
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-i[ S (247 " Co (2 2 x 


expanding as far as D3 
1 4D |, 11D! 24. 
sl -35 +5 -Pe 
1/3 12% , 66 144 
-5(: - 5 5-5) 
(P.I.. can also be found by assuming 
y = Ax? + Bx? +-Cx + D). 
1 
P.I., corresponding to cos 2x = DIFADES cos 2x 
1 


cos 2x on putting — 4 for D? 


=] F 4D 
_ 1—4D 9 _cos 2x + 8 sin 2x 
IDA 65 


y =C.F. + Pl + Plog + P.I. 
Exercises XCII. 
Solve the following equations :— 


(D? + 4) y = x + cos 2x. 
(D: 4+ 3D 49) HEHEH cos 
(D3 + 3D —4)5 — Xt — 2x. 


1. D? e - 9 5 E 
2. (D — We Sn y (B.Sc. Sub. 43) 
3. DS LD 41) ==. (B.A. 41 M) 
4. (D?—5D 4 6)y=x2—-2 +2. 
5. (D? 43D 495 =sinx +2. 
y D LIES ca (B.A. 45 M) 
8. 
9. 
10. 


ay Y. 
It follows by induction that D3 (ex n) = ex (D + ay V. 
e f(D) [ex V] — ex f (D + a) V. 


Operating on both sides by zr 


Ley y o 
exi nguy e En . 
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If we set f (D + a) V = V4, then this result gives 
1 1 
ford ^ 7p Y 
1 1 
SDT Eal 
Examples. 


Ex. 1. Solve (D? — 4D + 3) y =e sinx. (B.Sc. Sub.35) 
To find the G.F., solve (D? — 4D --3) y =0. ` 
The auxiliary equation is m? — 4m +3 — 0. 

«m = l and 3. 
C.F. = Aex + Bex, 


P.I. = 


Hen 


l : 
D?—4D +3 ex sin x 
1 
(D-1)? —4 (D=1)+3 


= gX 


sin x by the above rule 


mcx 


1 a 
D*—6D qcgun* 
I 
S0 gps on putting — 1 for D* 


7+6D . 
249 opa sin 
Lex sinz + 6 cosx 
85 S 
J—CF. + P.I 
Ex. 2. Solve (D? + 2D + 5) y = xe*. 
To find the G.F., solve (D? -- 2D + 5) y = 0. 
The auxiliary equation is m2 T 2m +5 — 0. 
Solving, m = — 1 +93. 
C.F. = e-x (A cos 2x + B sin 2x). 


A A 
D LDS 42DZF1N F5 


ees. 
Dimas * 1 

1 vain the de 
“srap: (as D? can be omitted in "| er 5 
nator for only x occurs 1 © 
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Solve the following equations :-- 
L (D* 1)» = (8 4D ex 
: s T4)» =x ex, 
2 — 4D +3) y = & cos 2x. 
4. (D* —2D 4-2) y — ex cosx. 
5. (D! — 2D + 4) y = exsinx. 
$74. (a) Application to Damped oscillation, 
4 parlicle of mass m moves in a straight line under a force 


ma (distance) towards a fixed point in the straight line and under a small 
esistance to its motion equal to mp (velocity) 5 to find the motion. 


e 
| ar g ct the distance of the moving point P from the fixed point O 
time #bex. The equation of motion is ; 

dix 


: MG = — minx —m La 
| aa Ë di 
i 


Le, x + px + nix = 0. (1) 
purus is the equation of motion if P moves towards the right 
at x isincreasing. If P were to move towards the left so that xis 
“teasing, the resistance is towards the right equal to mpv, where 


Ys the Velocity. But Ci is negative, asx decreases when ¿increases 5 


po] 


S a? the resistance = mp (-4 >. The equation of 


Motion is thus the same as (I)] ° 
^ (1) represents the motion of P whether 
ght or left. 


Putting D= A (1) becomes (D* -F pD +r?) x — 0. 
The auxiliary equation is mà + an + =0. 


| 9:2 


E - P moves towards 
the ri 


i 
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es 3 — 4n? 
Case I. ning A EE pde 


=Ë pi fm LH 
=b ai fn a 


x = Acum E M n? — ag 4 j| Q) 


where A and B are arbitrary constants. 
If p be small, Ae-#4? is a slowly varying quantity. Hence 
(2) represents approximately a simple harmonic motion of period 
27 
Va? — paja 
quantity. Such a motion is called a damped oscillation and p 
measures the damping. 
As the period depends on the square of p, the small frictional 
resistance has no effect on the period to the first order 
approximation. Its effect is seen in the decreasing amplitude 


Aert = A ( 1— 5) and depends on p. 


whose amplitude Arratia is a slowly decreasing 


dye i "radon, tis 

Such a vibration as the above is called a free vibration ns 

the vibration of a particle which moves under the action 
external periodic force. 


By differentiating (2) with respect to f, 
— LAP cs M 2 E ] 
x= zo" cos Ng t+B 


——A 1 
p y] 5 
— Aert] Mit - ss "E -7t ; 
= 0, when S 


tan | A a a tno nh 
1 


The solutions of this equation are 


A/a +B =a 
NET +B=a+7 
4h ` 


2 
Af 0 — Ett Bat De en 
tr, fe, ly ...... form” an Arithmetical Progression 


wh 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Co 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 
DIFFERENTIAL EQUATIONS 411 


. L 7T 
difference is WAR The corresponding values of the 
n — 


amplitudes are 4e-2&/?, Ac-#t2, Aerts... and they form 
a decreasing G.P. whose common ratio is 


2 fa 
eel Ua — 5) — Vm pjt, 
Case II. n > 2n. The solution of (1) takes a different form 
Gi secs c JM 
x eu [VE E + Be ME vi | 


where 4 and B are arbitrary constants. 
The motion is not oscillatory. 


Case IIT. p — 2n. The auxiliary equation has equal roots. 
m= -5 twice. 
ES eetl? (A + Bt) by $ 70, 

Where 4 and B are arbitrary constants. 
In this case also, the motion is not oscillatory. 
$74. (b) A point is moving in a straight line with an acceleration 
| he lowards a fixed point in the straight line and with an additional accele- 
| ration L cos pt: to find the motion. 
| |. Tf the distance of the moving point at time ¢ from the fixed 
| Point be x, the equation of motion is 


d2 
p = — px + L cos pl. 


x 


dix 


The C.F. is the solution of m 


be, A cos (Vat +B). 
PIL = l ia da 


— He 


Di E 
Sox = A cos (Vp t +B) HS 


- YE the particle starts from rest ata distance 6 At 2810 time, so 
l kati 29, x =a and x = 0, we have 
| : Nm 
a= A cosB +F a 
andQ=—AvVpsinB ti) 
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L 
B =0 and A=a— —,. 
an NAG 75 
L L 
#-( Sr. cos Vpt + — = pace bt 
Thus the motion is compounded of two simple harmonic 


motions whose periods are = and 5. If Mp be nearly equal toj, 


of the disturbing acceleration Z cos pi becomes 


C L 
the coefficient 

e coefficient q 
very great. Thus if the period 7 of the disturbing force be 
nearly equal to that of the free motion 7 , its effect may be vay 
great even though its absolute magnitude L be comparatively small 


L 
If p = VI the P.I. = pep PS?! 


zs 1 
— L Real Part of (+n) (D RB) elpt 
=L Ps > teipt 


=L 57 —gy (cos pt + isin pl) 
=z sin pi 
X = Á cos (pt + B) + 55 sim pt. 


If, when ¢ =0, x =a and x = 0, 
: a= Á cos B (i) ' 
0=-—ApsinB (ii) 
B — 0 and A — a. 


Hence x = a cos pt +5 sin pi. 


As t becomes very large, x and x both become 1818” ing 
$75. Forced vibration. A particle, of mass ™ " TI 
4 straight line under force mn? (distance) towards a fixed veloci ' 
Straight line and under a frictional resistance equal to MP ( 
4 periodic force mL cos pt ; to find the motion. a 
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If the distance of the moving point at time ¿ 
point be x, the equation of motion is from the fixed 


X + px + nix = L cos fi. 


To find the C.F., we have to solve x + ux + nx — 0. 
The auxiliary equation is m? + um +n? = 0. 


_—p Vi? an : - 
Mim 95 dE SEE Mu taking p cm. 
n CF. = Aert? cos | V T + z|; 
E 1 d 
P.I. “Dip pD ap glo where D =F 
iia L n? — $°?) — ; 
= To DA =L pa a pt 


= L (2-63) cos pt + up sin pt 
(n2 — p) + pa 7 
Putting r cos e = n? + f? and r sin « = pj, 
Sr RC um 
Pè = (pè — Py + pë panda e = P 
PI = LS LE q 
= 5 


Us X = Ae-atla cos INE PE +B] +2 cos n - 9 


(s The motion is compounded of two oscillations ; the first 
a Sented by the C.F.) is called the free vibration and the 
| end (P.I) is called the forced vibration. 

In Particular, if p =}, the P.I., i.e, the solution for the forced 


: Vibration is = sin nf. If m is, as usual, small, L becomes very 


; 5 
| 2g Thus a small periodic force may, if its period be nearly 
| For to that of the free vibration, produce considerable effects. 
| ma, ple, when soldiers march over a bridge in step, there 
| ei arise some danger to the bridge owing to the accumulative 
Cf their march, Pa 
| hen y is small, e-at/? gradually decreases as # increases andi 
Du C.F. to decrease d er ultimately. Thus ultimately 
1 * Vibration dies out and the forced vibration only prevails. 


= 
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CHAPTER XVI 


EQUATIONS OF THE FIRST ORDER, BUT OF 
HIGHER DEGREE 


dy 


§76. Tyre A :—Equations solvable for dx 


We shall denote 2 hereafter by p. 


Let the equation of the first order and of the nit degree 
in p be pa + P, pal + Papa + ...... + Pa = 0, (1) 
where P, P,,...... ; Pn, denote functions of x and y. 

Suppose the first member of (1) can be resolved into factors 
of the first degree of the form 

(p — Rg) (p — Ra) (p — Ry) s (0 — Ba). : 

Any relation between x and y which makes any of No 
factors vanish is a solution of (1). Let the primitive 0. 
b — R, —0, p — R, — 0, etc. be | 

$1 (+, Y, 6) = 0, Pa 5» co) =0 moco. $n (x, J» a) = : thout 
respectively, where cy, c9, ...... Cn are arbitrary constants. Wi WE ] 
any loss of generality, we can replace 63, Ca) ------ Ga by C V d 4 
c is an arbitrary constant. Hence the solution of (1) i59: (“7% 
Po (x y c) ...... $n (x y c) — 0. 


Examples. 
Ex. 1. Solve x2p? + 3xyp + 253 = 0. 
Solving for p, p=—2or = —% : 
sey UE 
dx sms gives xy =C. 1 
Y M 


The solution is (xy — c) (9x2 — c) — 0. 
"Ex. 2. Solve p? + (x 42-2) LY NAI? 
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2 d 1 

= (¿-1)4 or din mia 
The first equation gives 


log? = — x + loge 


jae. (1) 
The second equation is linear in y. Hence the solution is 
—Sdx[x 
Je 
= e108 x 
——X + 6. (2) 


The general solution is 
(y — exe) (y + x2 — ex) — 0. 
$77. Tyre B :—Let the differential equation (1) of $ 76 be 
Put in the form f (x, y, p) — 0. When it cannot be resolved into 
rational linear factors as in 5 76, it may be either solved for y or x. 
$771. Equations solvable for y. 
F(x, y, p) = 0 can be put in the form 


J =f (x; 2). (1) 
Differentiating with respect to x, 
d 
p-3 (s b à) 


This, being an equation in the two variables p and x, can 


E Integrated by any of the foregoing methods. Hence we obtain, 
Y (x, b c) =0. i - ! (2) 
Eliminating p between (1) and (2), the solution is got. 
$772, Equations solvable for x. 
Let f(x, y, py = 0 be in this case put m the kang 
x —F, D) (1) 
Differentiating with respect to J; 
l =a $ (» Pp; a . 
bp U 
(2) 


Integration leads to Y (J; $ e) #0. 


| is gop inating p between (I) and (2), 


the solution of (1) - 
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Examples. 
Ex. l. Solve xp” — 2yp + x — 0. 
(P34 1) 


Solving for y, y =x 25 
Differentiating with respect to x, 


E Tap 
PE Tapa 557-08 de 
BI dI 

b dxf 

de dp 

daa E 


Integrating, p = cx. 
Eliminating p between this and the given equation, tht 

solution is 2cy = 6x? + 1, 
Ex. 2. Solve x =y* + log f. (0) 
(This is easily solvable for x only.) | 
Differentiating with respect to y, 


Las 4194 . 

é ar ES 

£ + 2fy =1. This is linear in p and hence y 
@ | 


pe = [8 dy Le 
(It must be noted that the integral on the R.H.S. cannot be 4 
integrated in finite terms.) : j 
The eliminant of p between (1) and (2) give the soluto 
Note. In the above problem, the solution has not been ga b 
explicitly by eliminating p. But we have x and J “XP 
terms of a parameter p. This will do. ' 4 
$78. Particular cases of $ 77-1. tend 
There are two special cases of equations solvable 1 
worthy of note, : 
$781. Clairaut's forín. 
The equation known as Clairaut's is of the form 
J —f +f (2). 
Differentiating with respect to x, 
p= +i xf 02. 
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Ç d ; 
Either $ =0 orx Tf (6) s0. 
dp 


d 0 gives p = c, a constant. 
a The solution of (1) is y = cx TJ) 
e have to replace p in Clairaut's equat 
Z equation by c. 
other factor X Ff" (p) =0 taken along with (1) paa ta 
Um of s a solution’ of (1). But this solution D not 
inclu in the general solution (2). S i is i 
called a singular solution. hic E 
ples. 
Ex. 1. Solve y = (x —a) p —p? 
dd ) — — p. B.E. 52 
This is Clairaut's equation ; hence the solution is | 2 
diu J—(x—a)yec—e 
X. 2. Solve y = 25x + Jp. 
Putting Y = 9x and y = A 
dX = 2dx : dY = 2ydy. 


Y =cX +e. 
The solution is J? = Qc +0. 
lu m 182. We have an extended form of Clairaut's equation 
hee J = xf (f) +9 (2). 
*rentiating with respect to x, (1) 
2 =f) +l 10 +9 ole 


de af (2) 90 
Than OP b—f) 
Th 15 linear in x and hence gives F (x, p, 6) = 0. 
© climinant of p between this equation and (1) give 
solution of ( 1 ). 
Ble, Solve y = xp +æ (1 EPIA 
Differentiating With respect to 4, 


bmp ta pone dev] 
Pe dp (vi TP +P) dt | 


——— 


Y 0—27 (1 + £5) E t 
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Integrating, e VII rA J et f$ = log c 


de, log (p + VI +P) +3 log (11477) + log x =loge, 
log (p V1 + #2? +1 Nang = log c. 
(5 VI T P LL LIS —c. Q 
Eliminating p between (1) and (2), the solution is got. 
§ 79:1. Equations that do not contain x explicitly. 
Suppose an equation is of the form 
f (9, p) =0. () 


If this is solvable for p, then p= d (J) and hence # 
immediately integrable. 


If (1) is solvable for y, so that y = 6 ($), then the method. 
of 8 77:1 is applied. 


$79:2. Equations that do not contain y explicitly. i 
Let the equation be f (x, p) = 0. 


If this is solvable for p, so that  —4 (3), it is dice 
integrable. 


If (1) is solvable for x, the method of $ 77:2 is applied. 
§ 79:3. Bauationg homogeneous in x and y. 


) 

Let the equation be f E .p)= 0. i : 
ii 

If this is solvable for p, then p =F (2) and isimmedl 
integrable. 


r 


l 
If (1) is solvable for2, so that y —xF (2); then We po i 
as in § 78:2, 
Differentiate with respect to x ; we have 


p=F (p) Kar (p) E 
de _ Fp) d 


kar qm p-F (p) this eq 
This is integrable and the eliminant ofp between 22 
and (1) is the required solution. 5 
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Examples. 

Ex. l. Solve x° = (1 p9. 


x=4 VIF. Here y is explicitly absent. 
Differentiate with respect to y. 


l2 JE C 
2 VIFp:G 
GP dp 

Vig 


Haes e fern TA eze 
=| (vF = 12) dp 
=} (p VIFF + sah p) — scit 


1 S d 
SLP VIFA — sinh). (2) 
Eliminating p between (1) and (2), the solution is got. 
Ex. 2. Solve xyp? + p (3x? —25*) —6xy — 0. (B.E. 47) 
"This is homogeneous in x and y and solvable for f. 
Ex 2 E 
D or y» 


2- ng + 3x dx — 0. 
c J= or 2+ 3x — c. 
"Ihe solution is (y — ex?) (9% + 31? — c) — 0. 
— y)! = 2 2 
Ex. 3. Solve (xp — 3)? =a (1 +1) 9 (x EX Hons) 56] 
(xdy — »dx)* = a (de + d) $ (7). 
"Changing to polar coordinate, 


xdy — ydx = 340 uating elements of area in 
aro jer and polar coordinates] 


and dx? + dy? = ds? = dr? re, 
where ds is the element of arc. 
e The equation transforms intd 
TA (d8)? = r + 72 (d0)*] ap (73) 


“at 
Dap IN a s an) 


rd fag) 
o oto fT a egy 
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Exercises XCIV. Solve : 


l. y — fx + TEN (B.E. 45) 
2. p?>—5p+6=0. 

3. y= (14-2). 

4 x(1 HP) F1. 

5. y = fx +5 

6. x? (y — px) =yp?. (B.E. 46) 


(Put X =x; Y = 7.) 
7. op + (3 — x) p— = 0. 
8. ex (p — 1) + prety = 0. 
9. y — xp = x +b. 
10. y— 2px = xf. 
ll. $° + 2yp cot x = y?. 
12. x — MD = ap?. (B.E. a) | 
[Hint. Solve for y and differentiate with respect to x; | 
a lincar equation in xis got.] 
18. py + p(x —y) —x =0. [B.A. He 
14. xp (3)? — ax) = y (27? — ax). [B.A. (Hons. 
[Hint. Put y =v% ; a linear equation in + is got.] "I 
15. Solve (fx — y) (py + x) = 2p. ea Ba 
[Hin Put 2-X, =Y; the equation redu 
Clairaut's equation.] 
$80. Linear equations with variable coefficient? ixi 
We shall first consider the homogeneous linear he í 
A homogeneous linear equation of the second order is 0f the 10 


NG 
dy ba 
at + EA +9=% 

where a, b, c are constants and X a function of 4: . oyati | 
$801. Method 1. By putting z—log * or sets this Hd ; 
can be transformed into one with constant coefficients. A 
si i ai 
We introduce here an operator called 0 — * zz Na D 
y 

dy x dy dz 1 dy dy dy ds for 7, y 

di dade m dei d ee 
dy lay 14 1 (dy dr, 2p- 
xd? dx madz Alda dz) * ns 
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d? : - 
s. 02 DUD 1)j. (ü) 
d d ; 
We note that D DP mx =0. 


So, putting x <= e in (l), the equation (1) becomes 
{aD (D — 1) -- 6D 4- c) y = Z (2) where Z is the function of 
z into which X has been transformed. This equation (2) is a 
linear equation with constant coefficients and hence the foregoing 
method can be adopted. — 

$80-2. Method 2. Without transforming (1) into a linear 
equation with constant coefficients, an independent method can 
be given. 

To find the complementary function of (1). 

Thus we have to solve 


E 4 Zro =. 


i If xm, for some t of m, i taken as a tentative solution, 
| then, on substitution, we get 
am (m — 1) 45 brat IG CAO 

This, being an equation of the second degree in m, has two 
roots mj, Ma. Hence the complementary function of (1) is 
C; xm, + C, x, taking the two roots to be distinct. 

If, however, a root m, be repeated twice putting m =m, + € 
Ec e > 0, the corresponding part of the C.F. is 

xm, (C, -.C, x°) — xm, (C,+C, 001082) = xm, (C,4+C, 1+e log x); s} 

etc. being neglected as e-r 0. Putting C,e = B and C, C, = 
the part of the C.F., arising from the two equal roots my, a 
am, (A + Blog x). E 

$80:3. To find the Particular Integral. 


iir a to =X (1) is now found. Using 


0 =f, the first member of (1) can be symbolically written as 
F (0) y, where f (6) = a0 (9 — 1) +60 +c. 
(1) a NY 
a a 
The P.I. ty h is the inverse operator 
| TO Met FO) a 
efined as in $ 72 
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492 CALCULUS 


If f (0) = (0 — ola) (0 — da), the P.I. can be put either as 
1 
(0 — 0-33 (US as Wa) 


or Zs ae )* 


by the method of partial fractions. 

It must be noted that in the first form, the order of the 
operators is not commutative as in $ 79-1. Here, ‘the operations 
indicated by the factors are to be taken in succession, beginning 
with the first on the right. Thus, the general method of finding 


a 1 
the P.I. ultimately ue on the evaluation of ;— X. 


d 
$804. To find y nat 
1 
Let u — ei X. E 
By definition of inverse operator, x T —ducX 
X 
l.l. -Žu Sp 


This equation is linear in w and hence its solution is 
ux = fx-A—! Xdx, 
no constant being added as this is a particular integral. 
e u= xol J xoA—1 Xdx. ) 
(It is advisable for the student to commit this result to memory: "T 
(U 
$805. Special method of evaluating the P.I. when xi 
Jorm xm, 


0 xm =x 7 (m) = man, 
02 Xm =x Z (mxm) = mixm. 
Operating on both sides em Tu S 


If IE 1 
J (m) 20 Lan pia, 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Colle tic 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 
HOMOGENEOUS LINEAR EQUATIONS 


If, however, f(m) =0, then £(0) = (0 — m) $ (0) where 


423 


$ (m40. P.I. becomes ¿7 pp am 


= ra gm JE x-m-1 xm dy by the above general method 
mg ba xm log x. 
,, 4m (log x) 


If m be repeated 2 times in f (m) = 0, the P.I. is --5 


where f (m) = (0 — m)3. 
Examples. 
Ex. 1. Solve 372 2422 EL =H 
Putting z = log x and D ET f the equation" becomes 
[3D (D — 1) nm ly =e. 
The auxiliary equation is 3m? — 2m + 1 =0. 
m=] + V2i. 
CF, = e (A cos VŽ z + B sin V2 z) 
= x { A cos (4/2 log x) + B sin (V2 log x) } 
1 
PL = 3p 20 F1 


eby573.a 


eb nell SEAS 
|» *»—2-r1 


7 = GF. HP. 
Assia log x) + B sin (V2 log 2) + 31- 


Ex. 2, Solve x* > TI ta? py = loge. 
Putting z = log x and D = the equation becomes 

[D(D—1) + D+ly=z 

ie, (D?+1) 7 22. 

The auxiliary equation is m* + 1 — 0. 


CF. =4cosz + B sin z 
= A cos log x + B sin log x. 


` s 
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1 E 
P.I. = 71420 +D’) 1z 


=(1— D? +...)z=z = log x. 
y = A cos log x + B sin log x + logs. 


dy dy mH 
Ex. 3. Solve x? dee + 3x T +7 = U=” CES 
Putting z = log x and D = t the equation becomes 
1 
[D (D — 1) +3D +11) = 1 23 


: 1 
llag (D? + 2D + 1)» = (=3" 
The auxiliary equation is (m + 1)? = 
.. m= — l twice. 
GF, =e (A 4- Ba) ra (A + Blog 7). 
P.I. changing D to the 
BUD * y = = i4 
operator 0 =% ¿| 


NT e afi ae 


0+1 

RTE AN 

—0+1lxl1—x S 1 Ng 

=a [an xol 

Xy 

y = GF, PI. J) T 

ga 

Ex. 4, Solve 33 79 ar 4 2y e @ | 
Putting z —log x and D = => the equation become | 


(D? 43D +2) 5r — 
The auxiliary equation is m2 + 3m +2 =0- + 
DE m=—lor —2. 
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HOMOGENEOUS LINEAR EQUATIONS 425 
C.F. = Ac y Be? = Ax + Bx. 


d 
P.I. = GE UTD where DOG 


1 
-[ra rale 
= x f ex de — x3 [ xe dx by $804 
= xml ex — x (x eX — e) 
= x77 ex, 
3—4x1-rEBx? 4 XA, 


nag i 
Ex. 5. Solve e = q y OE2 in (logs) EL 


Putting 2 — log x and D — L, the equation becomes . 
pra E sin z + 1) 
D= H == 


The auxiliary equation is (n — 1)? = 0 ; m = 1 twice. 
G.F. = e* ES + Bz) = x (4 + B log x). 


P.I. = D- Dan [zsin z + 1] Lad 
=== PEARL C 
zx [osier Part of py + s 
=x [e of ds rr z+ E 
S L of elz : (i-r jet A 
= “ag (i= Cal 7-2 = 
= pe of et ga, IL 424 e + al 


adi Ta (e: 9) sin z i n 3) d + A 


sin log x 
= D T 395; ys cos (log #) 1195: ps 05 


Tags {4 co (log x) +3 sin (og a}. 
Y OEA RE 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


426 CALCULUS 


Exercises XCV. pe : 


NEL ay s2 - 8y = 2%, (B.Sc. M. 47) 
2. ae I a + 12y =2*. [B.A. (Hons.) 41] 
3. a3 + 2x = st + 2x + I. (B.E. 45) 
4 nO 2p at. (B.Sc. M. 48) 
5. x? 2 — 22 2 at 4y = [B.A. (Hons.) 52] 
6. 27 E - xt z — 5y = sin log x. (B.E. 48) 
7. 23 2 qa tT i dy + 13y = log x. [B.A. (Hons.) 50] 
8. O 44: + 2y = log x. 

9. x a x91612 ds [B.A. (Hons.) 38] 


: de 
sz d. 
[Hint. Put v dá 2 and proceed.] 


10. np? +) = logx + x. 
us 
$81. Equations reducible to the linear homogene? 
equation. 


Consider an pls of the form 


(a + bx) E + (a + 63) p, D+ pay =X 


where fı, fa are constants and X is any function of x. 
Putting A = a + bx, the equation transforms into 
—a 

“za atg y= pt (a T) owd 

This is a linear homogeneous equation na can be "E 
by the methods outlined in 5 80. ut 
Example. Solve : ES 


(5 +24)" 615 L 90 + 8y = Ge | 
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Putting z = 5 + 2x, the equation becomes 
s Ey DAC EE 
422 Ze — 12z n19 = 3 (z 5). 


Putting u = log z and D = x the equation is now trang 
formed into (4D? — 16D + 8) y = 3 (2-5). 
The auxiliary equation is m? — 4m + 2 — 0. 
m —2 + V2. 
C.F. = 6% (4e V?* 4 Be- V2) 
=z? (AzV? + Bz-Y?) 
=(5+ 22*[4 (5+ 232 V24 B (5 -29 "] 


BI = POLED (e — 5) 

$. 15: 8,945 

——34—37-5*7 
y = CF. + P.I. 


Exercises XCVI. Solve: 
1. +o? aant os (B.E. 50) 
d 
2. @#PQ-IGANZAY HAAN 
3. eem Merini 


4, (4-295 IG L = 8 (1 + 22. 
(Nagpur M.A. ao) 
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ANSWERS TO EXERCISES 
CHAPTER I 
Exercises I (Pages 5-6) 


L f(0 23; f(1) 2—2; f(2) = —3; f (8) 20; FG) =0 
2. d--2d--l. 4. 2(1—2) 


7. FO, de af 2kg bats f(x, x) = (a +2h +0); 


FO) =} (a+ 2h +b). 
9. Odd functions (1), 3 (a), (c), (d), (f), 4 (b). 
Even functions (2), 3 (5), 3 (e), 4 (a). 
Exercises II (Pages 16-17) 


d 1 2 lo 
LG 2.3. 5.5 44. 5.12. 6:7 5 
- 4 S 13 1 14. — 1 i 
an Cheb 10) ELTE 12/6. 7 Gai 
NG AA Ws 
9* . 2 s $' b i 
m m3 1 1 9. = 

m 1 2971 98.0. 29 
22.7. 95.75. 24.1. 25.1. 26.5. 27.5 9 

CHAPTER II 


Exercises III (Pages 24-25) p 
l. 2x —3. 2.8x —9. 3, 3/33 --2mx En. 4 12:3 + 
9 


1 4 
5. St —2— 3 6. 2na x*n-1 4 nb xn. 7. —-atz E 


E | 
8.1 — = 9. a acus. 10. 3x13 y 34-12 — pr. 
W l 
. 9x43 — 455A — Dae 12. 6x2 + 2x — 6. g 
162 270 144 ^ 33 
18, = -% tA. 14. — 92434574 


I ^ 
2 toam 16. + cosx. 17. 5 coss t; 


3 1 
- — 7 1 9 _ 
18. z € --7sinx. 19, 5x =; + 3 w-113 20. 7 e 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. _ 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


ANSWERS 429 
1 8 12 
21. 2 —l. 22. = + cos x. 23. +/2 cos x + 20: + 57 


24. n an xn-1 + a 25. 8x +3 sin x HE + 2 cos x. 
Exercises IV (Pages 29-30) 


1. 6x — 4. 2. — 8x3 — 2x. 3. # cos x + 2x sin x. 
4. 63x? — 18x +28. 5. 2 sin x loge. 
6. (2 — x3) cos x — 4x sin x. y £(2 + logs) ~ 


Vx E 
8. 96x? + 1995 — 92x—33. 9. ex (sinx + xsin x x cos x). 
x cos + — sina 


10. 4x3 + 9x2 + 18x +27. 11. EE Ex 
x sin x + 2 cosx 4x "s 
A = ar 
3 cosecx (2 cosec x — 7 cotx +3) 15 “cos. x (1 — tan? 
NG (73-3ccz)9 —— Un - 
6 8x sec? x — 18 sec? x — 12 — 8 tanx 
| 19: @ -9 | 
| 17, Z249) 1g, 965 —2) _ 
"N BIR " Gri 2: 


6x? o arhe — 623-8274 3x —2 
19. AN ASTE 
0 ex (x4 (5 — x) + secx (1 — tan x) } 
an (sec x — x°)? 
41-5 cosx + 5x4sin x — tan? x 


91 efl + sec x (1.— tan x) } 
2 (1 F secx)? 


+ U seca) _ loga scc tan =) 


(1 + sec x)* 
Exercises V (Pages 32-33) 
— 3 cosec? x cot x. 
ex. 
2 
2x +3 E dm 
—4sin(Ax — 3) -. -— 


3 cos3x. — 
2 tan x sec? x. 


a o 
re n 


eee 
3 (05665 co 3 


Ko £2 gk 
S om 


2 sec? x tan x. 
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430 CALCULUS 3 
9. —ncot®-! xcosectx. ^' jii sin (log x) 7 
1 sec? x Ñ x 
10. NETTE 1 
an x . cal T 
ll. am x cos (b + ax). 15 ga sp El a 
12. EL ue 16. esec? (a). 
CURRO, 17. --sinx cos (cos x). 
15: g IG SEAT 18. --tana. 


19. 2. (ax? + 25x + c)07 (ax + b). 
20. (x + aja (x + b)n3X (x (m +n) + mb + na). 
21. 2 Aba — 1)? (2x + 1)? (11a? + 4x — 3). 


Ta 

sil n xn (1 — x?) 

24. Go D" O25. REI 
2x 
26. ma on E + xp 27. — (x? + + Mya (2 = DS 
28. 3 sin 6x. . 
29 (15x3 + 5x — 12) (3x + 5)? 
S (x? — 1)1/12 


30. sec 5x (5 cos? 3x tan 5x — 3 sin 6x). 
31 n (x — 2a — b) (a — x) n2) 

: 2 (b + x)ntt S 
33. sinm-! x cosi- x (m cos? x — n sin? x). 
m COS "X COS MX — n sin nx sin mx. 
— (cot? 7x sin x + 21 cos x cot? 7x cosec? 7x). 
. 2 sec? 4x cosec 2x (4 tan 4x — cot 2x). 37. 28e¢* 

1 —sinx + cos x d 9x). 

S Tran i 29: 205 (ntt bn 


3 ex 5 s 
40. rats 41. — 7x [3 sina + 4) 


32. 2tan xsec*x. 


2 

, 42. ex E log (2x + 3): cos 4x + 

a zi ; 
: = ? "2 log (2x + 3) si RT a 
e o 

^ aa y cos (e log *) { (1 +x log x) 

d 


; Y 44. — sin (log x cot x) aue xl e 
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ANSWERS 48l .. 
45. 4 cot 4x — 3. $ 
46. — £x cosec x (4 — cot x) cosec? (ex cosec x). 47. E 
48. ex [2 (x + 1) xlog (cosec x) — x? cot x]. 
49. ex [X cos 7x + sin 7x — $ cot x — sin x]. 
50. x*6&x [8x cos 8x + 3x sin 8x + 3 sin 8x]. 
Exercises VI (Pages 38-39) 
1 l TE AG 
ysl + x)" ' xlogx V(lgz) —1 
9, DIAM 18.0 —9 
V(x —1)(2 — x) ` yal 
3. E 19 Va? — b 
v — 9x3 + 6x + 15 " a@+bsnx 
2x vbi — ai 
4. -A——- EAS 
xccl O acana 
Plan V VATES 
Vi— 2l. Tf boss 
a - 3 cosec 3x cot 3x 
. 2, tans. 
5 Dat x 22. I + cosec® 3x pi 
BA ge deles 23. 2 cosh 2x. 
gem uec 
24. — 3 cosech ; coth 5. 
EEC 3 3 3 
3. mg Ji-a 25. 3coth 3x. 
cr x 6 T We. 
9. pre 26 ma 
i sech? Š | 
0 reen gy, 37730 
1l. — 1. 5 
12 xex 
* 1 + eax 
1 
13. Iri 
— 3x? 
Na lx? - 
isi PELE 
VAL : 
16. 


l 
SLT (log SIR L 


Y 
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32. 


36. 


37. 


39. 


40. 


10. 


ps 
E ae 


> a 
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CALCULUS 
a 33. log2. 
V2 VI Fx U — x) 

(tan? x) f cos x tan x + S a X 
20 8-4 33: + 108 38 3 

2/8 F) {l — (e+ eY ET 
log x 

x (2 + log? x) Vl + log? x x 
8 — 3x? — 1033 


2V(2—3)(1—Qx4-132—25)) 
Exercises VII (Page 41) 
2x 
— x2) -3/2, 
VI tx U ) 
sin x sin 2x sin 3x sin 4x (cot x +2 cot 2x 
4-3 cot 3x + 4 cot 4a): 


e 4. & ( (x +1) sinx +x cosx lL 
x* (1 + log x). 

xi xS +4 2x 4x 

MARIS (s Tiara)” a: 


Buono v. 0 um 
VIET — xe bem TT 
tan x 


aes l mE | 
il TUER) uas el 


5 . 
ini Pr + cos x log d d 


ros 9x (9s +. HL 
+ 3 log (a? — x°) +1 A 


V4 3x [3 3 x lh 
ak rears *ty-cs 3 i 
(log E [s ; t log (log ap. pH” 


ex sin? x com x [n cot x —m tan x — 1]. - 


3 é 
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]j 2. 0005 EG 2 
- 2V1-rsinx (1 + VI-Fsin x) 2 Va(l — x) 
Ay F 1 -1 x 
15. 6 SON + 4) tan (3x +4). 16. WENT etan Trost 
2 (1 — x) I 
17. 3 cot x. 18. Tr rd 19. TER 
| 20. 4cosec4xlogac. 22. (sinx)l0e =[ cots logx + m] 
1 + 3x? — 2x4 E 1 
23. UT OUR 24. 4Véx—l 


— (2x2 — 16x + 25) na 
25. CETA 26. tan 1 x + 
27 (a? — b?) sin x 98 K 
` (a-Fbcosx) (b+acosx) ~ (FAE 
5x (x + 2) JU 
29. ES? [os + +2 =p 3). 
x3 ebx 3 2 
a ES uns- ail 
1 
. 6% xox flog + + 3 . 32. a (1 + log x) T cos (log x). 


E 7 
Ira 


3 (42 — 1) oi a —— 
EDREAL 77 (a42) Viar a 


(1 — 3 4 = 3 E 
2: (8x + al 3(1-a) 2x-c | 


; ix (, uf 2898 NA 
SEC) 


441 
O! i 
38. ES (24 op" feos x log tan? (22 + 1) + i 
Sa Sin x ES Tag 
E ee 


E+DE=D — 
TSS 91 


go, _ 2 (Baje + Sad + 20) 
— 8 (ax HO) e E dy 


| 4), @4 2)sinx x t ] E 
2 Val Ma O eee 


x +2 
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436 CALCULUS 
a i 
42. 1 + log (log x) + log x log (log x). > [Ur 
a - 
44. ————M— 6 
2(2--x) Vl +x 
A ccc E P1H) 
' («—2) V(s —25 — (txts? 
4x 
46. am (2 ay 47. logi (ex). 
: 2 
— SN X ral x)? 3 (log x) | 
48. 2 cos? x--2 coas x + 1° EN ARM [ x 
_1. cosa? x log x 
50. x cos | x - ma] 
51. V [cos? x — sin? x log sin x]. 


92. x? (44): Eus i + log (x? +9) : 


53 =) + cosx — sing 54 Va — bi 
` 2V] F sina (1- cosa)3t” | E + b cos z) 


55. (b2 x*)8x T log (6? — x°?) — pal 


iy een 
(233 — 1) VI — at 
1 : L 
57. x (1 + log x)=" [+= + 2 log (1 + log Fi 
9 r 
58. — 
8 FT : 
Bc EE [2 E e C EI 
Ve-)Qg-sbi ^ 26-0 20-9 
54% + Gx — 12) 2x — sin 2x | 
60. ( p 2 cos 2x — zx 2 L 
avia o CL e | 
1 
62. — < L 
y1—33 b3. Vi — 4 
1 1 
64. kr A Lr dl 
T S Yara 
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| 2x2 + (a? + x?) log (a? ts] 
24 42 
66. (a Ane - 
67. 2 Vai Fa. Gy: E = x 
2x +5 cos a 
GR) em - It M RR EN] 
x? 5x 1083, e. 70. x? + 2x sina + 1 
71 esin x 


sin? Ga) {sin (x2) cos x — mat cos (x2) j : 


72. 2x 4% tan (x3) + 42 log 4 log (sec x?). 
73. 10 log sin x cot x loge 10. 


74. (ax®-+-bx-4-c) 009x PEDES Seen log (ater i2 


+ bx +c 
I 2 1 
75. =, = EE 
—9 76 E 77. 3 
5 a 
78. — KATA Ea a:b — 45:1. 
39 — x (x3 + 3x + 2) 


2 (2 +22 — x3) VII) (1 +24) 


— d; 
Tia 83. eles (2)] 


T+<fl, 2: 
84. Mia stre 


S — 134 429827 96 1 gg _ a 


s PLE > S. E I 
94. (i) U tee) G) i NG m ra log? 3n 
Vp — a 


(i) a+bcosx 


(iii) log tan x f ; log x log £j 
sin x COs x 5 


95. (i) wana [oos xog E + (sin x) bil al 7 
ii) — x Be +72 — — Sax) 


x +9) ycotx : | Sus 
Qu) * Petes tos Ps a Ma 
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438 CALCULUS 
uad g . A 
J? (a2 +P) sect bat 
gg, 2 (i + log x) | gg, log sing +y tans 
| 1-—log) log cos x — x cot y 
{bx (x-9) — 9 39 
100. NGI) 
oe A EE 
TE cos ( H 
1 
VU SH Giai 
108 IE + 3x — x x — 2x8 
SN UE DUET. c 
104. ax (1 + log x) 9241 + (1 + log a)? log (1 + log d) 
105. [log (sec x + tan x)] c0: * cosec x 
[1 — cose € log (sec x + tanz)) | 
106. Z-,f! AGAR | 
* 7713 = cot = E Efe jd 7 Jn 


where y = the given function. Y 


96. 


102. 


107. x/2 Ye for peor — gm 


1 
2 lt 4 Vex te 


108. — nxn-i ex" tan | ex? J. 


2 ( Vx — al V (x — b) (x — c) 
110. 14+2¥s-2(1 — logx). 112. jsecx 


CHAPTER IIF 
Exercises XIII (Pages 58-59) 


am 
UE a - anos +7) 
2. t cos E EE 9n-1 cos (2 +3). d 
3. 7 fer sia (8x +F) +2. 6n sin (6% +7 S) 


in (4047) — 6. msa (ort to 
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4. —1 io cos (5a +7) + Su cos (ss +5) 
—2 cos (x EIL 
5. g (eser 2 sin (2 7 
— 62 sin (e - 2)1- 
6. Qn/2 ex sin (+ +7). 
7. 99?n3 gx — 3 (20)0/2 ex cos (2x + n.tan~ 4). 


8. je (29 cos «+7) — 102/? cos (Sx +n tan-19) L 


(— 1)21 en (ad — be) n! 


9. aa 
10. z ex (25 + a3)n/* sin E +n tan) 
— ie (25 + Blab. sin (se +n tani s) 
ju dec E | 
C a (+ 4)" 


4(—1»a! 3(—1)an! , (=D n+l)! 
E CE 


13. DA A IET qr 


(—151(n—134 n <LL 
@ Tx) (2 — 2a) 


15. Ga 1 J 


14, 


1 
2a (x — gat E LS + ju] ‘ 


1 1 
16. ( = Dz 1 . 20-1 fa TE pu 2x + pe 


17, (EA 


a 
18. x =(— URL IE 
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o 0 € A E } 


i (x—ai) (xau) 
a) E p a 
ae o 


Exercises XIV (Pages 61-62) - 
16. a=4;) =13. 


Exercises XV (Pages 64-65) 
l. e(n +x). 
2. gx (30324 31-1255 + 30-2 nn — 1). 


9. xsin #45) +nsin (247215). 
4, ton (x +) 203008 (24 157r) 


n—2 L 
+ n(n — 1) ex (+ #71) 
1.2.3 
5. € logs tael eh rel n a N 
a 


3. ; 
6. ela (+ + 2) == cita (ss +5)] 
3. £ 3 -1 

se e [ ¿sin + e) E sin (s t7 9) 
an 


En (1) [7 sin (s TU. — 3" ain (98 + * 


: 


+2 (n — 1) 6-20 gin (+ x LL 


gu... 


— — 
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Xp! 2 ag 2 
7. a*n! 3l + "TI log a + ncs « 21 (log a) 
xn 
Lasses + xil (log a)? j 5 


CHAPTER IV 


| Exercises XVI (Pages 68-70) 
2. x lies outside the range (— 2, 6). 
9. —2<x<7. 12. land —1. 18. 35 Ka. 
14. a lies between + 2. 
Exercises XVII (Pages 74-77) 
1. 3,5. 3. 37/2 sq.ft. p.s. 4. 120m sq.ft. ps. 


5. E in. per sec. 6. 10. 7. 7/144, 8. 3/2ft p.s.; 10/2. 
9. + 5/3 ft. p.s. towards O. 11. 6"p;s.; 5” ps. 
12. 3/87 cm./sec. 3 


13. 1728r c.in.[min. or s c.ft.[min. ; 48 sq.in./sec. 


14. fw inch/min, 15. Ife inchjsec. 16. ze. ftfsec. 
17. BL inch/min. 18. ft/min, 19. 24 [br 
20 pa 4 320 


m.p.h. 21. Vg. per min. 22. 345 Sqin-]sec. 


93, ee ft/sec. 24. 375 ft/sec. 25. 22 (75) mph. 


26. AE le NA sec radians per sec. 


16 
1 mi 


^ 120gar : ; 
29. 7/2 sq.ft.[sec. 30. 160r F ani sq. miles per minute. 


Exercises XVIII (Pages 80-81) 
1. (1) e = (20 —41)'[sec. ; a =—4 [sec (2) = V 
at 5r 

a= 6t — 4. (3) «= —Sesin y a=- os F 
4,90 2140—1. L 
Bos a Um. 
2. (1) Initial velocity —0 ; s =4. 

(2) Initial velocity.— 4 ; 5. s8. 


PIN 


ToS © 
3 E 
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3. (1) Velocity after 3 seconds 223'/sec., after 8 seconds, 0 
Acceleration ,, 3'/sec.? »  — l2'[sec? 
(2) When t = 0 or 8 seconds. (3) 24’/sec.* 
4. (1) 16'/sec.5 — 16'/sec. (2) When t = 1:5 seconds, 
s=100'. (3) 80'/sec.2 5. v = — S'[sec. when acceleration — 0 
a = + 6'[second* when velocity = 0. 


7. Ga) 4-0 — 8 — a. 
10. -A REI AG EE 30V? ft [sec 


x x3 
CHAPTER V 
Exercises XX (Page 87) 
5. c 23:97. 


Exercises XXI (Page 89) 


1. (1) 2,2 and —5. (2) 1, 1, 1 and == 


(3) 3,3, —2and —2. (4) 1, l and — 4. 
(5) 3, 3 and Hi. (6) —4, — $ and 5. 
2. (1) Touches at x — 2 and cuts at x =3 and — l. 
(2) Touches at x = l and cuts at x = 2 and — 1. 
(3) Touches at x = 3 and cuts at $. 
By, pasa LE v15 
5. (1) (— 0,0), (0, 4), (4, + œ). 
(2) (= aS 3), (= 3, 0), (0, 3), (3, o). 
| (3) (— co, 2), (2, 6) and (6, co). 


stivi 
2 


(4) (— œ, 2), (— 2, 3) and (3, œ). 
(5) (— œ, — 5), (— 5, 0), (0, 2) and (2, ©): 


6. (1) Two roots real and two roots imaginary. is: 
(2) One real negative root and two imaginary TO 
(3) One real negative root and two roots imaginary l 
7. 27g + 4p» — 0, 3 


Exercises XXII (Page 91) 

1.216. 2.391. 3, 4-18. 4. 1-296. 5. 14l. € 
Exercises X XIII (Pages 99-94) 
1. —1. 2. 8/9. 3. — 16, 4. 9/5. 5. 

S 7. — œ. 8. 1/2. 9. 1/2. 10. 1/4/2. 11. 12. 7 12 


, 929 
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13. cot? a. 14. —1. 15. -2 16. 9k 17. a=—2; 


limit — —1. 18. 1. 19. RH 


120 


Exercises XXIV (Page 96) 
1. 5/8. 2. 3/2. 3. 0. 4. 4. 5. 0. 6. 3. 7. 1. 
8. 0. 9. 1. 10. c. ll. 0. 
Exercises XXV (Page 98) 


l. l/æ. 2. + l/r according as n is even or odd. 3. — l/a- 
4. 1. 5. 0. 6. — 1/2: 7. 0. 8. 0. 9. 0. 10. 0. 
Il. 2/3. 12. —1. 13. 1/2. 14. œ. 15. 2hr. 


Exercises XXVI (Page 100-1) 


l. L 2. em 3. eY 4. eX 5 & 6. lje 
7. M2 8. ev. 9. 1. 10.1. 11, 1. 12. 6-42. 13. 1. 
14. M8. 15. e, 16. l. 17. Vab. 


CHAPTER VI 


Exercises XXVII (Pages 108-10) 
l. (a) Maximum at x 1, Maximum value — 11 


Minimum atx =3, Minimum value = — 17. 
(b) Maximum at x = — 5, Maximum value = 0 


Minimum atx =1, Minimum value = — 324. 
(c) Minimum atx —1, Minimum value = — 1. 


(d) Maximum at x = 4, Maximum value — 164 
Minimum atx — 8, Minimum value = 132. 

(e) Maximum at x = — 4, Maximum value = —6 
Minimum atx =0, Minimum value = 2. 


3 /4N& 
(f) Maximum at x = 17/7, Maximum value =(;) (5) : 


(e) Maximum at x —1 ; Maximum value = $ 
Minimum at x = — 1? Minimum value = — 4. 
(A) Minimum 25 at x = 16 ; Maximum 1 at x — 4. 
(i) Turning values at x = 1 + N3 and x =1; P 
Max. y=0 atx =l. 


ga 


o KAL 
2. Max. is at x = cos? E and its value is 8 (5): 


EM 
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3. Max. at x = — l, and its value 3. Min. atx = 1, and 
its value 3. 


4. Max. radius vector is IFT Min. radius vector is zero, 
5. —eL 7. e. 
Exercises XXVIII (Pages 110-2) 
2. c-—t|r. 4. 2'1" (approximately). 5. (a) x = Vakfr: 
(b) 6. 7. t is given by the equation 15 + 2ut — 1 =0. 9. 5'66" 
nearly from the 16 power candle. 11. a = 38? and E — 07 
nearly. 12. 2:3 — 3x2/2 — 9x, 


Exercises XXIX (Pages 1 17-21) 


PB 34/3ab E ; 
3. 8 F 2r sq. units. 8. T sq. units, 14. Base radius 


= 1’; semi-vertical angle sin— ; . 22. Pis at a distance 


cad (a824 b32) from the centre of the sphere of radius 4 


26. 19:9. 27. Breadth 2a/4/3 5 depth = 2a V3. 28. 3 :6:4 
34. 1/4. 37. 3a4/3/2 5 8a2/34/3 where 2a is the breadth of the 
sheet. 


Exercises XXX (Pages 123-4) 
1. (1) (1,2) and (—1, — 14). (2) (3, —39). 


(3) NG T 1) » o} ; n is any +ve integer. 

(4) {Pen 1:5 JU + tan-12 5 o} ;nisa -+ve integer. 

(5) mag *$4.0 fot "E 

00% ir id A 
J= VEEN 

(8) 16-4 v3); e TES) E 349): 

` (9) Jawa E 15 g-5/A 
3. Atx tO 


3a +b = 0 for all values ofc and d. 9. gaj27b. 
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| CHAPTER VII 


Exercises XXXI (Pages 184-5) 
e 5 7 
L (stg 165422254... . 


xt. 5x4 XB 
(3) LA gi tz d t-- ho 


d 1234 | 36x5 
OA E Ta atari 


1 x4 
PII. agite 


(6) L atA S 


23 25 48 
eS anO (Gam c 


Hu 9448. 90x12 
(8) Irc rr Ta 12i 


} LANG HA 
_ 2x8 4x3 8x7 16x? ma 

(9) - sits tri ST rte 

(10) maaga kal UE 


9. val! oe 21-3 3 Stt SD 3 
CHAPTER VIII 
Exercises XXXII (Pages 140-2) 
12. 0. 16. 0. 
Exercises XXXIII (Ea 150-2) 


tant(l +2 cost) ` 2t sind t— 2). 
LO - DE a iS 


| (8) 2618. (4) a (512x) em o 
| 2. qy Oo 9. (2) eus Peseta tn) 
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ay (40° +90 y ax 
@ LEAR (0) lego) +2, 
(5) 2e%x cos (x? + y?), where b? = a? (1 — e?). 


1 
| 
2. (Wr =) TOI ESTO A | 
Tag E | 
_a th +g _x—a 
@ apat O eE 
Exercises XXXIV (Pages 160-5) 


a ; Sa 5 27 50 
L 5. 2 07. 3. gccot63*. 6. F. 10. gr. 1 
; o e sin x TY 
13. 0'41 sq. in. 14. Tong (2 cot x —coty). 15. =p] 
16. - 0:96zcin.' 17. (a+b+«0). 18. 0:006" (approx). 
21. 0:0370hm ; 0:694. 22. 3:594. 23. (2 +acot2a)% 
25. 0:0080 ; 0-004 (approx). 26. 394. 35. 2p. 


11..—4 


CHAPTER IX 


Exercises XXXV (Pages 171-4) | 
l. (1) 3x — 4 —1 20 ; 32x + 24y — 19-0. 
(2) 3x + 5y — 14-0: 5x — 3y —12 =0. 
(3) ax cos x, —ysinx, = ax, cos x, — J; sinag 
x Sin x, + ay cos x, = x, sin x, + ay, COS Xi: 
(4) 4x +2 —3 —0; 2x — 4y +1 =0. 


(5) 5 cosect 42 sect = 1 
ax sin t — by cos t = a? sini tg— b3 cos! t. 
3. 7cos0 +2 sing 1; 25... DY Lah 
z TUR eade a T) 
4 AYA AD LE. 5. Tangent is y #0! 
7. (22, 54/2) and (—24/2, — 54/2). 


4 is and at 
8. Tangent at (se. a $4) is parallel to the x-8X5 an 


(2a, 0) is parallel to the y-axis. 

10. x (4h? + a%) + y (dh +b?) = 4M + 2a*hk + bk 
- 3e+y=10. 12. 4x —y 1. 18. J Eye 

17. . tx = 2y + 13, where P is (258): 
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(4 Ja 
18. y =xt —2at —af?. 19. (se E 4) 


22. 2x — yJ — a. 23. Tangent is 3mx —2y + am’, 
m L 2m' = 0, where m' is the parameter of the point Q. 
27. 76x —48y =153. 29. 4a/9. a 
Exercises XXXVI (Pages 176-8) 


ML T 
cost 6 + sin? 0 e 
4. 4xsin? 0 = 4y cos? 0 — 3 sin 40. 


0 
* =y tan 5 Hab. 6. x = cotzy + ab. 


* 2 il 
9. q sec 0 +7 cosec 0 


1. 2 (x2 LIR =a? LA — J)". 
12. n=l. 14 3y + ait =4lx. 


Exercises XXXVII (Pages 180-1) 
. tan-1(3). 2. tan (6/13). 3. tan? (8). 
afl c 
4. tan La) 6. 45%. 
Exercises XXXVII (Pages 182-3) 
1. S.T.=3; -5 V5; SIN. —2a; N =ay5. 
2. 2 ie 
3. a tan; sain =. 5.. tanx 35 sin 2x. 
0 
9. asin0; a(l — cos 0) tang. 
10. a(snt—tcost).cot? ; a (sin £ — ¿ cot!) tani. 
13. a. 17. n=—2. 
Exercises XXXIX (Page 185) 
x 1/3 IIT 
a. x TJ. x 
2 0(5) 0 MEP3 ca 


Exercises XL (Pages 193-4) 
1. (3-213 2-1; 91; @0: 6) — a2. 
2. 4 (+40): .6. (i) tangs UU >: 


"T. 
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a0 
8. S.T. = “nga? S.N. = a? log a ; 


T= "nga VI + (bga): Novi (log a)*. 
12. $= 3 — (n8 + a). 
16. (i Vr? + 9cot?30; (ii) r V8r—3. 


CHAPTER X 


Exercises XLI (Pages 200-3) 
(109)3/2 


L (92/2; (0) 25; (96; €) SEs og 


C) TR: kA: 9i: Q2. 


2 
2, GEM a a( 4 Bn. « 


9 { x2(m—1) 4 y2(m-1) 33/2 


——M———————Á—— 
. 


(m — 1) ¿m3 m-3 
11. (a(22/ — 1), 2a (22/3 — 1)1/2 1. 


3 1 
12. 125/64. 13. (1) tanz; (2) 575: 


15. atanósecó. 19. (3108277): 


a ])a 
20. (15:42). 224. 24 EY 


Exercises XLII (Page 207) 


5 Q(-52); 0 2050 (gva e2} 


2. (2 +32, —21). 
3. x = 2 (3 cost — cos 32) ; 
J — 2 (3 sin t + sin 3t). 
When L = 0, the centre of curvature is (4, 0). 
Exercises XLII (Pages 213-4) 


l. (1) rsec 20, (2) (r? plan E —rnyh 


(8) 2a sed (4) 2 (1 + Gon OU ee z 


CHA: 
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3. LIT 8. (1) p+a=0, (2) ap =r. (9) ap =r. 


(4) pr+ a — 0. (5) pan — rmH, (6) per sina. 


i 
| CHAPTER XII . 5 
| Exercises XLVI (Page 237) 
| : 
| l. — x3[8 x 5 
| ; n ll. $ — ¿4/8 — 55-15, 
3 ax? zi b 12. 2x1? — 6x13, 
2 x > 13. San y E 0 — 1090, 
4. illt 12- 
14. 2x + 5logx +—. 
5 axi ba x 
raro +. 15. -tan x — x. 
l 16. —cotx — x. 
6. T : 17. tanx — 4 cotx — 9x. 
5 5. 18. tan x — cot x. 
TENG a5 — 5 YUB — 5x8, 19. x- sina. 


20. x--cosx. 
ag ak LAE 21. 3sin™ x ex + 8x. 
3 2 5 22. sinx — cos x. 


"x3 l 93. tanx —secx 
- 2 +2x2-+-6x--4 | — 5. s : 
9. y T CORE AES E IRE 


ks 
$9 


xt 25. cosec x — cot x. 
10. logx —#*+ ¿+ 26. — (cos x + cosec x). 


Exercises XLVII (Pages 242-3) 
L j4, 24995 — (8 — 2:)*/8, (8x —4)*/12, 
| (ax + b)*/4a, — (6 — ax)*[4a. 
| o 388 (pape (8:-p2)" — (8—2x& 
MEE DEI 
(ax — b) (b- ax)n*t 
: api X127 (la 
3. = E + 2), dU prom E Ng 5x), 
T 2 a SO = a AG + => 


c—29 
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a 1 l. a 1 1 
(070889 CRE NA 6 (2x 4+ 3)” IE” 
1 1 1 | 
~ 8b (a + ox)" 3b (a Id | 
E i-i 2; Sl 
> TY YEE. 3V? 9Y2—* 
2 921 
| 


— bVa bx b Va + be 
log x logx log (3x + 7) log (2 — 7x) 
6. Sa? TaN Gee — XVI 3 


ouo 
log (ax -- 5) las (b — a) 
> , a r 


15. Va + bx (bx — 2a). 


a 
7. = A EC, 3 e(x-4)13, - eaxtd, 
cos 2x X cos (2x + 3) cos (3 —2x) 
8. — 7 3 —2c053, — — 75 Tga 
9. 25 3 sin =, sin E + 2); — sin £ — LO) 
tan 4x x tan (4x — 7) — tan d — - 4x) 
10. 4 ,4 tan- 4? TITE NAY aT. Y 
— cot 5x x — cot (5x + 3) cot (3 —5x) 
l ZOE — 5 ear, Lon Jap) C34, E | 
12, sec oe 2 se o5, sec Cs - D | 
19 e T St ng cosec 5, poseo Ics) @- 2 | 
| 
14, 2G)? (3x — 3x — 2a) | 
à 15 | 
| 
| 


3 
16. Tos (2bx — 3a) (a + bx)23, 
17. z [(% + a) — 33/2], 


jg AS 
B (n — 1) (n —2) (a bape 
19. A xt og (a, + 03x). 


1 


20. & 21. 2 tang — x. 22. x — tan 5. 


b eser 


MENSAM L Oe. b, Los IA TSA 
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| 23. — 3 m Ton 2 94. 3(- X e) 
95. 5 (+ det »). | 
27708 E E | 


l fsin 12x . sin 8x , sin 4x 1 sin 4x 
9. - rr tad ta PR tat Sk etd 
2 sL m" + 8 + i +). 30. 3 (+ 4 ) 


31. E 


32. gs + ¿sin 2 + 2 sin 4x. 


ES 1 2 sin 3x. sin5x 5. 
"aV 3 5 mag 


: 1 cos 6x 
34. gg (— estet : ): 


unu — x. 36. de 


yA 


pa 
32 «4 
Exercises ELI (Pages 244-5) 


3 


| 

| 

28. sL — cos 2x +- = De ===} 
| 

| 

| 

j 

j 


l E! „i - 
l. Lian? 2s 2 tan, ym 1/7 x, 
Jp tan v2 (= +2), y tani 
1 pat? Lape? 1 an 2x3 
2. aan NG? jun di p tana ng tana 3" 
Wa eb brs 24x 1l ra 
3. Alen DOOR) ,lo og t= 22/7 Tr e 
pple eee ee) | gg a toe 
zm ] — V2 (x 4-2)! 246 Sa hx" 
A, loet? 11,46 1, 28 
| 2 537x? 12 E.G 12: 59773? 


1 Vbx-Va 1 Vax—b — 
2V ab log xa Va 2 ya: S Vaxt t 
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5. à Sin- 5: 3 sin! 2x, sd > pin =; Zi sin-! Y x. 
6. cosh^ a, 3 cosh? 2x, L eoh E cosh-1 Ë = 2; 
I E bx! DER 
7. sinh 25 sinh! 2x, 5 sinh F sinh FID. sinh JU 


Exercises XLIX (Pages 245-6) 


cos (a) La (EY 
n —99 09 9 —2c0 ye 3. game (m). 
1, l+ 1 1 af xXx 
4. 518 lea 5. 3 sinh 1x3. 6. qe n (EF) . 


E : l. 4 2 pa 
7. y sini x. 8. qn (2) « 9. y Va — x. 
2. 72 2448 
10. E c ub lani HE 12. xt — a log ($ +e) 
3 3 2 
1 1 x2 — 3 
14. VE pl 4 sinh-tx. 15. log (x4 + 1) + $ tana. À 


5 T 1 
16. 5 log 2 + 3 17. 5° | 
Exercises L (Pages 247-8) 
EU 
7, (xe c ND | 5(1—228). 
9 V1 + x2 6 

TREE LEE n ene) sea BS) 6. 2 (a per | 
2 (1 — a) 5 9 | 


> (a = bx?)nt1 1 
7. 9b (n +1) o Eb alog (as + x8). 


o (HE i5 _ log (1 — 2%) 
A fs og | 
nil 

(+ logan, 


1 1 
12. log log x. KC a 
2. log log x. 13 I— (log ay 14 A +! 


yj, LE, | 


2 (1 + An : 1 = 
15. REIS IB End : 
1 tannH x 
l1. RRR TR: b T 
_ (1 — tan xn "cota x 
19, n F 1 . 20. TAHI 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. p 


Funding: Tattva Heritage Foundation,Kolkata. Digitization: eGangotri. 


ANSWERS 
I sec? x 1 
i (n — 1) cosi x" T 2E en + cos x 


log (e + 1). 25. log (e* +¢-*). 26. log tan” x. 


log sin x. 28. log (x +sinx). 29. ¿log (ex — 1). 


I 
5,108 (a + ban), 31. 5 log (a + bsina). 

1 
— 5108 (a +- b cos x). 33. loglogsinx. 
— log log cos x. 35. łlog(5 + 4 tan x). 
Hog (2- 6x4). 37, (1-1) 1 
g log +4). 97 (=) [a+ 

1 


29 (2ex — 3) 39. log sinx — cos x. 


453 


+ log (sec 4x + tan 4x). 41. 2sinx —log (sec x + tan x). 
5 
5 


—21og2. 43. log2. 44. tan" x[m. 
Exercises LI (Pages 250-2) 
—coslogx 2. tanlogx. 3. etonTtx, 


— cos(tanc!x). 5. — tens cone 


3 

3 tana 282 7. quint x cos x. 8. cos EE 
—Vl—-r2sn-3x. 10. — ljsin-ix. 
p sin? x P. sin? x 

-2 12. 2 «( : 

in3 

sec x (e — 1). 14. --cosecx —2sinx LM 

ua, (l  sinxV tan? x 
2 sin? x 7 I. 16. a” 

3 2» +Ë 


log y — PAG cog tf where y = sin x. 


E 
3/2 a 
2 cos a( 5+ 7 


2 4 
COS x (-: po DA 3! 


2sin*x , sintx 
sin x (U Sa SI 


—5345-— PATOL where y = cos x. 


o 
CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. ds 
Pa =P 


Sa Das 
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22. tanx + = x L = Z —tanx +x. 

24. * + cota +x. 25. logcosx + er ds ij 
{ 

26. ET — sec? x — log cos x. 

27. log sin x + cosec? x — ELE 28. logtan x 


29. —2cot2x. 30. $3 log (a? cos? x + b? sin? x). 
31. — ł log (2 + 3 cos? a). 32. pa (1 4- ex). 


33. — log (1 +e"x). 34. log (3 sin x + cos a). 


mt 
35. 20 + log (2 cos 0 + sin 0). 36. — 5 log (be7* + c). 


- 37, _1 1 tan x + n sec x 
. maa: 38. 4Z———————— —áÁr 
n (sec x + tan x) (1 — n?) (sec x + tan x)? 
8 1142 2 1 
45. —_— it x o 
ma, 49 d o4. i (108 2 2) 
48. tan-te—7 locit a E- 
an-e 4 49 ab cot-! P 50. Jab" 51 4641 


Exercises LII (Page 253) 


x? 2 
il d 2. 5-3 log (3 +2). 


a Bag Zn log (ax +0). 4. £e log (2x + 1): | 
| 
j 


a 


a 
5. — A 24$) — log (1 — x). 


x 
6. 9 3x + 34/3 tan-i-X. 


25279; 
agata (241) +4 tan— x. 
a 2 glog (è + 1) + tanis. 9 Q0 m8) 


1 [x14 = 
10. js 20699]. 11. Pobla ET . 
12, = log (1 — sina) + Cin) (8 sin) SR 


13. Has (1 — a cosx) — (1-— a con) T. 


> A 
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PP an 


- log (x? 4-2x + 5) uem 
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Exercises on “Page 256) 
1 tan-1Ž + 1( Eme ME val +2x —5 


v2 v2” > a Val —2 45 


b $ log (++ 4247) — J, y tan Saro S 


V3 
€ 


: : E 2x + 21 — V429 
og (2? + 21a + 3) — ym log ETHET) 


3 aa 
X q log (2x3 — x +5) + tanc decal 


2/5 V39 ` 

4x — 1 

5 VSG 

5 > a ` 32x + Sx + V2 — vt v5 


4x +1 
zu 2x3 3 EAS 
og ( tantiya Via 


2 x —7 
3 log (à — 2x — 35) + 5 3 log E x4 I5 
3x — 2 


LEER 
lg E22 18: Fan (14-39). 
1 EN: pil 
Sys Sys — #41 AY 
1 
E log (taa) + g tana 
20-1 


— £log(— 1 + x — 233) — 4/7 tani 


(4x + 1) 
= 


. x +log (è == +1) +3, 2 tan ma Sa 


trat rct rdi 75 0% =1" 
E E 
rta ee +s +1) p vs 
Exercises LIV qus 258-9) 
balat 2. s log (2x +1) — — 15 H log. (1 — 3x). s 
ME : i 


EA 4, glog (x — 1) — Blog (s — 2) + 5log (ee 
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5. 


25:31 


26. 
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(x? — 4) (x — 2) 
(x5? ` 


L log (s — 1) + log (x +1) — Š log (2x + 1). 
9 


log 


S log (2x + 5) —$ log (2x — 1). 


3, x-2 
x + log x — 2 log (1 — 42). 9. STR p 


IH yo a E CG NG 
8 41 x-i  4(@—1)* 
l, x—l 2 1 5 


13. 3log (x +2) +77 


91835 + 


+2 3x—1 
a O (x +2) 
4 Jz Ng 98 


4 L 
x2 + log (x +1). 


1 1 
4108 (1 +4) — 5 log (1 Ha) +3 tanta. 


1 
3108 œ +1) =3 log (x? + 1) — 
dar 


zc as 
ZEF 
Za? A log + tani? z] 

log (x — 2) — ł log (x* + 1) + tan? x. 


3 log (xà + 4) ee +2 mu 
1, S1 


dn rnm mra] 


— ——Ó— rra 


Urea log eter ide a 


ze 


LE 
5 Liha (3 — x +1) =$ log (+1) pug tan TE 3 | 


e 


Jog A maa +i Ka tan-! 
+1 
3 log (4 +æ +1) —logx — paya 


KAO CEN "ai 
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1 o) V2 
Pr E mr +27 f tan (1 — y2x) 


- tani (yn) L 
1 
v? Uan (4/2x + 1) — tan-! (1 — 4/2]. 
sann ix 
1 V8 — x1 241] 
H oe ener Tan vi 
-i o log G+) gs gp leg (+ + 4x + 13) 
11, x+2 
+3 an o 
1 J-sinx sin x 
1095 sin x" 34. log an x Cang 


1 1 H2 tanx "Tox 
41981 —5unx 36. log tang + tan (3—3 


a 108 (cos x — 1) - 5log (cos x + 1) — 4 log (3 +2 cos x). 


1 
1 — log 2. 39. 3 log 2 “ays 
log (sec x + tan x) — cot » 
Exercises LV (Page 262) 


li xo e2: S S 
«WR KET UU 5 8S EL 


I x I 1 
) ipea tapit ml 
xt 1, +1 
whos ET (ox? + ly 5. a F3 
1 a—@ -1 Sa 
TA aW S cope 


ues x 
x-5 tan” * +o x) 
— [43 s + = ] 
542 2104) 
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10. 


11. 


12. 


13. 


15. 


16. 
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5 log (a Lel Para 
sler TED T 
lA 2 log 22]. 


ll, x NG 
a + V2 tan ^» 


3 
z tan“ x — ~—.. tan”? 


2 A vk 
Exercises LVI (Pages 266-7) 


. Sin?! (x — 1). 


—2 v3 + 4x — x? + 4 sin”? UA 
V2x CURES yg cosi f. 
—4 Vxi —9x 4 aQx—1 
x x F4 — IP VE 
Vx (x —3) T D. 
VIS px—8 + 7 codi Sl, 
a 5 
V 3x2 FA ma a 3a +2 
+ 4% +7 yp Ji 
4 Va? +x-—3 cen cosh- Ax » 


— V3 — 5x +2 + 57 cosh (4x — 5). 


sin-! 22 —3 


sina 24 + 

a+b 7 
ARS a2 
i p e - sya? HANG IE 


ns ag 


eet 


YA: ll. VA poe KO - Gosh? (24 +5) 
— 2 sin-1 ME 13. 2 cosh-! x + Va — ]. 


a ee U 
Ala 


22. 


"^ 
CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. 
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p 
LAN 


(8-1) 
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sint 17. sin 


2:3 4.5 i 
E 25% 18. sinha BA, 
ai 2x 4-1 
(uM ee US 


3 (3 + 11 sini + 


EA — 11 sin”? z) 
Exercises LVII (Pages 271-2) 


Vit 2x +5 +2 sinh! (GS): 


$ (x + 1) VAT Ox + 2x — 3 — 2 cosh! (5) 
$ (x +1) V3 — 2x 4 -- 2 sin (es ) 
cE Mi — a 5 zc (a+ 1) 
IF : VI — x 
2 n #21 
15 Ka (333—8x-F32). 7. AA LI 
— Ja sinh-i d Ires 9. 2Yx- 6log (3 + ya). 


op REIS —1 yg, CES Be = 8) 
SLS 41 15 


2 tan Vx — I. 


2545 (gen — 14 — ani ae 
> x 20x - 200). Js s-i 


tan” Y fx Lar b a. 
N Fa 


2 
Vb —a 
aval (3x2 — 4x + 23). 


x — 2a yx + 2a? log (a + yx). 
1 + a 109 + 3x. 
log; 19. — ve: sinh-t Tor ` 
i 2 
— uiia e 21. — v2 L sinks VE 


1 Ae V2 (x +5) — V1 
Vii 545) V 
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is St 5x 
— nh-! ———————. 
vi Vi - 9) 
x41 Ti 


: 2+x 
Es -1 ma == - 
28. - sinh on 29. 2» 30. 7 sinh-! JET 


Exercises LVIA (Pages 275-7) 
DA 9 AL 3 1 Val — i 


I : .-s 
X a E 
= ESE — 7 
4. ES +24). 5. $ (x Vi +22 — sinha). 
—1 
6. log (x + VI + x?) -VLIS 7. Vip a 
8. 1 fe-s) VEFDO a + sin 25-5. 


9. — V(x — 1) (2 — x) — sina V2 — x. 
1 (a? m 
EET. x 
ll. 4 (Vi —# (* — 2 + cos x) ). 
12. V3 I + cosis, 13, — l ahal 
3 +x : 7 pang 
14, SUED 15. asini — Val — x4 
16. RIE { (ax + b)92 + (ax +0)2). 
17. zr. 18. ~ (a +b)/2. 


aa 
21, mcr 2. (a8 4.8" EE 


29. $ (1—3) —2 VJ 3, 


1 
24. 9 (sini *—<x WIZ —#), 95. x 


at va — x? 
26. sin?x — Vl— x. 97. Vx (as) +asioh Vie 


28. asin Via + Vx (a =x). (ax), 29. — log tan (#[8)- 
30. 2 tan1 (2). 31, a(m-9)4. 32. v? 


33. a*(4 —m)/8. 34. x . T 34/128. iT 


I =- 
37. ae x+ = 


2 c 7 at 
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| 


ma aa — ]— NS —— ——À € a a ng — L e 


— 


39. 


41. 


43. 
45. 


10. 
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p 2. 40. Vids log (24 VIFA. 
VEZÈ —asect®, 42, NA a 


2(V&—1-tamvV&-il. 44, *—? 


8 
1/4 and I, where I — 
AE + V2x 
- sinh-! 
= rt ply in Vi pe BE, 
Exercises LIX (Page 279) 
x 
tan 5-3 
Pj EDEN 2. stan (EE). 
3 x 5 5 
3—tans 
2 
x 
5 08 x * 12 
5 — tang 
x 
= log : 


kia log 2 ifel. 
ve —1 Ve — l tang Z Y 
x x Be 
/7 tang —1 nga muet v3 
— lo 5 perce TO 
i E V7 tang +l ES 2tan7 43-4 V5 
14-9 tang deed 
3 log — M geb 7 

EE tang E TE een 
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x $ 1 A i 
12. log ( + tan} ). 14. 0 — es (u — € sin u). 
15. sec 0 — tan 0 — log (cosec 0 + cot 0). 16: «[9. 
M Exercises LX (Page 280) 


i 
tan x 
1. Ze LEZ), 2. gta (ay 3 2). | 
Exercises LXI (Pages 285-6) | 
` anta | 
2. (i) «l4; i) 7 NODE a ule wt GED | 
5. 1284/2/105. 6, > b * * 
vM HINGE o^ ea | 
9. 2(r—2). 10. wjt. — 11. (wB)lg2. .12. 0 
18. log 2. 14. Q. a = 
q log 0. | 15. 30° 16. lavaci 
Exercises LXII (Page 289) ` 


3. 3 (x4 — 1) log (x +1) -7+ 


T z eo — Vai — i, 


3 sin — lsincix +ixV1=22. 


l. x(logx — 1). 2. a (log x — 1). 
4 
5. | 
6. + I + 1) ani x — x]. | 
7 
8 
9 


xr T 
3 sin +o VI — x* (2 +23), 


. *secx — log (sec x + tan x). 3 ee 
ce Dem - cos 2x e | 

tL x sin 2x 2 ) 10. Ex | 
ll. i[s Vd —z epo 3 


x3 | 
12. G-: tanda? 3 kg U pay y D 


: 15. etang. 14.5. 15. &— VI Asina 
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It is natural to call a function continuous if its graph is continuous 
or smooth and otherwise discontinuous. Taking this as 
a provisional definition of continuous functions, we shall try to gct 
some of the properties of those functions. To define continuity 
for all values of x, we must first define continuity for one particular 
value of x, say, the value of x — a, at the point P of the graph A 
in Fig. 2. We shall find the characteristic properties of f(x) 
associated with the value of x. 


l. f(x) must be defined for x =a. This is essential for if 
f(a) were not defined, there would be a point missing from 
the curve. 


2. f(x) is defined for all values near x = a. 


3. When x approaches the value a from either side, 
J (x) approaches the limit f (a) 


ie, Lt Se =o. 


Selecting the above three properties as embodying the notion 
of mathematical continuity at a point, we arc led to the 
following definition :— 

The function f(x) is said to be continuous at x =a 
if it tends to a limit as x > a from either side and each of these 
limits is equal to f (a). 

We can now define continuity in an interval. A function is 
said to be continuous in the interval (a, 6) if it is continuous at 
cvery point in the interval. 

We can easily see that any polynomial is continuous for all 


values of x and any rational fraction is continuous except for values 
: : P (x). 
of x for which the denominator vanishes, i.e, R (x) = ms is 


discontinuous for x= 4, where a is any root of Q (x) = 0. 


92x47 . . : al andi Ss 
Thus PE EE; is discontinuous for x and x 


Sin x, cos x are continuous functions for all values of x. Tan x 
and sec x are continuous functions for x except for values of x 


A 


equal to an odd multiple of > Similarly cosec x is a continuous 


function except when x isa multiple of 7. 


“E 
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17. Lt (V -x 4-1 — x). ag SAN 
xo a " | 
X—>; — i 
nr hr esl ge 
n>0\3 9 3n 95. Lt sin?! x 
sis 5. — 
19.. Lt (PR dco +). PEN x 
N30 
90. Lt sin a0 E20 Lt ee == ed 
E 0-0 SiN bU pa) 
1 tan a0 27. Lt 1+ cos qu 
21. alt tan bo : x—] tan” rx 
S sin mê 28. Lt (secx — tan a). 
` 659 tan n9 y 
zx — F— cos m0 x113 —] 
23 650 1 — cos nô ` 29. Ags ARR Ly 
$11. Continuous and discontinuous functions. 


Fig. 3 ; 
The curve in Fig. 2 is continuous and the curve in Fi ig. pac 


is generally continuous but discontinuous for x = ¢ and 5 7 
0-2 | 
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Ex. 3. Show that Lt an3 =R. 
x-0 ud 


| Put (1 +x)" — 1 — y. 


(1 - x)" = (1 +). Tr. 
Taking logarithms of both sides, we get 
nlog (1 + x) = log (1 + y). 
(1 +)" — 1 log (1 ++) 
Bo uem 


= Lt 2 —. Lt log (1 +x)" 


| n ük9—1. y 
| 7305103 H +y) => 
| 


1 
= Lt P 1/x 
o log TT FI De log (1 +x) 


We can easily find this limit by using § 10 (1). 
Exercises II. 
Evaluate the following :— 


pm iaa 
2. TEH. 10. Le a. 
perm 


a Eee NY 13. It VI *x—1 
x32 *—2 x>0 x x 
6 n f TET 34, Lt V3a —5 — Vi Fa 
x x—a x -—a S 
. «xf — 3x8 +2 V 
7. is eee: 1 LY tx-VI-s 
3 191% — 95 +3 + x0 x z 
a, pc Pene 16. Lt mer 


Uo (Ipsis ual i32 Vx E 2 — V3x — 2. 


CC-0. Bhagavad Ramanuja National Research Institute, Melukote Collection. E r 


ana Tattva Heritage Foundation,Kolkata. Digitization: eGangotri.- 


mee 


As m tends to infinity, (m - — 1) also tends to infinity. 


(a) 
pana U ag ==) uS i 7 = 


] [by cases (i) and (ii)]. 
X Lt ( 1+ 3r — e for all rational values of n. 
no n 5 


We can casily see that (U + :) is greater than 2 from its 


expansion. 
ae! j : Uu. 2 < e < 3. 
Agan e is-an NG da riumber, i.e., e cannot be 


a fraction of the aat n The value of e has been calculated to 


more than 500 decimal places. The value of e is 
2:7182818285 ...... 


Examples. . 
Ex. 1. Find Lt (1--x)ux. 
x>0 


Substituting for x, we get 


1 A 
Lt (1 lix — Lt ] ~ 
EU E +5) 
; =€. 
Ex. 2. Find ue - ma e 


ame T=, S3 T1286. 


x 
= Lt + 
x30 * 3501080 (Y +, 
1 
ze A 
y-+0 loge LY + UNS 
1 D 
— loge e 
sl. 
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Exercises XCM (Page o 


S Kr? - 
1 . 


NG (x + B) +5 = (a — ds +12)» 


v y = A cos (2% + B) +5 = (x — 2): 


sin Za + cos 28 moe NE 
M. p Be eae Toho 


| 7 
+9 ym & LA coss + (B +212) sin =) 


y =ø Acos (VRS +B) +. pw 


CHAPTER XVI 
Exercises XCIV (Page 490) SS 


PIAN 
Nyeta ) 20. - 
A y a 
P ae = log (p + V1 1 +P) 37 = V1 G 


i ]—x 
E y-e- Y? - a 


WE 
5 =x + 04. ; 
P oum x2 — 2c) — 0. 
8. var +0. 
4 9. y 5. 
=2 Ve + 
hi ire cab ced A= zz 0. 
| coset p +65 : 
2 Fa 4 
E 2 
as. oso — 90) =0. 
e 
P 


TES TC 
Exercises XCV : (Page 426) 


: Tm ET B 
—4 x " 
e N. 


Fei ; E. 
E " CC-0. Bpagavad gamanuja National Research Institute, Melukote Collectors 
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CALQULUS (ary | 
3. y =A 4 Br Bat O 1 
4. Jim Anv -4 Bv v2 Tz x x 3i X 
6 z Wiis y c 
x 3 IRA Blogs) 2 dog s. AA 


6. J = xA + Bx5 L Ope Eee logx 
26 : 
7. 9 =x ( Acos (21og x) + B sin (2 log x) } +. 


z! 
8. y = yaya jas mm + 8:11) +5 Ms p> | 
. 4x9. Bx5 x3 Cx? S ; A 
1207 60 tg t^ +Dx+E 


10. olg e a r | 
Exercises XCVI (Page 427  :+] 
l. po vf qr Eu y NG i 


= (x +1) {4 Peel (oed És 
Eye TAG Fate B 099 Sts +2): | 


ts + aaan E cos ES v3 log (1 + 2x] 


d + B sin [E log (1 al i 
c : TRU £2: — 32 (1 + 22) $ 


A pm racha ERA 


"^. 


(9 


a as < 4 ^ 3 [ 

: LR 7 D “8 
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bg CH r^ E 
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